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^ PREFACE. 

I 

iT\ The present work is an attempt to supply a want wliich 
' we have long felt ourselves, and which we believe to be 

Z^ shared by many experienced teachers. 

v^ In setting before a beginner the real and perplexing 

difficulties of elementary Algebra, there is some fear lest 
first lessons should degenerate into a mere mechanical 
manipulation of symbols, uninteresting and uninstructive, 
because little understood. This well known danger led us 
to devote special thought to the question of order; to 
consider, in short, what succession of the various parts 
of the subject would best illustrate its bearings at an 
early stage; and we have finally adopted an arrangement, 
which — if it varies somewhat from the common use of 
elementary text-books — is at least based upon the experience 
of many years, and embodies the result of frequent con- 
sultation with our colleagues and other teachers. 

As regards the earlier chapters, our order has been 
determined mainly by two considerations: first, a desire 
to introduce as early as possible the practical side of the 
subject and some of its most interesting applications, such 
as easy equations and problems ; and secondly, the strong 
opinion that all reference to compound expressions and 
their resolution into factors should be postponed until the 
usual operations of Algebra have been exemplified in the 
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case of simple expressions. By this course the beginner 
soon becomes acquainted with the ordinary algebraical pro- 
cesses -without encountering too many of their difficulties; 
and he is learning at the same time something of the 
more attractive parts of the subject. Again, by postponing 
Resolution into Factors until the student has acquired some 
freedom and readiness in the use of symbols, we are enabled 
to treat this important section, and all the processes to 
which it gives rise, more adequately than is possible where 
factors are introduced and disposed of in one short early 
chapter. 

We had originally intended to arrange the chapters 
in an order that might be followed without deviation 
from beginning to end; but in the course of the work 
this was found impossible without very extensive sub- 
division in some parts, and needless repetition in others. 
We have therefore marked with an asterisk all articles and 
examples which may conveniently be omitted by a student 
who is reading the subject for the first time, and we have 
occasionally added a note suggesting the most suitable place 
for a section which may have to be postponed. 

To one feature of the book we wish to draw special 
attention. After Quadratics we have introduced two re- 
capitulatory chapters in which are discussed certain classes 
of questions requiring for their solution a very ready and 
skilful use of factors. Such questions are undoubtedly 
hard, and wholly out of place at an earlier stage; yet in 
existing text-books their importance is hardly recognised, 
and they are generally introduced at a point where the 
ordinary student cannot use or appreciate the best methods 
of solving them. To these harder applications of early rules 
in Chapters xxviii and xxix, we have added several useful 
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miscellaneous theorems illustrated by carefully selected 
examples. These chapters are the outcome of our own 
experience in preparing boys for Army and University 
Examinations during the last twelve years ; they will be 
found very valuable for revision, though they also contain 
some new and interesting matter. 

The examples are very numerous, and have been com- 
piled with great care. They are for the most part original, 
though some have been selected from recent Examination 
Papers. In the early chapters we have given an unusual 
number of very easy questions, many of which will be 
found well suited for mvd voce work. In each chapter 
several examples are fully worked out to illustrate the 
most useful applications of important rules. Also, under 
the belief that prevalent mistakes are not sufficiently 
guarded against, we have given occasional notes to caution 
the reader against the blunders which experience shews to 
be almost universal among beginners. With the help of 
our colleagues we have endeavoured to give none but the 
best methods, so that students on passing from this to a 
more advanced treatise may have a good foundation, and 
have nothing to unlearn. 

We have done our best to secure accuracy in all parts 
of the book, but in a collection of 3500 examples it is 
probable that some mistakes still remain undetected: we 
shall be thankful to receive any corrections. 

We have to acknowledge our indebtedness to many 
kind friends for their valuable help and advice. In the 
arrangement of the early chapters we have been largely 
influenced by the opinion of the Rev. J. M. Wilson, Head 
Master of Clifton CoUege; and practical suggestions re- 
ceived from him have been frequently worked into the 
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text and examples throughout the book. We have also to 
express our thanks for the assistance and encouragement 
freely given by many of our Mathematical colleagues : to 
the Eev. H. C. Watson and Mr F. H. Stevens of Clifton 
College we are especially indebted for their practical hints 
and able criticism; while in revising the manuscript and 
correcting the proof sheets their aid has been most generous 
and untiring. 

Up to the end of Surds we hope the book will be found 
sufficiently complete; the remaining chapters have been 
introduced to meet the requirements of many Elementary 
Examinations, but they do not profess to give more than 
an easy first course of Ratio, Proportion, Variation, and 
the Progressions. These subjects will be treated more fully 
in the early chapters of our Higher Algebra, now in course 
of preparation, as a sequel to the present work. 

H. S. HALL, 
S. K. KNIGHT. 

June 1885. 
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CHAPTER I. 

Definitions. Substitutions. 



1. Algebra treats of quantities as in Arithmetic, but with 
greater generality ; for while the quantities used in Arithmetical 
processes are denoted by figures which have one single definite 
value, Algebraical quantities are denoted by symhoh which may 
have any value we choose to assign to them. 

The symbols employed are letters, usually those of our own 
alphabet ; and, though there is no restriction as to the mmierical 
values a symbol may represent, it is understood that in the same 
piece of work it keeps the same value throughout. Thus, when 
we say "let a = l," we do not mean that a must have the value 
1 always, but only in the particular example we are considering. 
Moreover, we may operate with symbols without assigning to 
them any particular numerical value at all; indeed it is with 
such operations that Algebra is chiefly concerned. 

We begin with the definitions of Algebra, premising that the 
xisual symbols of operation +, — , x, -r, ( )> '^^ have the 
same meanings as in Arithmetic. 

2. An Algebraical Expression is a collection of synibols ; 
it may consist of one or more terms, which are separated from 
each other by the signs + and -. Thus 7a+56~3c — ^ + 2y is 
an expression consisting of five terms. 

Note. When no sign precedes a term the sign + is understood. 

3. Expressions are either simple or compound. A sim'^le 
expremon consists of one t&nn^ as 5a. A compound expression 

^ H. A. 1 



2 ALGEBRA. 

consists of two or more terms. Compound expressions may be 
further distinguished. Thus an expression of two terms, as 
3a - 26, is called a binomial expression ; one of three terms, as 
2a-36 + c, a trinomial; one of more than three terms a mnltl- 
nomial. 

4. When two or more quantities are multiplied together the 
result is called the product. One important difference between 
the notation of Arithmetic and Algebra should be here remarked. 
In Arithmetic the product of 2 and 3 is written 2 x 3, whereas 
in Algebra the product of a and h may be written in any of 
the forms axh, a, by or ah. The form ab is the most usual. 
Thus, if a=2, 6 = 3, the product a6=ax 6=2x3 = 6; but in 
Arithmetic 23 means "twenty-three," or 2 x 10 + 3. 

5. Eacli of the quantities multiplied together to form a pro- 
duct is called a factor of the product. Thus 5, a, 6 are the 
factors of the product 5a6. 

6. When one of the factors of an expression is a numerical 
quantity, it is called the coefficient of the remaining factors. Thus, 
in the expression 5a6, 5 is the coefficient. But the word co- 
efficient is also used in a wider sense, and it is sometimes con- 
venient to consider any feictor, or factors, of a product as the 
coefficient of the remaining factors. Thus, in the product 6a6o, 
6a may be appropriately called the coefficient of be. A coefficient 
which is not merely niunerical is sometimes called a literal 
coefficient. 

Note. When the coefficient is unity it is usually omitted. Thus 
we do not write la, but simply a. 

7. If a quantity be multiplied by itself any number of times, 
the product is called a power of that quantity, and is expressed 
by writing the number of factors to the right of the quantity 
and above it. Thus 

a X a is called the second power of a, and is written a^) 
axaxa third power of a, a^; 

and so on. 

The number which expresses the power of any quantity is 
called its index or exponent. Thus 2, 5, 7 are respectively 
the indices of a% a^, d^. 

Note, a^ is usually read "a squared"; a' is read **a cubed"; 
a* is read ** a to the fourth" ; and so on. 

When the index is unity it is omitted. Thus we do not write a\ 
but simply a. 
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8. The beginner must be careful to distinguish between 
coefficient and index. 

Example 1. If a =4, 

8a=3xa=8x4=12; 
but a'=axaxa=4x4x4=64. 

Example 2. If 5=5, . 

462=4x6x6=4x6x6=100; 
whereas 26*=2x6x 6x6x6=2x6x6x6x6=1260. 

Example 3. If a=6, x=7, then 

f ax= J X a X ar=f X 6 X 7=70. 

KoTE. Fractional coefficients which are greater than nnity are 
usually kept in the form of improper fractions. 

Example 4. If a =4, a; =1 find the value of 6x<>. 

6a:«= 6 X a:«i:: 6 X 1*= 6 X 1 = 6. 

Note. In the last example 1^ =1x1x1x1 = 1. Similarly every 
power of 1 is 1. 

EXAMPLES L a. 

If a=7, 6=2, c=l, a?=5, y=3, find the value of 

1. 14x. 2. sfi. 3. Zax, 4. a^ 5. 56y. 

6. 6*. 7. 361 8. 2a?a. 9. 6c*. 10. 4y». 

11. 7(?. 12. 96*. 

If a=8, 6=5, c=4, a?=l, y = 3, find the value of 

13. 3c3. 14. 7y3. 15. 5a6. 16. 9^. 17. 86». 

18. aF». 19. ir8. 20. 73^. 21. c«. 22. 6*. 

23. r- 24. ^. 25. y*. 26. a''. 27. 6«. 

28. a*. 

If a=5, 6=1, c=6, ^=4, find the value of 

29. }a?*. 30. T^c3. 31, |-i^, 32, ,j^. 33. 3«. 
34. 2^ 35. 8*. 36. 7*. 37. ^aca;. 38. J6cj?. 

9. When several difierent quantities are multiplied together 
a notation similar to that of Art. 7 is adopted. Thus aahhbocddd 
is written a^b*ccP, And conversely 7a^ccfi has the same meaning 
Bslxa'ifaxaxcxdxd, 

1—2 



4 ALQEBRA. 

10. Each of the letters composing a term is called a dimen- 
sion of the term, and the number of letters involved is called 
the degree of the term. Thus the product ahc is said to be of 
three dimensions^ or of the third degree; and aoT* is said to be q/^ 

five dimensions, or of the fifth degree, 

A numerical coefficient is not counted. Thus Sa^js and a^ft* 
are each of s&oen dimensions. 

11. But it is sometimes useful to speak of the dimensions 
of an expression with regard to any one of the letters it involves. 
For instance, the expression Sa^ft^c, which is of eight dimensions, 
may be said to be of three dimensions in a, of four dimensions 
in 6, and of one dimension in c. 

12. A compound expression is said to be homogeneous when 
all its terms are of the same dimensions. Thus ^d^'-ciSt^-\-%ak^ 
is a homogeneoxcs expression of six dimensions, 

13. In dealing with Algebraical expressions, where the letters 
denote niunerical quantities, we may make use of the prin- 
ciples with which the student is familiar in Arithmetic. Thus 
ah and ha each denote the product of the two quantities repre- 
sented by the letters a and S, and have therefore the same value. 
Again, the expressions abc, acby bac, bca, cah, cba have the same 
value, each denoting the product of the three quantities a, 6, c. It 
is immaterial in what order the factors of a product are written; 
it is usual, however, to arrange them in alphabetical order. 

Example 1. If a; =5, y=3, find the value of 4kx^\ . 

4a^3=4x 62x33, 

=4x25x27, 

= 2700. 

Qhx^ 
Example 2. If a =4, 6=9, as =6, find the value of -^^ , . 

8bx^ _ 8 X 9 X 62 
27a3" 27x4« ' 

_ 8 X 9 X 36 

" 27x64 ' 

=f. 

= 1J. 

14. If one factor of a product is equal to 0, the whole product 
must be equal to 0, whatever values the other factors may have, 
A factor is sometimes called a " zero factor,^' 
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Example 1. If 2;=0, then al^xy^=Ot whatever he the yalues of 
a, 6, y. 

Example 2. If c=0, then a&V=0, whatever values a, b may 
have. 

EXAMPLES I b. 

If a=7, 6=2, c=0, a?=5, y=3, find the value of 
1. 4aa^. 2. a^b. 3. Sbh/, 4. 3^^^ 5. Jft^^. 
6. J%2. 7. 1^. 8. . a^c. 9. a%. 10. Sx^i/. 
11. ^a6':p. 12. J^fV- 

If a=:2, 6=3, c=l, jo=0, J=4, r=6, find the value of 

-- 3aV -. 8a62 __ ^.w,, .^ ^, ^^ ^ «»- 

13. -j^. 14. -;,-o. 16. -f«-. 16. TT-^. 17. 3a26*. 



6a3c 
16. -j^-. 


16. 


4cr2 
9a3' 


20. 5aV. 


21. 


2a2jo 
7r 


25- 64r»- 


26. 


27a» 
32 



86 • *'• 9^2 
86« 
9a'' * 

23. 2'«». 21 c»6'. 25. '^'. 26. '-l?-'. 27. ^ 



18. ^'. 19. 1^,. 20. 5a»<f. 21. ^. 22. 3^K 



28. ^'. 



«'* 



16. Definition. The square root of anyprojJosed expression 
is that quantity whose square, or second power, is equal to the 
given expression. Thus the sqijare root of 81 is 9, because 9*= 81. 

The square root of a is denoted by ^a, or more simply V«- 

Similarly the cube, fourth, fifth, &c., root of any expression 
is that quantity whose third, fourth, fifth, &c., power is equal to 
the given expression. 

The roots are denoted by the symbols 4^, ^', if, &c. 

Examples, ^27=3; because 3»= 27. 
4/32 = 2; because 2B=32. 
The symbol V i^ sometimes called the radical sign. 

Example 1. Find the value of 5>/(6a''6*c), when a=3, 6=1, c=8. 
6 y/(Qa^b*c) = 6 X V(6 X 3» X 1* X 8), 
=5xV(6x27x8), 
=5xVi296, 
= 6x86, 
= 180. 
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Example 2. Find the value of ^ / [ ^-3 j , when a :±: 9, & = 3, x = 5. 

s //_9xW\ 
"■ V \8 X 125^ * 

» // 9x9x9 \ 



9 
10' 



EXAMPLES L e. 

If a=8, c=0, i&=9, :c=4, y=l, find the value of 
1. V(2a). 2. V(^a?). 3. A/(2a^). 

4. V(2a^. 5. 4'(3^). 6. ff^ax^). 

7. y(8a;y). 8. 4^(cy«). 9. 2^V(2ay). 

10. byJ{Akxy 11. 3c V(^^). 12. 2xy^f{^f), 






) 



If a=^. 6=1, c=2, c?=9, a?=5, y=8, find the value of 
21. V(8ao). 22. 6^(463). 23. 7 »J{6dx), 

24. VW 26. y(^,). 26. ^(glj). 

33. V**". 34. Vr- 35. Vft*. 36. Vd». 



27. *,A>,. 28. i,/.i..s. 29. ^(^4^j- 
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16. In working examples the student should pay attention 
to the following hints : 

1. It should be clearly brought out how each step follows 
from the one before it ; for this purpose short verbal explana- 
tions are often necessary. 

2. The sign " = " should never be used except to connect 
quantities which are equal. Beginners should be particularly 
careful not to employ the sign of equality in any vague and 
inexact sense. 

3. Unless the expressions are very short the signs of equality 
in the several steps of the work shoiild be placed one under the 
other. 

4. In elementary work too much importance cannot be 
attached to neatness of style and arrangement. The beginner 
should remember that neatness is in itself conducive to ac- 
curacy. 

Example 1. Find the value of ^^ab - 7x^ - Jay* + 26', when 

a = 6, 6 = 4, 05=3, y=2. 
.^»^_7x4_|at/« + 26»=A.6.4-7.3«-|.5,2a + 2.4', 

= 6-63-46 + 128, 
= 26. 

Example 2. Find the value of fr* - a^y + 7abx - ^y\ when 

a=5i 6=0, x=7, y = l. 
{a-«-a«y + 7a6a:-4t/8=».72-6M + 0-|.l», 

= 29f-26-2i. 

Note. In the last example the zero term does not affect the 
result. 

Example 3. When|)=9, r=6, X:=4, find the value of 



17(e-^/^--^-^)-S47(g)-v(«--^^)-l^- 



= i-5'V + V64-2, 
= ix| + 8-2, 
= 6i. 
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EXAMPLES I. d. 

If a = 2, 6 = 3, c=l, d=Oy find the numerical value of 



2. 3a--4b+6c+5d. 

4. ab+bc + ca- da, 

6. abc + bed 4- cda + dab. 

8. 2bc+3cd-4da+5ab, 

10. a2+624.c2+<^2. 

12. a*+6*-c*. 



1 6a+6b-Sc+9d. 

3. 5a+3c-26+6c?. 

5. 6ab - Scd-^2da - bob + 2db. 

7. 3a6c - ^bcd + 2cda - Adah, 

9. 2bcd+ 5cda — 7dab + ahc. 

11. 2a2+363-4c4. 

If a=l, 6=2, c=3, c?=0, find the numerical value of 

la a^+b^+c^+d^, 11 i6c3-a3-63-Ja63c. 

15. Sabc - 52c - 6a3. 

16. 2a2 4-262 + 2c2 + 2fl?2 _ 26c - 2cd - 2da - 2ab, 

17. c34-M*-3aH62d 

18. a24,262+2c2+c^2^2a6-f26c-+fcc;. 

19. 2c2 + 2a2 + 262 - 4c6 + eabcd, 

20. 13a2 + Uc*+20a6-16ac-166c. 

21. Gab - -Jac2 -2a+ib^-3d+^, 

22. a2_c2 + 52_cP+2a6-2c(/. 

23. 2a6-f63+3ac-2c-fl?+^a(3?. 24. 1256*c-9(;H3a6c2c/. 
If a=8, 6 = 6, c=l, a;=9, y=4, find the value of 



25. Sa-J63 + |y2. 
3a26 



27. 



ca7y2 



5y 
a 



ofi 5 32 6a 
26. i^x-—^ . 



29. loh^- J%,-'b<?y. 

Wf^v*a\ //«^ 



30. ^(6^y)-i62+ 



8^ 



5623^8 
i2a2j 
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Negative Quantities. Addition op Like Terms. 

17. In his Arithmetical work the student has been accus- 
tomed to deal with numerical quantities connected by the signs 
+ and - ; and in finding the value of an expression such as 
lj+7f - 3^+6 - 4J he understands that the quantities to which 
the sign + is prefixed are additive^ and those to which the sign 
— is prefixed are stihtractive, while the first quantity, If, to which 
no sign is prefixed, is covmted among the additive terms. The 
same notions prevail in Algebra; thus in using the expression 
7a + 3b -4c -2d we understand the symbols 7a and 3o to be 
additive, while 4c and 2d are subtractive. 

18. But in Arithmetic the sum of the additive terms is 
always greater than the sum of the subtractive terms ; and if 
the reverse were the case the result would have no Arithmetical 
meaning. In Algebra, however, not only may the sum of the 
subtractive terms exceed that of the additive, but a subtractive 
term may stand alone, and yet have a meaning quite intelligible. 

And so it is usual to divide all Algebraical quantities into 
po^tive qnantities and negative aoantities, according as they 
are expressed with the sign + or the sign — ; and this is quite 
irrespective of any actual process of addition and subtraction. 

This idea may be made clearer by one or two simple illustra- 
tions. 

I. Suppose a man were to gain ;£100 and then lose £*70y his 
total gain would be j^30. But if he first gains £70 and then 
loses j^lOO the result of his trading is a loss of £30. 

The corresponding Algebraical statements would be 

jeiOO-;£70 =^+£20, 
£10 -jei00=-;£30, 
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and the negative quantity in the second case is interpreted as a 
debt, that is, a sum of money opposite in character to the positive 
quantity, or gain, in the fii-st case; in fact it may be said to 
possess a subtractive quality which would produce its effect 
on a future transaction, or perhaps wholly counteract a future 
gain. 

II. Suppose a man were to walk along a straight road 100 
yards forwaras and then 70 yards backwards, his distance from 
the starting-point would be 30 yards. But if he first walks 70 
yards forwards and then 100 yards backwards his distance from 
the starting-point would be 30 yards, but on the opposite side of 
it. As before we have 

100 yards - 70 yards = + 30 yards, 

70 yards - 100 yards = - 30 yards, 

and here we see that the negative sign may be taken as indicating 
a reversal of direction. 

Many other illustrations might be chosen ; but it will be suffi- 
cient here to remind the student that some consistent interpre- 
tation can always be given, when necessary, to the negative 
quantities he may meet with. In applying the rules we are 
about to give for the addition and subtraction of algebraical 
quantities, it is not necessary to recur constantly to the nature 
and meaning of the quantities employed, whether positive or 
negative, though it will be found by experience that these rules 
wiU always be justified when any of the symbolical results of 
Algebra are interpreted into the language of common life. 

19. Definition. When terms do not differ, or when they 
differ only in their numerical coefficients, they are called like, 
otherwise they are called unlike. Thus 3a, 7a ; Sa^ft, 2a^b ; 3a^h^y 
- 4a^b^ are pairs of like terms ; and 4a, 36 ; 7a^, 9a^b are pairs of 
unlike terms. 

The Rules for adding together like terms are 

BuLE I. The sum of a number of like terms is a like term^ 

Rule II. Jf all the terms are positive, add the coefficients, 

Mxample, 8a + 9a = 17a. 

The truth of this will be recognised by the beginner when he 
remembers that 8 lbs. added to 9 lbs. gives 17 lbs., 

and so 8a + 9a = 17a. 

Similarly 8a + 9a + a + 2a + 7a = 27a. 
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KuLE III. If all the terms are negative, add the coefficients 
numerically and prefix the minvs sign to the sum. 

Example, The sum of - 3jc, — 6a:, - 7a:, -x is - Ifia:. 

For a sum of money diminished successively hy £3, £5, £7 and 
£1 is diminished altogether by £16. 

BuLE IV. If the terms are not all of the same sign, add to- 
gether separately the coejicients of all the positive terms and the 
coefficients of cul the negative terms; the difference of these two 
results, preceded hy the sign of the greater, wiUgive the coefficient of 
the sum required. 

Example 1. The sum of 17a; and —8a: is 9a:, for the difference of 
17 and 8 is 9, and the greater is positive. 

Example 2. To find the sum of 8a, -9a, —a, 3a, 4a, - 11a, a. 

The sum of the coefficients of the positive terms is 16, 

negative 21. 

The difference of these is 5, and the sign of the greater is negative; 
hence the required sum is - 5a. 

We need not however adhere strictly to this rule, for sinoe 
terms may be added or subtracted in any order, we may choose 
the order we find most convenient. 

Note. The sum of two quantities numerically equal but with 
opposite signs is zero. Thus the sum of 5a and - 5a is 0. 

Example 3. Find the sum of fa, 3a, - \a, - 2a. 

The sum =3}a-2^, 

= lja, 





= |a. 




EXAMPLES IL 




Find the sum of 


1. 


5a, *7a, 11a, a, 23a. 2. 4^, x, 3x, *Jx, 9x, 


3. 


76, 106, 116, 96, 26. 4. 6c, 8c, 2c, 15c, 19c, 100c, c. 


5. 


-3x, -6x, -11^, -7x, 6. -56, -66, -116, -186. 


7. 


-3y, -*7y, -y, -2y, -4y, 8. -c, -2c, -50c, -13c. 


9. 


-116, -56. -36, -6. 10. 5^, — ^, -3^, 2a7, -a?. 



IL 26y, -lly, -I5y, y, -3y, 2y, 
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12. 5/, -9/, -3/, 21/, -30/ 13. 2s, -3«, #, -«, -5«, 5<. 

14. 7y, -lly, 16y, -3y, -2y. 

15. 5x, — 7a", -2j7, 7^, 2Xy -5a?. 

16. 7a6, -3a6, -5ab, 2ahy ab. 

Find the value of 

17. -^a^+Wx^+Za^-Aa^, 18. 2a^x-\Sa^x+a^x, 
19. 3a3-7a8-8a»+2as-lla«. 20. 4^3 - 5^ - So^ - 7x». 

21. 4a262_a2^>3-7a2i2+5a262-a262. 

22. -9^-4:r*-12^+13^-7jF*. 

23. 7abcd--ll(ibcd-4:labcd+2o^>cd. 

24. iar-J^+^+fa?. 26. fa+fa-Ja. 

26. -bb+ib-^b+2b-ib+ib. 

27. -|a^« - 2^2_ j^ 4.-^2 +^^2+ u^2. 

28. -a6-^6-Ja6-Jo6-Ja6+a64-T|«a6. 

29. fa?-|^+fa7-2a7+Ua7-5^+^. 

30. -^x^-^x^-^x^-ix^-xK 



CHAPTER IIL 



Simple Brackets. Addition. 

20. When a number of Arithmetical quantities are connected 
together by the signs + and — , the value of the result is the 
same in whatever order the terms are taken. This also holds in 
the case of Algebraical quantities. 

Thus a — 5 + c is equivalent to a+c-h, for in the first of the 
two expressions b is taken from a, and c added to the result ; in 
the second c is added to a, and b taken from the result. Similar 
reasoning applies to all Algebraical expressions. Hence we 
may write the terms of an expression in any order we please. 

Thus it appears that the expression a — b may be written in 
the equivalent form — 6 + a. 

To illustrate this we may suppose, as in Art. 18, that a 
represents a gain of a pounds, and —b a, loss of b pounds : it is 
clearly immaterial whether the gain precedes the loss, or the loss 
precedes the gain. 

21. A bracket ( ) indicates that the terms enclosed within 
it are to be considered as one quantity. The full use of brackets 
will be considered in Chap. vii. ; here we shall deal only with 
the simpler cases. 

8+Q3+5) means that 13 and 5 are to be added and their 
simi added to 8. It is clear that 13 and 5 may be added 
separately or together without altering the result. 

Thus 8+(13+5)=8+13 + 5=:26. 

Similarly a+{b+c) means that the sum of b and c is te be 
added te a. 

Thus a+(5+c)=a+^+<?. 



14 ALGEBRA. 

8 + (13 - 5) means that to 8 we are to add the excess of 13 over 
5 ; now if we add 13 to 8 we have added 5 too much, and must 
therefore take 5 from the result. 

Thus 8 + (13-5) = 8+13-5 = 16. 

Similarly a+{b—c) means that to a we are to add b, diminished 
bye. 

Thus a+{b-c) = a+b-c (1). 

In like manner, 

a-\-b-c+{d-e-f):=a + b-c+d-e-f (2). 

Conversely, 

a-\-b-c+d-e-f^a-^b-c+{d-e-f) (3). 

Again, a-b+c=a+c-b, [Art. 20.] 

=the sum of a and c — b, 
=the sum of a and —b+c, [Art. 20.] 

therefore a-6+c=a+(-6+c) (4). 

By considering the results (1), (2), (3), (4) we are led to the 
following rule : 

BuLE. When an expression within brackets is preceded by the 
sign +, the brackets can be removed withotU making any change in 
the expression. 

Conversely : Any part of an expression may be enclosed within 
brackets and the sign + prefixed^ the sign of every term within the 
brackets remaining unaltered. 

Thus the expression a-b+c-d+e may be written in any of 
the following ways, 

a+( — b+c — d+e)y 

a-b + ic-d+e), 

a-b-\-c+{ — d-\-e), 

22. The expression a-{b+c) means that from a we are to 
take the sum of b and c. The result will be the same whether 
b and c are subtracted separately or in one sum. Thus 

a-(b'{-c)=a — b-'C, 

Again, a-(b-c) means that from a we are to subtract the 
excess of b over c. If from a we take b we get a-b; but by so 
doing we shall have taken away c too much, and must therefore 
odd c to a - 6. Thus 

a-(6-c)=a-6+c. 

In like manner, 

a - 6 - (<? - c/- e) =sa - 6 — c+e3?+c. 



ADDITION. 15 

Accordingly the following rule may be enunciated : 

BuLE. When an expression toithin brackets is preceded hy the 
sign — , the brackets may be removed if the sign of every term within 
the brackets be changed. 

Conversely : Any part of an expression may be enclosed within 
brackets and the sign — prefixed, provided the sign of every term 
within the brackets be changed. 

Thus the expression a — b+c+d — e may be written in any of 
the following ways, 

a— ( + 6— c— c?+c), 

a— 6— (— c— fl?+e), 

a— 6+c-(— fl?+e). 

Addition. 

23. When two or more like terms are to be added together we 
have seen that they may be collected and the result expressed as 
a single like term. If, however, the terms are unlike they can- 
not be collected. Thus we write the sum of a and b in the form 
a+b, , 

Also, by the rules for removing brackets, a+{-b)—a-b) 
that is, the sum of a and - 6 is written in the form a-b. 

Example 1. Find the sum of x^ x*, x^. 

Since di£Eerent powers of the same letter are unlike terms, the sum 
isjc+jc^+oc*. 

This expression cannot be abridged. 

Example 2. The sum of a;, - x*, - ac^, x* is a; - or* ~ oc' + «*. 

Example 3. Find the sum of 3a - 56 + 2c and 2a + 36 - c. 

The result may be written 3a - 56 + 2c + (2a + 36 - c) , 

= 3a-56 + 2c + 2a + 36-c, 

= 3a + 2a-56 + 36 + 2c-c, 

= 6a-26 + c, 
by collecting the like terms. 

The operation is more conveniently performed as follows : 

3a -66 + 2c 
2a + 36-_c 

"5a^26+ c. 

Rule. Arrahge the expressions in lines so that the like terms 
m>ay be in the same vertical columns: then add each column 
beginning vriih that on the left. 
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Example, Find the sum of3a-7b + 2c;Qa-h+5c; -ia+Sh- 6c. 

6a- b + 5c 

-4a + 3&-8c 

6a -56— c 

24. From the foregoing Examples it will be observed that in 
Algebra the word sum is used in a wider sense than in Arith- 
metic. Thus, in the language of Arithmetic, a—b signifies that 
i is to be subtracted from a, and bears that meaning only ; but 
in Algebra it is also taken to mean the sum of the two quantities 
a and —6 without any regard to the relative magnitudes of a 
and b. 

When quantities are connected by the signs + and — , the 
resulting expression is called their Al^gebraical Sum. 
Thus lla-27a+13a= -3a 

states that the Algebraical Sum of 11a, —27a, and 13a is equal 
to —3a. 



EXAMPLES m. a. 

Find the sum of 

1. a+26-3c; -3a + 6 + 2c; 2a-36+c. 

2. 3a+'26-c; -a+3b + 2c; 2a-6+3c. 

3. —3a;+2t/ + z; ^-3y+2^f; 2ar+y-32. 

4. — :r + 2y+32; 3^-y+22; 2x + ^y-z, 

5. 4a + 36+5c; -2a+36-8c; a-6 + c. 

6. -15a-196-18(;; 14a+156 + 8c; a + 56 + 9<?. 

7. 25a-156+c; 13a-106+4c; a + 20&-c. 

8. -16a-105 + 5c; lOa+564-c; 6a+56-c. 

9. 5aa7 — 75y + c0; a^ + 26y-c2; —Zax + 'iby + ^z, 

10. 20p+q-r\ p-20^+r; p-\-q-20r. 

Add together the following expressions : 

11. — 5a5+66<j-7<;a; 8a5— 4&c + 3ca; -2a5-26c+4ca. 

12. 15a6-275c-6ca; 14a6 - 186c + lOca ; -49a6+456c-3ca. 

13. 6a6 + 6c-3ca; db-bc + ca; ^ah+bc+2ca, 

14. pq+qr-rp; —pq+qr+rp; pq-qr + rp, 

15. ^+y+«; 2x+Sy-2z; Za:—4y + z.. 



\ -^ 
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16. 2a-36 + c; 15a-2l6-8c; 3a + 245+7c. 

17. 4:vt/—9i/z + 2za:', —^bxy+^^yz-zx; SLZxy — \byz-\-zx, 

18. 17a6— 136c+8ca; — 5a6+96c-7ca; 2a6-76c-ca. 

19. 474?-63y+-?; -25^+15y-.3-?; -22^+48y+15i?. 

20. 23a-176-2c; -9a+156 + 7c; -lZa + 2h-Ac, 

25. In adding together several algebraical expressions con- 
taining terms with different powers of the same letter, it will 
be found convenient to arrange all the expressions in descending 
or aacendinff powers of that letter. 

Example 1. Add together 3x^ + 7- 5a?; 2x3 - 8 - 9a;; iaj - 2x» + Sa^. 

Sa^-Bx^ +7 
2a?-9x'-S 
-2x» + 3gr' + 4a; 

sfi - 6a: - 1. 

The restilt is in descending powers of x. 
Example 2. Add together 

3a62-263+o8; 5a^b-ab^-Ba^; 8a«+66»; 9a^b-2a^+abK 

-265 + 3a6a + a» 

- a6«+ 5a26-3a» 

66» + 8a3 

a&3+ 9a36-2a3 

363 + 3a6a + 14aa6 + 4a». 

In this example the student should notioe that the result is ex- 
pressed according to descending powers of b, and ascending powers 
of a. 



EXAMPLES m. b. 

Find the sum of 

1. 2ab+Zca+6ahc; —6ab + 2bc-6abc; ^ab-2bc—Zca. 

2. 2a;^-2xy + 3y^; 4y2 + 5^-2a?2; x^-2xy-ey^ 

3. 3aa-7a6-462; -6a^+9ah-^^; ^^+ah + 6b^, 

4. a/^+xy—y^; —z^+yz+y^; —x^+xz+z^, 

5. -a^^^xy + Sy^; 3a?2+4jry-53^2; x^ + xy+y\ 

H. A. 2 
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6. x^-a^ + x-l; 2a;^-2x + 2; -ar^+S^+l. 

7. 2^-^-^; 4ai^+S:xi^+1a:; ^ 00^-60^+ a:, 

8. 9:f2-7^+5; -14:f2+i5^_6. 20:r2-40^-17. 

9. 10:^3+507 + 8; 3a:3_4^_6. 2a;3-2^-3. 

10. a' — a6+6c; aft+t^— ca; ca — hc+c^. 

11. 5a»-3c3+cP; &3_2a3+3aj3. 4c»-2a»-3£^. 

12. 6^-2a?+l; 2^+:p+6; x^-lafi+^x-A, 

13. «^-a2+3a; 3a»+4aH8a; 5a»-6a2_iia. 

14. ^+y2-2a?5(; 222-33^^-4^0; 2:c2 - 2^2 _ 3^7^. 

15. a;'-23^+^; y3_2j;3 + y. a?^j^2y2_^^^^ 

16. ^+3^^+3a?y2; -3:r^-6^2-^; 3^7^+40?/. 

17. a3 + 5a62+6»; 63«.iOa62-a'; 6a62-263+2a26. 

18. ^-4:r*y-5^y3. 3^74^+ 2^73^3 _6^. 3^ + 6^y*-j^. 

19. a^-4a^b+6abc; a^-lOahc+i^ ; h^+3a^b+abc, 

20. :i73-4^y+6;r3^2. 2a7^-3:cy2+2y3; 2/3+3^+4^^2, 

Add together the following expressions : 

21. i«-5&; -«+i^; |a-6. 

22. -Ja-i6; -§« + !&; -2a-6. 

23. -2a + |c; -^-26; |6-3c. 

24. -^#a-V^; 2a-36; J^-c. 

25. |^HJ^-iy2; _^2_|a7J/ + 2y2; §^-^_J/. 

26. 3a2_fa6^J62. „|«2+2a6-§62. „ja2-a6+62. 

27. f^'2_Ja7y + ^y2. _|-i;2 + ^J^y_y2. J.r2-^+ly2. 

28. -ix^+baa^'-^a^a;; a^-^ax^+la^x; -^a^+ia^a:. 

29. S^2_.j^_7y2. §:ry+J^y2. -1^+43^2. 

30. ia3^2a26-f63; |a26-|a62+263; _|a3+a62+^6'». 



CHAPTER IV. 

Subtraction. 

26. The simplest cases of subtraction have already come 
imder the head of addition of like terms, of which some are 
negative. [Art. 19.] 

Thus ha-Za— 2a, 

3a-*7a= -4a, 
— 3a-6a=a -9a, 

Also, by the rule for removing brackets [Art. 22.], 

3a-(-8a) = 3a + 8a 
= lla, 

and -3a-(-8a)=-3a + 8a 

=5a, 

27. The rule to be used when the expressions contain 
unlike terms is explained in the following example. 

Example, Subtract da - 26 - c from 4a - 35 + 5c. 

The result of subtraction = 4a - 86 + 5c - (3a - 26 - c) 

= 4a-36 + 5c-3a + 26 + c 
= 4o-3a-36 + 26 + 5c+c 
= a — 64-6c. 

It is, however, more conveDient to arrange the work as follows, the 
signs of all the terms in the lower line being changed. 

4a-36+5c 

-8a + 26+ e 

by addition a- 6 + 6c, 
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Rule. Change the sign of every term in the expression to he 
svhtracted, and add to the other expression. 

Note. It is not necessary that in the expression to be snbtracted 
the signs should be actually changed; the operation of changing signs 
ought to be performed mentally. 

Example 1. From 6a5*+a;y-3y' take 2x' + 8ajy - 7y'. 

2ag» + 8gy-7y« 
3««^7ay + 4y«. 

Example 2. Subtract 2x^ - 3a?* + 7a; - 8 from x*— 2a;' - 9x + 4. 

fl;*-2a;8 -9a;+4 

2g;* -3a;»+ 7 a;-8 

-a;*-2a;8 + 3a;*-16x + 12. 

EXAMPLES IV. a. 

Subtract 

1. 4a-36+c from 2a-36-c. 

2. a— 36 + 5c from 4a— 86 + c. 

3. 2x^87/ +z from 15^ + lOg^ - I8z, 

4. I6a-21b+8c from I0a + 3b + 4c. 

5. -10x-14i/ + lbz from x—y — z, 

6. -Ila6 + 6cc? from -106c+a6-4co?. 

7. 4a - 36 + 15c from 25a - 166 - 18c. 

8. - 16ar - 18^ - 152 from - 5;f+ 8y + 7-j. 

9. ab + cd-ac — bd from ctb + cd + ac + bd, 
10. —ah + cd—ac + bd from a6 — cci?+ac-6fl?. 

From 
.11. 3a6 + 5ofl?-4ac-66c? take 3a6 + 6co?-3ac-56o?. 

12. yz-zx + xy take —xy+yz-zx. 

13. --2a;S-^-3^ + 2 take oi^-x+l, 

14. -8^*3^+15a?y2 4.iOj;y2; take ^s^y -^xy^ -hxyz, 

15. ia-6+Jc take Ja + i6-^c. 

16. \x^y-z take \x-\y-\z, 

17. -a -36 take fa + J6-^. 

18. i^-fy+A^ take -i^ + fy-T^2. 

19. -lx-\y-hz take f^-|y-:y.z. 

20. -i^+§y-i take J^.-|y-i. 



J 
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EXAMPLES IV. b. 

From 

1. 3xi/-5yz+S2^ take -4j[n/ + 2i/z — 10zx. 

2. -8a7y+ 15^3^ + 13^ take 4a^f+Wi/-8an/^. 

3. -S + eah + a^b^ take A-3ah-5a^bK 

4. a^bc+b^ + c^ab take Za%c — bl^ca — Ac^ah. 

5. - 7a26 + 8a62 + cc? take 5a26 - lah^ + 6co?. 

6. — 8ar^ + 5^2 __ ^2 ^^i^q %a^y — hxy^ + xh/^, 

7. 10a262+i5a62 + 8a25 take -10a262+i6a62_8a26. 

8. 4072-3^ + 2 take -hofi + ^-'J. 

9. a;3 + xi^+4 take 8a;2_5^_3, 

10. -8a2x2+5^2 + 15 take Qa^x^-Sa^-b, 

Subtract 

11. a^-a^ + x+\ from a^ + a^-x-\-\, 

12. Zxy^-Za^y + ai^'-f from ^+3;r2y+3^y2 4.y3^ 

13. Z>» + c3-2aZ>c from a^+l^-Zabc, 

14. 7^^ - y^ - 347^ + 6ar3 fj-Qm g^ ^ 7^2^ _ 3^y2 _ yS^ 

15. ^+5 + ^-ap3 from 5:p*-8^-2j72+7. 

16. a^-{-l^+<^- Sabc from 7a5c - 3a^ + 56s - c^. 

17. l-^r + o;*^-^-^ from a:* - 1 + a' - ot^. 

18. 7a*-8a2 + 3aS + a from a2-5a3-7 + 7a«. 

19. 10a26 + 8a62 - Sa^b^ - 6* from ba^b - 60^2 - Va»ftl 

20. a» - b^+Sab^- 7a^b from - 8a62 + I5a26 + 5«. 

From 

21. i^-^^y-^y^ take -f^2 4.^y_y2^ 

22. ^a^-U-l take -§o2 + a-i. 

23. ix^-lx + J take J^ - 1 +^0^, 

24. %a^-^ax take J-J^-|aj;. 

25. fo^ - 1^2 _y2 take ^^y - fy2 _ j^2^ 

26. Ja» - 2(w:2 _ j^2 -p take Ja2j; + j^^s _ Sa^2, 

28. We shall close this chapter with an exercise containing 
miscellaneous examples of Addition and Subtraction. 
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EXAMPLES IV, c. 

1. To the sum of 2a - 36 - 2c and 2b-a-\-*Ic add the sum 
of a - 4<?+ 76 and c - 66. 

2. From 6^ + 3d? - 1 take the sum of 2;r — 5 + V-r^ and 
ar2 + 4-2^ + ^. 

3. Subtract 3a-7a'+5a2 from the sum of 2 + 8a^-a^ and 
2a8-3a2 + a-2. 

4. Subtract 6jt^+3x-l from 2^?^, and add the result to 

5. Add the sum of %j-Zy^ and 1-5^* to the remainder 
left when 1 - 2y2+y is subtracted from 5^. 

6. Take a^-y^ from Zxy - 4y% and add the remainder to the 
sum of 4^ - ^ - 3^2 and 2^^ ^ gy2^ 

7. Find the smn of 5a - 76+ c and 36 - 9a, and subtract the 
result from c - 46. 

8. Add together 3^^-7^7 + 5 and 2^ + 5a?— 3, and diminish 
the result by 3 J^ + 2. 

9. What expression must be added to 5x^ - 7^+ 2 to produce 
7^-1? 

10. What expression must be added to 4^-3^72+2 to pro- 
duce 4^;*+ 7^- 6? 

11. What expression must be subtracted from 3a - 56 + c so 
as to leave 2a - 46 + c ? 

12. What expression must be subtracted from 9^72+11^-5 
so as to leave 6^* _ 17^;+ 3 ] 

13. From what expression must lla2-5a6-76(? be sub- 
tracted so as to give for remainder 5a2+7a64-76c 1 

14. From what expression must 3a6 + 56c - 6ca be subtracted 
so as to leave a remainder 6ca - 56c ? 

15. To what expression must *7a^-6a!^-5a; be added so as 
to make 9^ - 6 j? - 7j72 ? 

16. To what expression must 5a6 - ll6c - 7ca be added so as 
to produce zero ? 

17. If 3a?2-7a?+2 be subtracted from zero, what will be 
the result ? 

18. Subtract 3a^ - 7a? + 1 from 2:r^ - 5^? - 3, then subtract the 
difference from zero, and add this last result to 2a'2 - 2^ - 4. 

19. Subtract 30?^ _ 5^+ 1 from unity, and add ba^ - 6j7 to the 
result. 



CHAPTER V, 

Multiplication, 

29. When there is no sign between symbols or expressions, it 
is understood that the symbols or expressions are to be mvltvplied 
together. 

Thus a6=ax6. 

3a6=3xax6. 

a (^-y) = a X (a7-y). 
{x-\-y) (a-\-h) is \ihQprodttct oix-\-y and a+6. 

In Algebra, as in Arithmetic, the product is the same in what- 
ever order the factors are written. [Art 13.] 

Example, 2ax3&=2xax3x& 

=2x3xax& 
=6a5. 

30. Since, by definition, d^=aaay 
and a^=aaaaa; 

a? X a^=a(iaa<i(iaa 

Again, 5a*=6a«, 

5a* X 7a3 = 5 X 7 X oooaa 
=35afi, 

31. When the expressions to be multiplied together contain 
powers of different letters, a similar method is usea. 

Example* 5a'&^ x ^%iifi = ^aaoibb x ^abxxx 
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Note. The beginner must be careful to observe that in this pro- 
cess of multiplication the indices of one letter cannot combine in any 
way with those of another. Thus the expression iOa^b^v? admits of 
no further simplification* 

32. The general rule may now be given : 

Rule. To multiply two simple expressions together, mtdtiply 
their coefficients, aiid add the inaices of the like letters. 

The rule may be extended to cases where more than two 
expressions are to be multiplied together. 

Example 1. x*xsi?xx^=a^^xiifi 

~— /yS 1818 

Example 2. 5xhf^xByh'^xSxz*=120x^y^sfi. 

Note. The product of three or more expressions is called the 

continued product. 

33. The symbol 4m means /owr times m, that is 

m+m+m+m. 

So 10m=m+m+m+ taking ten terms. 

Similarly am means that m is to be taken a times ; that is 

am^m+m+mi- 

the number of terms being a. 

Again, (a+b)m=m+m+m+ taken a+5 times 

— {m+m+m+ taken a times), 

together with (m +m +m+ taken h times) 

=aw+6m (1), 

Also (a-h)m^m+m+m+ taken a — 5 times 

= {m+m+m+ taken a times), 

diminished by (m+m+m+ taken h times) 

=am — bm (2). 

Similarly (a — 6 + c) m = am — bm-{- cm. 

34. Rule. To mvltiply a compound ea^ession hy a single 
factory multiply each term of the expression separately hy that factor. 

Examples, 

(1) 3 (2a+ 36 - 4c) = 6a + 9ft - 12(;. 

(2) (4x2 _ 7y _ 8^;') x %xy^ = 12x»y2 - 21xy^ - 2^xyH\ 

(3) (fa - J6 - c) X |a62 == ^aH'- - ^ab^ _ ^ab^c. 
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2. 4a' and 5a'! 
4. 6^2 and 5a;S. 

6. 2ahc and Sao'. 
8. 5a26 and 2a. 
10, 5a*63 and a^K 
12. a&c and a^yz, 
14. 4a36^ and 76^^. 

6a^^ and 6aV. 

3aVy^ and ci^ah^, 

5ab — 7bx and A^a%a^. 

a^+l^-<^ and a'ft. 

5a2+362-2c2 and 4a26c3. 



16. 
18. 
20. 
22. 
24. 



EXAMPLES V. a. 

Multiply together 

1. hx^ and 7^. 

3. 7a6 and ^a^l^, 

5. 8a'6 and 6^. 

7. 2a363 and ^aW. 

9. 4a263 and 7a5. 

11, a^y^ and ea^or*. 

13. 3a*6V and ba^hx, 

15. f>ci^x and 8c^. 

17. 2d7^ and sfiy^, 

19. a6+&c and a^h, 

21. 5^+3^^ and 2^. 

23. hc'\-ca — ah and a6c. 

25. ba^y+xy^-lxY and 3^. 

26. 6j;5-5:p2y+7^2 and 8ary. 

27. 6a36c-7a62c2 and a^h\ 28. Sa^ftS- 152^3 and JaM. 
29. a*63a?-566 and JaS^FS. 30. 6aS-5a268;p4 and fa*65. 

35. If in Art. 33 we write c+d for m in (1), we have 

{a+h){c+d)=a{c+d) + h{c+d) 

=={c+dl)a+{c-\-d)h [Art. 13.], 
^ac+ad-^-hc+hd (3). 

Again, from (2) 

{a-h){c-{-d) = a{c+d)-h{c-{-<r) 
= {c+d)a-(c+d)b 
^ac+ad-(hc+bd) 
= ac+ad-bo-bd (4). 

Similarly, by writing c-d for m in (1), 

(a+h) (c-d)=a (c-d)+h {c-d) 
= (c-d)a+{c-d)b 
= ac-ad+bc-'bd (5). 
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Also, from (2) 

{a-b){c-d)=a(c-d)-b{c-c[) 
= (c-d}a-(c-d)b 
—ac — ad — {bc — bd) 
=ac — ad-bc+bd (6). 

These results are very important. 

If we consider each term on the right-hand side of (6), and 
the way in which it arises, we find that 

+ax +c= +ac. 
- 6x -d=+hd, 
-bx+c— -be. 
+ ax —d= —ad. 

These results enable us to state what is known as the Rule 
of Signs in multiplication. 

Rule op Signs. The product of two terms with like signs 
is positive ; the prodtcct of two terms with unlike signs is negative, 

36. The rule of signs, and especially the use of the negative 
multiplier, will probably present some difficulty to the beginner. 
Perhaps the following numerical instances may be useful in illus- 
trating the interpretation that may be given to multiplication 
by a negative quantity. 

-3x-f-4=-3x4 

= — 3 taken four times 
= -3-3-3-3 

= -12. 

-1-3 X -4 would thus seem to mean that +3 is to be taken -4 
times ; this is at present without meaning, but we can easily give 
to it an interpretation which will be intelligible, and in harmony 
with what precedes. We have illustrated the difference between 
+4 and —4, by supposing that +4 represents a line of 4 units 
measured in one direction, and —4 a line of length 4 units 
measured in the opposite direction ; so that, with reference to 
each other, each of the signs 4- and - may be supposed to 
indicate a reversal of direction. Hence 3x — 4 may be taken 
ii3 indicating that 3 is to be taken 4 times, and ftirther that 
the direction of the line which represents the product is to be 
reversed. 
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Now 3 taken 4 times gives +12 ; and from this by changing 
the sign, which correspondLs to a reversal of direction, we get — 12. 

Thus 3x-4=-12. 

Similarly — 3x -4 indicates that -3 is to be taken 4 times, 
and the sign changed; the first operation gives —12, and the 
second +12. 

Thus -3x-4=+12. 

3*7. We may here remark that we can give what meaning we 
like to any new symbol or operation, provided that we always 
employ such meaning, and that the meaning is not inconsistent 
with the fundamental principles of our subject. Multiplication 
by a negative quantity is a case in point ; and the meaning we have 
attached to the operation is to proceed just as if the multiplier 
were positive, and then change the sign of the product, 

38. To familiarize the beginner with the principles we have 
just explained we add a few examples in substitutions where some 
of the symbols denote negative quantities. 

BxampUX. If a=-4, a5=(-4)8=-4x -4x -4= -64. 

Example 2. If a= -1, 6=3, c= -2, find the value of -Ba*bc\ 

-3a*6c3=-3x(-l)*x3x(-2)» 
= -3xlx3x(-8) 
= 72. 

EXAMPLES V. b. 

If a= -2, 6=3, c= -1, ^= -5, y==4, find the value of 



1. 


3a26. 


2. 


8a6c2. 


3. 


-5c3. 


4. 


eaV. 


5. 


4c3y. 


6. 


Za^c. 


7. 


-62^2. 


8. 


3aV. 


9. 


- Wbc. 


10. 


-2a^hx, 


11. 


-4a2c*. 


12. 


^Sl^, 


13. 


ba^a^. 


14. 


- ^<^(cy. 


15. 


-8a.?;S. 


16. 


4c«a?5. 


17. 


-5a«62A 


18. 


-7o3c3. 


19. 


8c*a;5. 


20. 


7a6c*. 



If a= -4, 6= -3, <?= - 1, /=:0, ^=4, y=l, find the value of 

21. 3a2+6^-4cy. 22. 2a62_36c2+2/:r. 

23. /a2-263-Gr3. 24. Zahf'-hl^x-l^, 

25. 2a»-363+7<2^. 26. 36y - 462/- 6c*a;. 

27. 2V(ac)-3V(4^)+V(62c*). 28. 3V(aca?) - 2^(6^) - 6V(cV)' 

29. 7V(a2r) - 3V(6*c2) + hj^px), 

30. 3cV(36c)-5V(4c2/) -2(^^(32^). 
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39. The following examples further illustrate the rule of signs 
and the law of indices : 

Example 1. 4a«6x - 3a*6« = - 12a«6'. 

Example 2, -Bdb^x -a6' = 6aW 

Example 3. Find the continued product of 3a% - 2a'62, - oft*. 

and - 6a«68 x - o6*= 6a«67. 

Example 4. (Ga^ - Sa^d - 4a6») x - 3a&» = - ISa^fe' + 15a%^ + 12a«2)«. 

EXAMPLES V. c. 

Multiply together 

1. aa; and -3cm;. 2. -2a5^ and -7a6.r. 

3. a^j and - ab^, 4. 6^^^ and - lO^ry. 

5. -a&cc? and -3a263c4cp. g, ^0 and -hxhj^z, 

7. 3:By+43^2 and -12^^:. 8. ah -he and a^ftc^. 

9, -^-y-2 and -3d7. 10. a^ _ 52+^2 and a5c. • 

11, -ofe+ftc-ca and-a6c. 12. -2a26-4a62 and -Va^fta. 

13. 5^V-6^/+®^V ^<^ ^3^- 

14. -la^y-bxy^ and -8a%3. 

15. -hosy^z-^-Zxy^-^xhjz and oyy^;. 

16. Ax^y^z^-^xyz and -12^y2;3^ 

17. -13^2_i5^2y and -*la^y^. 

18. ^yz-V^ah)^ and -a?y2. 

19. a6<3 - a^Jc _ aft^c and -a6c. 

20. -d^hc-^rh^ca-i^ah and -a6. 

Find the product of 

21. ,2a-3b+4c and -|a. 22. 3^-2y-4 and -fx 
23. |a-^-c and fow?. 24. fa^^-f^^ and -JaS^. 

25. - fa2a?2 and - f a^ + cm? - |a72. 

26. -i^ and -3^+f4;y. 27. -f^^ and -^a;^+2y^ 
28. - K^ and Ij^ - fy^ 

40. The complete rule for multiplying together two com- 
pound expressions may now be given. 
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Rule. Multiply each term of the first expression hy each 
term of the second. When the terms multiplied together hive like, 
signs, prefix to the product the sign +, when unlike prefix — . 

Escample 1. Multiply a; + 8 by as + 7. 

The product ={x+S)x{x + 7) 

=a;' + 8a; + 7a; + 56 

The operation is more conveniently arranged as follows : 

X + S 

X + 7 

x^+ Sx 
+ 7x + 56 



by addition x^ + 15a; + 56. 

■ . ■ • 

Note. We begin on the left and work to the right, placing the 
second result one place to the right, so that like terms may stand in 
the same vertical column. 

Example 2. Multiply 2a; - 3y by 4a; - 7y. 

2a; -3y 

4x -ly 



8*3 - 12a;y 

-14ay + 21y ^ 
by addition Sa;^ ^ ^^ocy + 21^*, 

EXAMPLES V. d. 

Find the product of 

1. ^+5 and ^+10. 2. x+b and ^-5. 

3, x — 7 and x — \0, 4. x—l and ^+10. 

5. x-\-*t and ar-lO. 6, ^+7 and a?+10. 

7. ^+6 and a?- 6. 8, ^+8 and a?-4. 

9. 07-12 and 07-1. 10. 07+12 and o?-l. 

11. 07-15 and 07+15. 12, 07-15 and -or+3. 

13. -07-2 and -07-3. 14. -or+7 and o?-7. 

15. —07+5 and — 07.-5. . 16. 07-13 and 07+14. 

17. 07-17 and 07+18. 18. 07+19 and 07-20. 

19. -07-16 and -07+16. 20. -or+21 and or-21, 

21. 2o7-3 and 07+8. 22. 2o7+3 and 07-8. 
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23. a?-5 and 2^-1. 24. 2jr-5 and .tr-1. 

25. 3a?-5 and 2ar+7. 26. 3a;+b and 2;f-7. 

27. bx-6 and 2a?+3. 28. 5^+6 and 2a;-3. 

29. 307- 5y and 3^+5y. 30. ar-Sy and 3a?- 6y. 

31.- a-26 and a+36. 32. a-*Ib and a+85. 

33. 3a-66 and a-86. 34. a-96 and a+56. 

35. :i?+a and ^-6. 36, a;- a and ^+6. 

37. x—2a and ^+36. 38. aa—hy and cuv+by. 

39. xy-ab and :ry+aft. 40. 2pq-Sr and 2pq+^, 

41. When the expressions to be multiplied together contain 
more than two terms, a similar method may be employed. 

Example. Find the product of 2a' - 3a5 + 46' and - 5a' + 3a& + 4('. 

2a«- 8a6+-4i* 

-iOa< + 15a«6-20o»62 

8a«6«-12a6» + 166* 



- 10a* + 21a»6 - 21a«6« + 166\ 

42. If multiplier and multiplicand are not arranged according 
to powers ascending or descending of some common letter, a re- 
arrangement will be found convenient. 

Example, Multiply 2aB - ?' + 2x' - 8y« +xyhj x-y + 2z. 

2x^+ xy +23cz-3yz-z^ 
X — y +2z 

2a:'+ s^y + 2iii^z-Sxyz-xz* 

^2xh/ -2xyz -xy^ + 3y^z + yz^ 
4xh + 2xyz + 4xs^ -^z^ - %? 

2a^- Qt^y-^-^z'- 3a;y/+ 3a»' -xy^+ ZyH - 5yz^ - 2z% 

43. When the coefficients are fractional we use the ordinary 
process of Multiplication, combining the fractional coefficients by 
the rules of Arithmetic. 

Example, Multiply ^o' - Ja6 + 1&* by (a + J6. 

ia*- la^ + ^ab^ 
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EXAMPLES V, e. 

Multiply together 

1. a+b+c &ud a+h-c, % a-26+c and a+26-c 

3. a^-ah+l^ and aHaft+ftl 

4. ^+3jr2 and x+Ay. 5. a;3_2^+8 and x+% 
6. ,a7*-^2_|.y* and a^+yK 7. ^H-^rj^+y* and op-y. 

8. a2-2(M7+4^2 and a2+2flw?+4^, 

9. 16aHl2a6+962 and 4a-35, 

10. a^x-cux^+ofi-a? and ^+a^ 

11. ^+iF-2 and ^+d?-6. 

12. 2^-3^+2^ and 2a;8+3^+2. 

13. -a«+a46-a362 and -a-6. 

14. ^-7.r+5 and ^-2^+3. 

15. a^ + 2a26 + 2a62 and a^-2ab+ 2hK 

16. 4a;2+6^^92^2 and 2^-3y. 

17. a^-Zxy-y^ and -a^+Jcy+yK 

18. &3_Qj2t2+^3 and a3+a252+^, 

19. a^-2xy+y^ and ^2+2^+^2^ 

20. ah+cd+ac+hd and a6+cfl?-ac-6e]?. 

21. -3a262+4a63+i5a36 and ba^U^+ab^-Zh^ 

22. 27a;3-36flw;2+48a2-p_64a3 and 3a?+4a. 

23. a2-5a6-62 and a2+5a6+62. 

24. a^-xy-\-x+y^+y+l and x+y-l. 

25. a2+52^^_5^_^_^ and a+6+c. 

26. -^+y*+^2+^_^^ and x+y, 

27. x^-x^y^ + xY-x^f+y» and ^+/. 

28. 3a2+2a+2aHl+a* and a^-2a+l, 

29. ~aa;2+3^35^^2_9Q;^ and -aji7-3ay2. 

30. -2x^y+y*+3x^y^+x^-2xy^ and x2+2a;3<^_^2^ 

31. ia^+Ja+J and Ja-J. 32. i^-2a?+f and i^p+J. 

33. K+^+|y2 and Ja?-iy. 

34. \x^-ax-\a^ and l^-ioar+Ja*. 

35. \:x^-lx-l and i^24.§^_|^ 

36. |<w? + Sa;2 4.j^2 and la^+^a^-^ax. 
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44. Although the res^ilt of multiplying together two binomial 
factors, such as ^ + 8 and a? - 7, can always be obtained by the 
methods already explained, it is of the utmost importance that 
the student should soon learn to write down the product rapidly 
hy inspection. 

This is done bv observing in what way the coefficients of the 
terms in the product arise, and noticing that they residt from 
the combination of the numerical coefficients in the two bi- 
nomials which are multiplied together ; thus 

(^+8) (^+'7)=^+8^+7^+56 
=a;2 + 15^7+56. 

(^-8) (07- 7)=^- 8^- 7^ + 56 

=:F2+a7-56. 

(a?- 8) (^ + 7) =472-807+7^- 56 
=^-07-56. 

In each of these results we notice that : 

1. The product consists of three terms. 

2. The first term is the product of the first terms of the two 
binomial expressions. 

3. The third term is the product of the second terms of the 
two binomial expressions. 

4. The middle term has for its coefficient the sum of the 
numerical quantities (taken with their proper signs) in the second 
terms of the two binomial expressions. 

The intermediate step in the work may be omitted, and the 
products written down at once, as in the foUowing examples : 

(^+2)(47+3)=^ + 5^7+6. 
(^+6)(a7-9)=^-347-54. 

{x — 6y) (a? + 4y ) —x^ — 2xy — 24y\ 

By an easy extension of these principles we may write down 
the product of any two binomials. 

Thus {2x+3y){x-y)=2x^^3xy-2xy-Zy^ 

=2^+^-3y2. 

(Sx-4y){2x+y) = 6x^-Sxy+Sxy-4y^ 

=6a^-bxy — 4y\ 



L. 
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45, These examples will be sufficient, but there are two 
cases to which it is desirable to direct the student's attention 
before leaving this part of the subject : their fuU importance will 
be developed in later chapters. 

Cask I. (a;+ 4) (:«?- 4) =^ + 4^-4^-16 

=^--16. 
(2a? + 6y) (2a? - 5y) = 4^ + 10^ - 10a?y - 25y2 

=4a^*-25/. 

(a?+3)2=(a?+3)(a? + 3) 
=a?2+6a?+9. 
(3a? - 4yf = (3a? - Ay) (3a? - 4y) 

= 9a?2 - 12a;3^ - 12a^ + 16y2 
=9a?2-24a?y + 16y2. 



Case II. 



EXAMPLES V. f. 



Write dovm the values 

1. (a;+8)(a?-5). 

3. (a7-3)(a?+10). 

5. (a?+7)(a7-9). 

7. (a:-4)(a;+ll). 

9. (a?+2)(a?-2), 

11. (a+9)(a-5). 

13. (a-8)(a+4). • 

15. (a- 6) (a +13). 

17. (a- 11) (a + 11). 

19. (a?-3a)(af+2a). 

21. (a?+3a)(a?-3a). 

23. (a? + 7y)(a?-7y). 

25. (a +36) (a +36). 

27. (a -96) (a -86). 

29. (2a? -5) (or -2). 

31. (3a?-l)(a?+l). 

33. (3a? +7) (2a? -3). 

35. (307+8) (3a? -8). 

37. (3a?-2y)(3a?+y). 

39. (2a?+7y)(2a?-5y). 

41. (2a?- 5a) (07+ 6a). 

H. A. 



of the following products : 

2. (a?+6)(a7-l). 

4. (07-1) (a? +5). 

6. (07- 10) (a?- 8). 

a (a? -2) (07+4). 

10. (a-l)(a+l). 

12, (a-3)(a+12). 

14. (a-8)(a+8). 

16. (a + 3)(a+3). 

18. (a-8)(a-8). 

20. (a? + 6a) (a? -5a). 

22. (a? + 4y)(07-2y), 

24, (a?-3y)(07-3y). 

26, (a -56) (a +106). 

28. (2a? -5) (07+2), 

30. (207+3) (a? -3). 

32. (207+5) (2a?- 1). 

34. (4a? -3) (2a? +3). 

36. (207-5) (2a? -5). 

38. (3a?+2y)(3o7+2y). 

40. (5a?+3a)(5a?-3a). 

42, (2ar+a)(2a?+a). 



CHAPTER VI. 
• Division. 



46. The object of division is to find out the quantity, called 
the qnotient, b^ which the divisor must be multiplied so as to 
produce the dividend. 

Division is thus the inverse of multiplication. 

The above statement may be briefly written 

quotient x divisor = dividend, 

or dividend -r divisor = quotient. 

It is sometimes better to express this last result as a frac- 
tion; thus 

dividend ^. ^ 

-TT—. =8= quotient. 

divisor ^ 

Example 1. Since the product of 4 and x is 4x, it follows that 
when 4x is divided by x the quotient is 4, 

or otherwise, 4aj -i- oj = 4. 

Example 2. 27a* 4- 9a*=-Q-5-= -^ =3aa, by removing from 

the divisor and dividend the factors common to both, just as in 
Arithmetic. 

Therefore 27a^ -t- 9a» = SaK 

ExampUS, d5a%^(^-^l<A^<^=:^^^— 
^ Idbbcc 

=5a^c. 

4*7 s EuLE. To divide one simple expressvm hy another, divide 
the coefficient of the dividend hy that of the divisor, and stthtract the 
index of any tetter in the divisor from the index of that letter iai 
the diwderui. 
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Example 4. 84aV-T-12a^=7a«-V-i 

= 70*8. 

Example 6. 77a^a^if*-7-7axh/=llaxy^, 

Note. If we apply the rule to divide any power of a letter by the 
same power of the letter we are led to a curious conclusion. 

Thus, by the rule a"-f-a»=a8-»=o<>; 

but also a8-f-aS=-5 =1, 

a* 

.-. a^=l. 

This result will appear somewhat strange to the beginner, but its 
full significance will be explained in chap. zxx. 

48. It is easy to prove that the rule of signs holds for 
division. 

Thus a6-7-a=— = —o, 

a a 

y —ah ax —b , 

— ab-r- a= = = —b, 

a a 

, ab —ax —b , 

ab-T- —a= = = —6. 

-a -a 

, —ah —axb y 

-ah-i- -a— = =6. 

— a —a 

Hence in division as well as multiplication 

like signs prodiuse + , 
urdike signs produce — • 

Examples. (I) 6a5-^2a=d&. 

{2)-15xy-7-Sx=-5y, 

(4) 45a^bhi^-T-'-9a^bsfi=-5<^bx\ 
(6) - 4a*6fic8 -i- - {a36V=ia62. 

49. Rule. To divide a compound expression by a tingle 
factor, divide each term separately by thai f alitor. 

This follows at once from Art. 34. 

Examples. (1) (9a; - 12y + 3^) —- 3 = - Saj + 4^^ - «. 

(2) (86a863 - 24a265 _ 20o*6«) ^^a% = 9a6 - 66* - $a%. 

(3) (2a:»-6ajy+f«V)^-ia;=-4aj+l()y-3a^. 

3—2 



36 



ALGEBRA. 



EXAMPLES VL a. 



Divide 

1. Zsfi by 3^, 2. 

3. -35ic« by la^. 4. 

5. a^ by a^. 6. 

7. 4a262c3 by a6V. 8. 

9. -a^(^ by -oo^. 10. 

11. -16a%2 by -4^2, 12. 

13* 36aii by 7a7. 14. 

15. la^hc by -7a2^. 16. 

17. 166^a;2 by -2^. 18. 

19. a^-'^ by a?. 20. 

21, afi-la^+AaH^ by ^. 22. 

23. 15iBS-254?* by -5^. 24. 

25. -2^-Z'^a^ by -8a^. 26. 

27, a^-oft-oc by -a. 28. 

29. ^a^-^xhf-\2an/^ by -3^;. 

30. 407^-8^^+6^ by -2^. 

31. -3a2+|a6-6ac by -§«. 32. 

33. -^3^H^+^^ by -S^- 

34. -2a6^+5a*^ by Ja'^. 

35. Ja^jp — :^^a5:i7-'§aca7 by fa.r. 



60. To divide one compound expression by another. 

BuLE. 1. Arrange divisor and dividend in ascending or 
descending potpers of some common letter, 

2. Divide the term on the left of the dividend hy the term 
on the left of the divisor^ and put the result in the quotient. 

3. Mvltiply the whole divisor by this qiLotient^ and pvJt the 
prod/wet under the dividend. 

4. Svhtract and bring down from the dividend as many tenns 
as may be necessary, 

Eepeat these operations till all the terms from the dividend are 
brought down. 



27^ by ~^x^. 
aba^ by —aa;, 
a*^ by —a^a:^, 
12a«6ec8 by -Sa^ftZc. 
Iba^'^s^ by 50^2^228. 
-48a0 by -Sa^. 
63a768c3 by ^a^¥<?, 
28a*63 by -4a^b, 
-bOy^a^ by -5^. 
a^ — Za^+x by x, 
lOx^-Sofi+Zx^ by ^. 
27^-36^ by 9^. 
34^2 _ 51^ by 11 xy. 

a^ — d^b — aVj^ by a^. 



\a^y'^-Za^ by -%a^\ 
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Example 1. Divide a^+lljr+30 by 35+6. 

Arrange the work thus : 

a;^-GJ«r^+lla;+30^, 

divide a^, the first term of the dividend, by x, the first term of the 
divisor; the quotient is x. Multiply the whole divisor by x^ and put 
the product a? + 605 under the dividend. We then have 

x+Q)ix?+llx-^30(x 
x^+ 6a; 

l)y subtraction 5a; +30. 

On repeating the process above explained we find that the next 
term in me quotient is + 5. 

The entire operation is more compactly written as follows : 

x+Q)x* + llx+dO(x+5 

x^+ 6x 

5ac+30 
5a;+80 



The reason for the rule is this : the dividend mav be divided 
into as many parts as may be convenient, and the complete 
quotient is foimd b^ taking the sum of all the partial quotients. 
Thus a;2+ lld;+30 IS divided by the above process into two parts, 
BBiaelya^+Qx, and So? +30, and each of these is divided bya?+6; 
thus we obtain the complete quotient ^+5. 

Example 2, Divide 24a? - 66jcy + 21y» by 8a; - 3y. 

8a; - 3y) 2iix? - 66ary + 21y^ (Zx - 7y 
24ar»- 9xy 

-5Qxy + 21y^ 
~6Qxy + 21y^ 



EXATVTPLES VI. b. 

Divide 

1. a^+Sa;+2 by ;r+l. 2. ^-74;+12 by ^-3. 

3. a?-lla+30 by a-6. 4. a^-49a+e00 by a--25. 

5. ^afi+lOx+S by 4?+3. 6. 2478+11^+5 by 2^+1. 

7. 6^^8+11^+2 by ^+2. 8. 2a^+l*7a+2l by 2a:+3. 

9. 5^+16^+3 by ^+3. 10. ar8+34a?+ll by 3a?+l. 

11. 4.178+23^+15 by 4^+3. 12. 6^-7^-3 by 2^7-3. 
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13. Za^+a-U by ^-2. 14. 3^-^-14 by ^+2. 

15. 6:^2 _ 31^ +35 by 2^-7. 16. 4^2+^-14 by ^+2. 

17. 12a2_7tM?_ 12072 by 3a -4o?. 

18. 15a2+17ao?-42;2 by 3a+4a;. 

19. 12a2-llac-36c2 by 4a -9c. 

20. 9a2+6ac-35c2 by 3a+7c. 

21. 60o?2-4i;y-45y2 by 10o?-9y. 

22. -4»y-15y2+9ap2 by 12o?-5y. 

23. 7a;3+96^_28^ by 7x-2. 

24. 100o^-3o7-13^ by 3+25ar. 

51. In the examples given hitherto the divisor has been 
exactly contained in the dividend. It is a good exercise for the 
beginner to work cases in which the accurate value of the re- 
mainder is required. 

Example. Find the remainder when a*-7a5* + 9«2-lla5+16 is 
divided by as - 5. 

a;-5;aj*-7jB» + 9a5»-llx+15^a5»-2aj2-a:-16 

-2g8 + 10 g^ 

- a;* - ILr 

- 01^+ 5x 



-16a5+15 
-16a; +8 

-66. 
And the remainder is - 65. 

EXAMPLES VI. c. 

Find the remainder when 

1. a^ — 6a^+lla;+2 is divided by ,v — 2. 

2. a^-6a^+l2a;-17 o?-3. 

3. 2o;3+5a;2_4-p_7 ^,^2. 

4. Sof^-lx-Q x+1, 

5. 4r3+7^2_3^_33 4ar-5. 

6. 27^+9072-3^-5 3.^?-2. 

7. l&i;8-19+39^-46a;2 8a?-3. 

8. 8a;-Sa^+6a!^+*7 5^-3. 
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9. 21a3<-27a+15-26a2 is divided by 3a - 5. 

10. 30^+ll^-82;2?2_5^+3 2^-4+8^2. 

11. 6a:-5:p3+12^+20-33^2 a:+4^2_5. 

12. 3007+9-71073+28^-35072 4or2-13o?+6. 

52. We add a few harder cases worked out in full. 
Example 1. Divide sH^ + 4a* by x^ + 2ica + a\ 

-2oi?a-2oc^a^ 

2a;V+4a;a» + 4a* 
2ar^o^ + 4iga» + 4a* 

Exarr^le 2. Divide a* + 6* + c^ - Sabc by a + 6 + c. 

a+b + cJa^-Sdbc+ t^ + c^i^a^-ab-ac + l^-hc+c^ 

- d^b-a^c-Hahc 

- a% - aJt^ - abc 

-cC^c^ at^-2ahc 
-a^c - abc — ac^ 

ab^- abc + OQ^ + b^ 
ab^ +b^+Pc 

- abc + ac^^b^c 

- abe -b^e^bc^ 

a(^+b(y^+ c» 

Note. In the above example the dividend and successive re- 
mainders are arranged in descending powers of a. 

The result of this division is very important and will be referred 
to later. 

53. Sometiines it will be found convenient to arrange the 
expressions in ascending powers of some common letter. 

Example. Divide 2a^ + 10 - 16a - 39a« + 15a* by 2 - 4a - 5aK 

2-4a-6aV10-16a-39o« + 2a3+15a4<,6 + 2a-3a« 
10-20a- 25aa 

4a-i4a2+ 2a^ 
4fl- 8ag-X0 a8 

- 6a2+l2a8+16a* 

- Qa^ + 12a^ + 15a* 



40 
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54. When the coefficients are fractional the ordinary process 
may still be employed. 

Example* Divide Jac* + -h^ + ^V^ hy Ja; + Jy. 

- \ ^y- V«y^ 

65. The following examples in division may be easily verified; 
they are of great importance and should be carefiilly noticed. 

a^ — 'iA 
x-y ^' 

^ ^a^+xy+y\ 



I. 



x-y 
*p* — V* 

and so on; the divisor being x—y, the terms in the quotient aU 
pontivBf and the index in the dividend either odd or even. 

X+y iJ-^if'* 

II. \ £!iJ?^=^_^ + ^y _^+3^, 

and so on; the divisor being x-^-y, the terms in the quotient 
dUernaMy positive arid negative, and the index in the cuvidend 
always oadC 

' x^-y^ 

— -=^-y, 



III. 



x+y 

x*—y^ 

x+y 

x^-y^ 

x+y 



=a^-xhf+xy^-fy 

=x^- xh/^a^y^-iX^+xy^-y^, 



and so on; the divisor being x+y, the terms in the quotient 
alternately positive and negative^ smd the index in the (uvidend 
tdways even. 
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IV. The expressions a^+i/\ a^+^jofi+t/^.,, (where the 
index is everiy and the terms both positive) are ^lever divisible by 
a?+y or ^-y. 

All these different cases may be more concisely stated as 
follows : 

(1) ^ - y* is divisible by a? -y if w be am/i whole number. 

(2) ^ + y** is divisible by :p + y if n be any odd whole number. 

(3) ^ - y" is divisible by ^ +y if w be any even whole number. 

(4) af'+i/** is never divisible by x+y or so-y^ when n is an 
even whole number. 

EXAMPLES VL d. 

Divide 

2. ^-5^ + 9a;r3_6^_^ + 2 by ^-3^7+2. 

3. ^-4a;*+3^+3^-3^ + 2 by a^-w-% 

4. a^-a^+a^y^—a^-y^ by a^-x—y, 

5. jfi+aih/-a^y'^-\-a^-2xy*+^ by x^ + xy—y^ 

6. a^-^-Aa^ + l^x^-Zix+lh by ^73-7^ + 5. 

7. 2a;3_8a?+^+12-7;r2 ^y ^ + 2-3^. 

8. 14a* - 45a36 + 78a2i>2 _ 45^^53 + 1454 ^y 2a^ - 6a5 + 762. 

9. 4m8+9m2+wi5 + 27w*-31m + 15 by m2 + 2m-3. 

10. a^+l^ + Zahc-i^ by a+h-c, 

11. 8d;8-4^-128^ + ^-192 by ^2^16. 

12. <<*+6a3 + i3a24.i2a + 4 by a2 + 3ct + 2. 

13. a^-h^ by a^-js^ 14. ;i;9_y9 by x^ + xy-^yK 

15. .a?^ - 2yi* - 7^^ - 7a?yi2 + 14^^8 by a? - 23^2, 

16. a^+Zd^h + 63 - 1 + 3a6« by a+6 - 1. 

17. sfi-fhj x^-^-xhf+xy^+f, 18. a^^.^w by a2-62. 

19. ai2 + 2a«66 + 6i2 by a^-\-2aV+hK 

20. 6« + c«+666c+66c5 + 156*c2+1562^+20&3c3 by h + c 

Find the quotient of 

21. ^d^-ld^x+^^aa^-^lx^ by ^-3^:. 

22. ^3_^2+^i^«^^by Ja-i. 

23. ia2c3 + Tf3a6 by ia2+ia(j. 

^- TV«*-|a?-K + |a+¥ by f«2-|-a. 

25. 36^ + Jy2 + j_4^_6^+jy by 6a?-Jy-i. 

26. ^^-Itfo^by S«-K 



CHAPTER VII. 
Removal and Insertion of Brackets. 

56. We frequently find it necessary to enclose within brackets 
part of an expression already enclosed within brackets. For 
this purpose it is usual to employ brackets of different forms. 
The brackets in common use are ( ), { }t [ ]. Sometimes a line 
called a " vinculima" is drawn over the symbols to be connected; 

thus a—b+o is used with the same meaning as a-{b+c\ and 

hence a — b+c==a — b — c, 

57. To remove brackets it is usually best to begin with the 
inside pair, and in dealing with each pair in succession we apply 
the rules already given in Arts. 21, 22. 

Example 1. Simplify, by removing brackets, the expression 
a - 26 - [4a - 66 - { 3a - c + (5a - 26 - 3a-c + 26) } ]. 

Bemoving the brackets one by one, we have 

a-26-[4a-66- {3a-c+(5a-26-8a+c-26)}] 
=a-26-[4a-66-{3a-c+ 6a-26-'3a+c-26}] 
=a-26-[4a-66- 3a+c- 5a + 26 + 3a -/j+ 26] 
=a-26-4a+66+ 3a-c+ §ft-26-3a+c-36 
=2a, by collecting like terms. 

Example 2. Simplify the expression 

-[-2a;-{3y-(2«-32/) + (8ar-2y)}+a«3. 

The expression = - [ - 2a; - {3t/ - 2x + 3^/ + 3a; - 2?/ } + 2.r] 
= - [ - 2a;- 3i/ + 2a; - 3y -3a; + 2// + 2«] 
= 2a; + 32^ - 2a; + 3y + 3a; - 2// - 2ar 
=x+iy. 
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EXAMPLES Vn. a. 

Simplify by removing brackets 

1. a-(b-c)+a+{b-c)+b-{c+a), 

2. a-[b+{a-(b+a)}], 

3. a -[2a -{35 -(4c -2a)}]. 

4. {a-(6-c)}+{6-(c-a)}-{c-(a-6)}. 

5. 2a - (56 + [3c - a]) - (5a - [6 + c]). 

6. -{-[-{a-b^e)]}. 

7. -[a-{b-{c-a)}]^[b-{c-{a-b)}l 

8. -(-(-(-^)))-(-(-y)). 

9. -[-{-(6+c-a)}]+[-{-(c+a-6)}]. 

10. - 5;r - [3y - {2a? - (2y - :p)}]. 

11. -(-(-a))-(-(-(-^))). 

12. 3a-[a+6-{a+6+c-(a+6+c+fl0}]. 

13. - 2a - [3^ + {3c - (4y + 3^ + 2a)}]. 

14. 3:i; - [5^^ - {6z - (4a? - ly)}]. 

15. - [507 - (1 ly - 3^)] - [by - (3^ - 6y)]. 

16. -[15:z?-{14y-(15:2+12y)-(10^-152)}]. 

17. 8j?-{16y-[3a7-(12y-^)-8y]+a7}. 

18. — [j? — {i!+(^ — ^) — (je— a?)- 4 — '^]- 

19. -[a+{a-(a-^)-(a+:i?)-a}-a]. 

20. — [a — {a+(^ — a) — (^ — a)-a} — 2a]. 

58. A coefficient placed before any bracket indicates thai; 
every term of the expression within the bracket is to be multi- 
plied by that coefficient. 

Note. The line between the numerator vand denominator of a 

fraction is a kind of vinculum. Thus — ^— is equivalent to i (a;- 5). 

o 

Again, an expression of the form \/{x+y) is often written s/x+y, 
the line above being regarded as a vinculum indicating the 8<}uare 
root of the compound expression x+y taken as a whole. 

Thus ^26 + 144 =V169 = 13, 

whereas V26+V144=6+12 = 17. 



.1 
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59. Sometimes it is advisable to simplify in the course of the 
work. 

Example, Find the value of 

84-7[-lla;-4{-17a;+3(8--9^r6^)}]. 

The expression=84-7 [ - ILb- 4 { - 17a!+ 3 (8 - 9 + 6a;)}] 
= 84-7[-lla:-4{-17a5+3(6aj-l)}] 
= 84-7[-lla;-4{-17a; + 15a5-8}] 
=84-7[-llfl;-4{-2a;-3}] 
= 84-7[-llaj4-8a;+12] 
= 84-7[-3a;+12] 
■=84 + 21a;-84 
= 21a;. 

« 

When the beginner has had a little practice the number of 
steps may be considerably diminished. 

EXAMPLES Vn. b. 

Simplify by removing brackets 

1. a-[2b+{Zc-3a-{a+b)}+^-(b+Sc)]. 

2. a + 5-(c+a-P+c-(a+6-{c+a-(6-fc-a)})]). 

3. a-{b-c)-[a-h-c-2{b-\-c-3(c-a)-d}'}. 

4. 2a7-(3y-40)-{2^-(33^+42)}-{3y-(40+2^)}. 

5. b-\-c-{a+b-[c-\-a-(b+c-{a+b-(c+a-b)})l[). 

6. 36-{5a-[6a+2(10a-6)]}. 

7. a-(6-c)-[a-6-c-2{6+c}]. 

8. 3a2-[6a2-{862_(9c2-2a2)}]. 

9. b-{c-a)-[b-a-c-2{c + a''S{a-b)-d}], 

10. -20 (a-d)+S{b-c)-2[b+c+d-3{c+d-4(d-a)}]. 

11. -4(a + d)+2Alb-c)-2[c+d+a-S{d + a-4(b+c)}l 

12. -10(a+6)-[c+a+ft-3{a+26-(c + a-6)}]+4c. 

13. a-2(6-c)-[-{-(4a-6-c-2{a+6+c})}]. 

14. 8(5-c)-[-{a-6-3(c-5+a)}]. 

15. 2(36-5a)-7[a-6{2-5(a-6)}]. 

16. 6 {a - 2 [b- 3(c+d)]}-4{a - 3 [6 - 4(c - d)]}, 

17. 5{a-2[a-2(a + ^)]}-4{a-2[a-2(a+^)]}. 

18. -10{a-6[a-(6-c)]}+60{6-(c + a)}. 
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19. -3{-2[-4(-a)]} + 5{-2[-2(-a)]l. 

20. -2{-[-(^-y)]}+{~2[-(^-y)]}. 

22. 36[?^^-A{3a7-f(7^-4y)}]+8(y-2a;). 

23. i{J(a-6)-8(6~o)}- j^^-^-"-^} -i{c-a-|(a-6)}. 

Insertion of Brackets. 

60. The converse operation of inserting brackets is im- 
portant. The rules for doing this have been enunciated in Arts. 

21. 22 ; for convenience we repeat them. 

1, Any part of an expression may be enclosed within brackets 
and the sign + prefixed, the sign of every term within the 
brackets remaining unaltered. 

2. Any part of an expression may be enclosed within brackets 
and the sign — prefixed, provided the sign of every term within 
the brackets be changed. 

Examples, a-b+e-d-e^a-b + ic-d-e). 
.a-b+c-d-e=a-{b-c)-{d+e). 
a? - ax+bx - ab={aP — ax) + {bx - ab), 
xy-aM-by + ah= (xy - 6y ) - (oa: - a6) . 

61 The terms of an expression can be bracketed in various 
ways. 

Example. The expression ax-bx+cx-ay+by-cy 
may be written {ax-bx) + {cx-'ay) + {by^cy)y 
or (ax-'bx+cx)-{ay-by+cy)t 

or (ax'-ay)-(bx-by) + {cx^cy). 

62.. Whenever a factor is common to every term within a 
bracket, it may be removed and placed outside as a multiplier of 
the expression within the bracket. 
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Example 1. In the expression 

osc* - cas + 7 - c&c' + fee - c - dos^ + 6x2 - 2a? 

bra.cket together the powers of x so as to have the sign + before each 
bracket* 

The expression = (oaj* - da^) + (ba^ - daP) + (6a; -cx-2x) + {7-'c) 

=a:8(a-d)+aj2(6-<i)+a?(6-c-2) + (7-c) 

= (a-d)a;8 + (6-d)a;2 + (6-c-2)a;+7-<J. 

In this last result the compound Expressions a-d,b-d, 6-C-2 
are regarded as the coefficients of x^, x^ and x respectively. 

Example 2. In the expression -ahi-7a+a^+S-2x-ab bracket 
together the powers of a so as to have the sign - before each bracket. 

The expression = - {ahi - ah/) - (7a + ah) - (2a! - 3) 
= -a2(aj-Sr)-a(7 + 6)-(2aj-3) 
= -(aj-y)a2-(7 + 6)a-(2a;-3). 

EXAMPLES Vn. c. 

In the following expressions bracket the powers of x so that 
the signs before all the brackets shall be positive : 

1. aa^+bx^+6 + 2ba;-6x^+2af^-3a:, 

2. 3bxl^-7 -2a;+ab'\-6aa^-hca;-4a^-b^, 

3. 2-7^ + 5(W?2_2^ + 9f35^ + 7^_3^2, 

4. 2cx^ - Zabx-^Adx- 36^ - a^a^ + a^. 

In the following expressions bracket the powers of x so that 
the signs before all the brackets shall be negative : 

5. ax^+ba^-a^a^-2ba^'-Za}^-ba^. 

6. 7a^ - Z^x - abx^ + 5flU7 + 7^ — ahca^. 

7. cux^+a^a^ — bx^-bx^ — ca^. 

8. Zl^a:/^-bx-aa^-ca^-hc^x-7x^, 

Simplify the following expressions, and in each result re- 
group the terms according to powers of x : 

9. 6M;3-2ca7-[6^--{ca?-d:a7-(6:F3+3ca72)}_(oa?2-6a?)]. 

10. hax^-7{bx^ca^-{(oba^-{Zaa^+^ax)-4<ia^}. 

11. a^-3{-CM;3+36^-4ftca:3-f(<3W7-6^)]}. 

12. ^-46^- i[l2aa? -4(36^-9 ^^-6^^-|€M?*}]. 

13. x{x - h -x(a - bx)} + cm? - x{x -x(ax- 6)}. 
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63. In certain cases of addition, multiplication, &c., of ex- 
pressions which involve literal coefficients, the results inay be 
more conveniently written by grouping the terms according to 
powers of some common letter. 

Example 1. Add together oa* - 2bx^ + 3, 6aj - ca^ - a;' and 

The sum = oaB* - 2&b' + 3 + &r - C3C^ - ac^ + 0^ - Ofl^ + eaf 
=aaB'-ca5'+a?-ajc*-26aJ"-a? + Ja5+ca5+3 
= (a-c+l)aj'-(a+26+l)a;«+(6 + c)a5+3. 

Example 2. Multiply aa^-2&c+ 3c by jpafe-g. 

The product =(aaj"-26aj+ 3c) (iwj-g) 

rropaj* - 26par^ + 3cpa5 - ag»' + 26gaJ - 3cg 
= opaj* - (26p + og) a;' + (3cp + 265) 0! - 3cg. 

EXAMPLES Vn. d. 

Add together the following expressions, and in each case 
arrange the result according to powers of x : 

1. cux^-2av, ha^-ca^ and ca? — x, 

2. a^-x-l^ ajs^—hsfi, hx+a^, 

3. aV-547, 2aa^-bax^, 2a^-ba^-ax. 

4. aa^ + hx-Cy qx-r-px^, a^+2x + 3. 

5. pa^ - qx, qx^ —p^j 9~^9 P^ + ^^' 

Multiply together the following expressions, and in each case 
arrange the result according to powers of x : 

6. cux^+bx + l and cx+2, 7. cjfi-2x+^ and ax—h, 
8. ax^-bx-c Qiid px+q. 9. 2a:2-3a?-l and bx-^c. 

10. <ia^-2bx-\-Sc and x-h 11. px^-2x--q and ax-Z, 

12. a^ + ax^ — bx — c and a^ — ax^ — bx+c. 

13. aa;®-.r2 + 3^-6 and cux^'\-x^+Sx + b. 

14. ^-0^-5^724.^2^4.^ and x^+cux^-^ba^ — cx + d. 



CHAPTER VIII, 

Simple Equations. 

64. An equation asserts that two expressions are equal, but 
we do not usually employ the word equation in so wide a sense. 

Thus the statement ^+3+07 + 4=2^+7, which is always 
true whatever value x may have, is called an identical eqnation, 
OP briefly an identity. 

The parts of an equation to the right and left of the sign 
of equality are called members or sides of the equation, and 
are (Mstinguished as the right side and left Me, 

65. Certain equations are only true for particular values of 
the symbols employed. Thus 3^ = 6 is only true when a*=2, 
and is called an equation of condition, or more usually an 
equation. Consequently an id&ntvty is an equation which is 
always true whatever be the values of the symbols involved; 
whereas an equation (in the ordinary use of the word) is only 
true for particular values of the-sj^mbols. In the above example 
3^=6, the value 2 is said to satisfy the equation. The object 
of the present chapter is to explain how to treat an equation of 
the simplest kind in order to discover the value which satisfies it. 

66. The letter whose value it is required to find is called 
the unknown quantity. The process of finding its value is 
called solving the equation. The value so found is called the 
root or the solution of the equation. 

67. The solution of equations, and the operations subsidiary 
to it, form an extremely important part of Mathematics. All 
sorts of mathematical problems consist in the indirect determi- 
nation of some quantity by means of its relations to other 
quantities which are known, and these relations are all expressed 
by means of equations. The operation in general of solving a 
problem in Mathematics, other than a transformation, is firstly 
to express the conditions of the problem by means of one or 
more equations, and secondly to solve these equations. For 
example, the problem which is expressed by the equation above 
given is the very simple question, "What is the number such that 
if multiplied by 3, the product is 6 ?" In the present chapter, 
it is the second of these two operations, the solution of an equa- 
tion, that is considered. 
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68. An equation which inyolves the unknown quantity in 
the first degree is called a simple equatioii. It is usual to 
denote the unknown quantity by the letter x, 

69. The process of solving a simple equation depends only 
upon the following axioms : 

1. If to equals we add equals the sums are equal 

2. If from equals we take equals the remainders are equaL 

3. If equals are multiplied by equals the products are equaL 

4. If equals are divided by equals the quotients are equal. 

70. Consider the equation 7a; =14. 

It is required to find what nmnerical value x must have 
consistent with this statement. 

Dividing both sides by 7 we get 

07=2 (Axiom 4). 

Similarly, if ^ = - 6, 

multiplying both sides by 2, we get 

^= — 12 (Axiom 3). 

Again, in the equation 7a:— 2.r- 07=23+ 15-10, by collecting 
terms, we have 4o7=28. 

/. 0?= 7. 

71. To solve aF-8=or+12. 

This case differs from the preceding in that the imknown 
quantity occurs on both sides of the equation. We can, however, 
transpose any term from one side to the other by simply 
chariging its sign. This we proceed to shew. 

Subtract x from both sides of the equation, and we get 

3^-^-8 = 12 : (Axiom 2). 

Adding 8 to both sides, we have 

307-07=12 + 8 (Axiom 1). 

Thus we see that +x has been removed from one side, and 
appears as -o? on the other ; and - 8 has been removed from one 
side and appears as + 8 on the other. 

It is evident that similar steps may be employed in all cases. 
Hence we may enunciate the following rule : 

Bulb. An^ term may he transposed from one side of the 
equation to the other hy cmnging its sign. 

H. A. 4: 
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It appears from this that toe may change the eign of every 
term in an equation; for this is equivalent to transposing all the 
terms, and then maldng the right and lefb hand members change 
places. 

Example. Take the equation - 3a; - 12 => a; - 24. 

Transposing, - a;+24=3aj+12, 

or 3a; + 12=-aj + 24, 

which is the original equation with the sign of every term changed. 

72. To solve f-3=f + f. 

2 4 5 

Here it will be convenient to begin by clearing the equation 
of fractional coefl&cients. This can always be done by multiplying 
both sides of the equation by the least common multiple of the 
denominators. 

Thus, midtiplying by 20, 

104?-60=5a7 + 4p; 

transposing, 10^ - 5^ - 4r = 60 ; 

.-. ^=60. 

73. "We Can now give a general rule for solving any simple 
equation with one imknown quantity. 

Rule. I^rgt, if necessa/ry, dear of fractions; then transpose 
all the terms containing the unhuyitm quantity to one side of the 
equation, and the knovm g^iantities to the other. Collect the terms 
on each side; divide both sides by the coeMd&nt of the unknoum 
quantity, and the valtte required is obtained. 

Example 1. Solve 6(a;-3)-7 (6-a5)+3=24-3(8-a5). 

Removing brackets, 5a;- 15 ~ 42 + 79;+ 3=24 - 24 + 3a; ; 

transposing, 6a;+7a;-3a;=24-24 + 15+42-3; 

.*. 9a;=64; 
.'. x=6. 

Example 2. Solve 6a;-(4a;-7) (3a;-6)=6-3(4a;-9) (x-1). 

Simplifying, we have 

5a; - (12a:3 - 41a; + 35) = 6 - 3 (4iB9 - 13a; + 9). 

And by removing brackets 

5a;- 12a;« + 41a;- 35=6- 12ir» + 39a!-27. 

Erase the term - 12a;' on each side and transpose ; 

thus 5a; + 41a; - 39a;=6 -27+36 ; 

.'. 7a; = 14; 
.*. x = 2. 
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Note. Since tlie - sign before a bracket Affects every term within 
it, in the first line of work of Ex. 2, we do not remove the brackets 
until we have formed the prodacts. 

Example 3. Solve 7a: - 6 [a; - {7 - 6 (a: - 3)}]=3j: + 1. 
Bemoving brackets, we have 

7a;-5[a;-{7-6a:+18}] = 3x + l, 

7x - 6 [a? =- 26 + 6a;] = 3a; + 1, 

705 - 605 + 126 - 3005 = 3a; + 1 ; 

transposing, 7x - 605 - 30o5 - 3j; = 1 - 125 ; 

.-. -31a; =-124; 

74. It is extremely useful for the beginner to acquire the 
habit of occasionally verifying, that is, proving the truth of his 
results. Proofs of this kind are interesting and convincing ; and 
the habit of applying such tests tends to make the student self- 
reliant and confident in his own accuracy. 

In the case of simple equations we have only to shew that 
when we substitute the value of x in the two sides 'of the equation 
we obtain the same result. 

Example, To shew that a; =2 satisfies the equation 

6x-(4a;-7)(3a;-5) = 6-3(4a;-9)(a;-l) Ex. 2. Art. 73. 

When a;=2, the left side 6x-(4a;-7) (3x^5) = 10-(8-7) (6-6) 

= 10-1 
=9. 

The right side 6-3(4a;-9)(»-l) = 6-3 (8-9) (2-1) 

=6-3(-l) 
= 9. 

Thus, since these two results are the same, a; = 2 satisfies the 
equation. 

EXAMPLES Vm. a. 

Solve the following equations : 

1. 3j? + 16=a; + 25. 2. 2j7-3=3a?-7. 

3. 3a7 + 4=6(:F-2). 4. 2a?+3 = 16-(2ar-3). 

6. 8(^-l) + 17(^-3)=4(4a?-9) + 4. 

6. 15(j?-l)+4(^ + 3)=2(7+ar). 

4—2 
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7. 5:F-6(:F-5)=2(a7+5) + 5(x-4). 

8. 8(a7-3)-(6-2:p) = 2(a7 + 2)-5(5-ar). 

9. 7(25-^)-2^=2(3ar-25). 

10. 3 (169 -a?) -(78+^) =29^. 

11. 507- 17 + 3^-5=ar-7 -807+115. 

12. 707-39-1007+15 = 100-3307+26. 

13. 118-6507- 123=1507+35 -12007. 

14. 157 -21 (07 + 3) = 163 -15 (207-5). 

15. 179 -18 (07 -^10) = 158 -3 (07 -17). 

16. 97-5(o7+20) = lll-8(07+3). 

17. 07-[3 + {07-(3 + 07)}] = 5. . 

18. 5o7-(3o7-7)-{4-2o7-(6o7-3)} = 10. 

19. 14o7-(5o7-9)-{4-3o7-(2o7-3)} = 30. 

20. 25o7-19-[3-{4o7-5}] = 3o7-(6o7-5). 

21. (07+l)(2O7+l) = (07 + 3)(207 + 3)-l4. 

22. (07+1)2- (072- 1) = 07(207+1)-2(07 + 2)(07 + 1) +20. 

23. 2(07+l)(07 + 3) + 8 = (207+l)(07+5). 

24. 6(o:a-3o7 + 2)-2(o72-l)=4(o7+l)(o7+2)-24. 

25. 2(07-4)-(o72 + 07-20) = 4072-(507 + 3)(07-4)-64. 

26. (07+15)(o?-3)-(o:2_6^+9)=30-15(o7-l). 

27. 2o7-5{3o7-7(4o7-9)}=66, 

28. 20(2-O7) + 3(o7-7)-2[o7+9-3{9-4(2-^)}]=22. 

29. ^+2-[07-8-2{8-3(5-O7)-O7}]=0. 

30. 3(5-6o7)-5[o7-5{l-3(o7-5)}]=23. 

31. (O7+l)(2O7 + 3) = 2(07+l)2 + 8. 

32. 3(07-l)2-3(0?2-l)=07-15. 

33. (3o7+l)(2o7-7) = 6(o7-3)2+7. 

34. ^-8o7+25=o;(o7-4)-25(o7-5)-16. 

35. ^(o7+l) + (o7+l)(07+2) = (07+2)(07+3)+07(or+4)-9. 
36.- 2(o7+2)(o7-4)=o7(2o7+l)-21. 

37. (07+l)2 + 2(o7 + 3)2 = 307(07 + 2) + 35. 

38. 4(o7+5)2-(2o7+l)2 = 3(o7-5) + 180. 

39. 84+(o7+4)(o?-3)(o7+5) = (o7+l)(o7+2)(o7+3). 

40. (O7+l)(07 + 2)(07 + 6)=073 + 9o;2 + 4(7-p_l). 

75. The following examples illustrate the most useful methods 
of solving fractional equations. 
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Example 1. Solve 4 ^— = — - - . 

Mnltiply by 88, which is the least common multiple of the denomi- 
nators, and we get 

352-11 (ar-9)=4aj-44; 
removing brackets, 352 - 11a; + 99 = 4aj — 44 ; 
transposing, - llac - 4x = - 44 - 362 - 99 ; 

collecting terms and changing signs, 15a; =495; 

.-. a:=33. 

NoTB. In this equation — r— is regarded as a single term with 

o 

the minns sign before it. In fact it is equivalent to -^(^-9), the 

line between the numerator and denominator having the same eftect 
as a bracket. 

76. In certain cases it will be found more convenient not to 
multiply throughout by the L.C.M. of the denominator, but to 
clear of fractions in two or more steps. 

T. 7 o « 1 «-4 2a;-3 5a;-32 a;+9 

ExampU2. Solve — +-— = ^j- - ^s" ' 

First multiply throughout by 9, and we have 

, ,- 18ac-27 ^ «„ 9ar+8l 

. . 18a;-27^9:r + 81 _ .. 
transposmg, — ^^ — H — — = 2a; - 20. 

Now clear of fractions by multiplying by 5 x 7 x 4 or 140, and we 
have 

72a; - 108 + 45a; + 405 = 280a; - 2800 ; 
.-. 2800 -108 + 405 = 280a; -72a; -46a;; 
.-. 3097 = 163a;; 

77. To solve equations whose coefficients are decimals, we may 
express the decimals as vulgar fractions, and proceed as before ; 
but it is often found more simple to work entirely in decimals. 

Example 1. Solve •6a; + -25-3a;=l-§--75a!;--. 

Expressing the decimals as vulgar fractions, we have 

-;a; + J-ia;=lf-ia;-J; 
clearing of fractions, 24a; + 9-4a!=68-27x-12; 
transposing, 24aj - 4a; + 27a; =68-12-9, 

47a; = 47; 

» » X ^— X. 
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Example 2. Solve -SToa;- 1-876= -123; +1-185. 

transposing, -STSaj - •12x= 1-186 + 1-875 ; 

eollecting terms, (-376 - -12) a;= 3-06, 
that is, '25505=3-06 ; 

3-06 



• • X —^ 



265 
= 12. 



EXAMPLES Vm. b. 



1. 4+ -3— 10- 2. iQ + 5 -5. 

a:-2^+10 ar+19 ^ 

3. -2-+-9-=5. 4. -^==3+-. 

_ 37-4 3?-- 10 ^ ^~^«.i 1^+^ 

^- "7~~~5~- ^- "8 ^"^TS • 

4(:r+2) ^5^ a7+4^-4_ 

9. "9- + y = 6. 10. _+_+-=0. 

11 ^+5 ar+l _. g: + 3 -^ 4-5^ 1--2^ _13 

"•6 9 " 4 • ^^ Q 3 ~42' 

13. 5J^_2(-z3)=5ig. 14. 1(^)-«J£^=12. 

18, ar+|(^-r)-^(^-8)=a»-14J. 

19. ^-«(x+10)-(x-3)=^-4f. 



20. 



4 17 ^ ' ' ' ' 51 
^-l(^-n)=?(^-25)+34. 
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22. 
23. 
24. 

25. 

26. 

28. 
30. 
31. 

32. 

33. 
35. 



1, ox 4+0? . ^-1 ^ 23-^ 



-12 a?+3 



1 /ar o\ 1 ^^ 5^_a? 
sU"/ ■6'""4"~ 

/ 2^-5\ 1,„ ^^, 5 



4? 



4-'-^"***—'-'-? 



•5^-'3a?=*25a?-l. 



27. 3+1=7-1- 



2-25^- -125 =ap+ 3-75. 29. •2a7--l&r=-6--3. 
•Or- -7:1:+ -750?- -875^+ 15=0. 
12 {307- -25(57-4) - -3 (507+ 14)}=47. 
'25(07 -3) + -^(07-4 ) 
•125 



= 507-19. 



07+ '75 07 --25 



= 15. 



•125 -25 

•5o7--^=-So7-l*5. 



34. g 07+ •Sibo? - -ip^o? - 3. 

36. 15—;- ;^ . 



78. Before concluding this chapter it will be worth while to 
draw attention to the foUowing cases which occur so frequently 
in solving equations that the beginner should learn to write down 
the solution at sight. 

Case L Suppose r" ~ ^ * 

Multiplying both sides by 5, we have 

4x5\ 



707 = 



07 = 



3 

4x5 



.(1). 



Case IL Suppose 



3x7; 

3o7~7' 

Multiplying both sides by 3o7, we have 

^ 9x3o7l 

5x7=9x307 

5x7 
•• 9x3 



,(2). 
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By a careful examination of the results in (1) and (2), the 
truth of the following principles will be evident : 

Any factor of the numerator of one side of an equation may 
he transferred to the dehominator of the other side, arid any factor 
of the denominator of one side may he transferred to the numerator 
of the other side. 

The ready application of these principles will be found very 
usefuL 

Example 1. If ?t = ^^» 

14 do 

then X— — W, 

36x3 * 

« 

2 

Example 2, It -=-5, 

,x. 2 "" 2 

then > = -a;; .*.«=- i.. 

o 5 

After a little practice the arithmetic should be performed mentally, 
and the intermediate steps omitted. 



EXAMPLES Vm. c. 

Write down the values of x which satisfy the following equa- 
tions: 

1 ? — ? 9 ?—£. Q ^ — ^ 

^- ^"4* ^- 7"14' ^' b^x 

*• a""^- ^- 17~51' ^- ^~~ 

'• 2^"" 8' ^- 3 ■" 2' ^• 

in A__15 11 1365^ ._x 

^"- 20?" 3* "' 21~84"' ■^^- "--^ 

1^ ^-^ lil S ^ ^ IK 

W. g-^. 14. 21^"" "7- ■^^• 

1« ^-^^ 17 ^_ 9 1Q 

^^- 8"2i' •^^- I8"42' •^^• 

19. f|=l. 20. f-? = ^. 21. 



3 


6 


5 


• 

X 


2:f 


8 


15" 


""45 


5 


25 


Kv 


^27- 


7 


1 


2 


"■^F- 


36 


9^ 


36" 


507* 


4 


16 


3^ 


"27- 


19^ 


57 


7 


""49- 



CHAPTER IX. 

Symbolical Expression. 

79. In solving Algebraical problems the chief difficulty of 
the beginner is to express the conditions of the question by 
means of symbols. A question proposed in algebraical symbols 
will frequently be found puzzling, when a similar arithmetical 
question would present no difficulty. Thus, the answer to the 
question " find a number greater than xhj a" may not be self- 
evident to the beginner, who would of course readily answer an 
analogous arithmetical question, *' find a nimiber greater than 50 
by 6.'» The process of addition which gives the answer in the 
second case supplies the necessary hint ; and, just as the number 
which is greater than 50 by 6 is 50+6, so the number which is 
greater than ^ by a i^ iP+a. 

80. The following examples will perhaps be the best intro- 
duction to the subject of this chapter. After the first we leave 
to the student the choice of arithmetical instances, should he 
find them necessary. 

Example 1. By how much does x exceed 17? 

TiEkke a numerical instance; "by how much does 27 exceed 17?'* 
The answer obviously is 10, which is equal to 27 - 17. 
Hence the excess of x over 17 is a; - 17. 
Similarly the defect of x from 17 is 17 - ic 

Example 2. If x is one part of 45 the other part is 45 - a^ 

45 
Example 3. If as is one factor of 45 the other factor is — . 

Example 4. How far can a man walk in a hours at the rate of 4 
miles an hour? 

In 1 hour he walks 4 miles, 

In a hours he walks a times as far, that is, 4a miles. 

Example 5. If £20 is divided equally among y persons, the share 

20 
of each is the total sum divided by the number of persons, or £ — . 
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Example 6. If 17 be divided by 6 the quotient is 2, and the 

remainder 5, 

17 K 

that is, "6"~^"*'6' 

So if N be divided by D, and the quotient be Q and the remainder 
B, we have 

or N=QD + R. 

Thus, if the divisor is », the quotient y, and the remainder z, the 
dividend is {By + 2;. 

Example 7. -4 and B are playing for money; A begins with £p 
and B with q shillings: after B has won £a;, how many shillings has 
each? 

What B has won A has lost, 

.*. A has 20 (^ - x) shillings, 
B has 9 + 20a; shillings. 



EXAMPLES IX. a. 

1. "What must be added to x to make y f 

2. By what must 3 be multiplied to make a? 

8. What dividend gives b as the quotient when 5 is the divisor? 
4. What is the defect of 2c from Sdf 
6. By how much does 3k exceed k? 

6. If 100 be divided into two parts and one part be x what is the 
other? 

7. If a be one factor of &, what is the other? 

8. What number is less than 20 by c? 

9. What is the price in pence of a oranges at tenpence a dozen? 

10. What is the price in pence of 100 oranges when x cost six- 
pence? . 

11. If the difference of two numbers be 11, and if the smaller be 
X, what is the greater? 

12. If the sum of two numbers be e and one of them is 20, what 
is the other? 

13. What is the excess of 90 over x? 

14. By how much does x exceed 30? 

16. If 100 contains x five times, what is the value of xf 
. 16. What is the cost in pounds of 40 books at x shillings each? 
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17. In X years a man will be 36 years old, what is his present age? 

18. How old will a man be in a years if his present age is x years? 

19. If X men take 5 days to reap a field, how long will one man 
take? 

20. What value of x wHl make 5x equal to 20? 

21. What is the price in shillings of 120 apples, when the cost of 
a score is x pence? 

22. How many hours will it take to walk x miles at 4 miles an 
hour? 

23. How far can I walk in x hours at the rate of y miles an hour? 

24. In X days a man walks y miles, what is his rate per day? 

25. How many minutes will it take to walk x miles at a miles 
an hour? 

26. A train goes x miles an hour, how long does it take to go 
from Bristol to London, a distance of 120 miles? 

27. How many miles is it between two places, if a train travelling 
p miles an hour takes 5 hours to perform the journey? 

28. What is the velocity in feet per second of a train which 
travels 30 miles in x hours? 

29. A man has a crowns and h florins, how many shillings 
has he? 

30. If I spend x shillings out of a sum of £20 how many shillings 
have I left? 

31. Out of a purse containing £a and h shillings a man spends 
c pence; express in pence the sum left. 

82. By how much does 2x - 5 exceed x+1? 

88. What number must be taken from a - 26 to leave a - 36? 

84. If a bill is shared equally amongst x persons and each pays 
38. 4(2., how many pence does the bill amount to? 

35. If I give away e shillings out of a purse containing a 
sovereigns and b florins, how many shillings have I left? 

86. In how many weeks will x horses eat 100 bushels of oats if 
one horse eats y bushels a week? 

87. If I spend x shillings a week, how many pounds do I save 
out of a yearly income of £2^? 

88. A bookshelf contains x Latin, y Greek, and z English books : 
if there are 100 books, how many are there in other languages? 

89. I have x pounds in my purse, y shillings in one pocket, and 
z pence in another: if I give away half-a-crown how many pence 
have I left? 

40. In a class of x boys, y work at Classics, z at Mathematics, 
and the rest are idle : what is the excess of workers over idlers? 
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81. We Bubjoin a few harder examples worked out in full. 

Example 1. What is the present age of a man who x years hence 
will be m times as old as his son now aged y years? 

In X years the son's age wUl hey + x years ; hence the father's age 
will be m iy+x) years; tiberefore now the father's age is m{i/+x)-x 
years. 

Example 2. Find the simple interest on £k in n years at / per 
cent* 

Interest on £100 for 1 year is £/, 

•* ^^ ••• ^100* 

*'* *100' 

vtlcf 
.'. Interest on £& for n years is £ —r . 

Example 3. A room is x yards long, y feet broad, and a feet high; 
find how many square yards of carpet will be required for the floor, 
and how many square yards of paper for the walls. 

(1) The area of the floor is Zxy square feet ; 

.•. the number of square yards of carpet required is --- = -~ . 

y o 

(2) The perimeter of the room is 2 {Zx -vy) feet ; 
.*. the area of the walls is 2a {^x + y) square feet; 

... nnmber of square yards of paper required is !^%±») . 

Example 4. The digits of a nmnber beginning from the left are 
a, &, c; what is the number? 

Here c is the digit in the units' place ; h standing in the tens' place 
represents h tens ; similarly a represents a hundreds. 

The number is therefore equal to a handreds-H& tens +c units 

= 100a + 106 + c. 

If the digits of the number are inverted, a new number is formed 
which is symbolically expressed by 

100c + 106 + a. 

Example 5. What is (1) the sum, (2) the product of three con- 
secative numbers of which the least is n? 

The numbers consecutive to n are n + 1, n + 2 ; 

.'. the sum =71 + (» + 1) + (n + 2) 
= 3n + 3. 
And the product = n (n + 1) (n + 2). 
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We may remark here that any even number may be denoted 
by 271, where n is an^ positive whole number ; for this expression 
is exactly divisible by 2. 

Similarly, any odd nimaber may be denoted by 2n+ 1 ; for this 
expression when divided by 2 leaves remainder 1. 

Example 6. How many days will a men take to mow h acreR if e 
boys can mow a acres in b days, and each man's work equals that of 
n boys? 

Since c boys can mow a acres in b days ; 

.*. 1 boy he days, 

.*, n boys, or 1 man, — days, 

be , 

.*. a men — days, 

an 

.*. a men 1 acre . . -n- days ; 

a^n 

therefore a men can mow b acres in -r-days. 

a^ 

EXAMPLES IX. b. 

1. Write down four consecutive numbers of which x is the least. 

2. Write down three consecutive numbers of which y is the 
greatest. 

8. Write down five consecutive zfunbers of which x is the middle 
one. 

4. What is the next even number after 2n? 

9. What is the odd number next before 2rt;+l? 

6. Find the smn of three consecutive odd numbers of which the 
middle one is 2n + 1. 

7. A man makes a journey of x miles. He travels a miles by 
coach, b by train, and finishes the journey by boat. How far does the 
boat carry him? 

8. A horse eats a bushels and a donkey b bushels of com in a 
week; how many bushels will they together consume in n weeks? 

9. If a man was x years old 5 years ago, how old will he be y 
years hence? 

10. A boy is x years old, and five years hence his age will be half 
that of his father. How old is the father now? 

11. What is the age of a man who y years ago was m times as 
old as a child then aged x years? 

12. A'B age is double B'b, B*s is three times C's, and Ciax years 
old : find A*s age. 

13. What is the interest on £1000 in b years at c per cent.? 
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14. What is the interest on £x in a years at 5 per cent.? 

15. What is the interest on £50a in a years at a per cent. ? 

16. What is the interest on £2ixy in x months at y per cent, per 
annum? 

17. A room is x yards in length, and y feet in breadth ; how many 
square feet are there in the area of the floor? 

18. A square room measures x feet each way; how many square 
yards of carpet will be required to cover it? 

19. A room is p feet long and x yards in width ; how many yards 
of carpet two feet wide will be required for the floor? 

20. What is the cost in pounds of carpeting a room a yards long 
b feet broad with carpet costing c shillings a square yard? 

21. How many yards of carpet x inches wide will be required to 
cover the floor of a room y feet long and z feet broad? 

22. A room is a yards long and h yards broad; in the middle 
there is a carpet e feet square; how many square yards of oil^cloth 
will be required to cover the rest of the floor? 

28. How many miles can a person walk in 45 minutes if he walks 
a miles in x hours? 

24. How long wiU; it take a person to walk h miles if he walks 
20 miles in c hours? 

25. If a train travels a miles in b hours, how many feet does it 
move through in one second? 

26. A train is running with a velocity of x feet per second ; how 
many miles will it travel in y hours? 

27. How long will x men take to mow y acres of com, if each man 
mows z acres a day? 

28. How many men will ;_be required to do in x hours what y 
men do in xz hours? 

29. What is the rate per cent, which will produce £y interest 
from a principal of £1000 in r years? 

30. Find in how many years a principal of £a will produce £p 
interest at r per cent, per annum. 

*82. In Example 6, Art. 80, we proved 

I) ^^JD' 
a result which gives in a single statement a general relation 
expressing the connection between a number, its divisor, and the 
resulting quotient and remainder. 

This is an example of a very important class of Algebraical 
statements known as /ormt^oe, and it may be worth while briefly 
to foreshadow their use and application, not only in Algebra, 
but also in other branches of Mathematics and elementary 
Physics. 
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Definition. A fonnnla is a relation established by reason- 
ing among certain quantities, any one of which may in turn be 
regarded as the unlmown. 

Thus in the formula above mentioned, if Q, jK, and D are given 
quantities, we have an equation to find the corresponding value 
of N, Or, a question may be proposed as follows: "By what 
must 96 be divided so as to give a quotient 5, and a remainder 
11?" Here we have given iV^=96, ^=5, i2=ll, and therefore 
from the formula we obtain 

whence i>=17, the required divisor. 

"^83. A formula, it must be observed, includes all particular 
cases in one general statement; and so by the use of a single 
algebraical formula we are enabled briefly to express a whole 
class of results in a form at once simple, easily remembered, 
and easily applied. Experience will convince the student how 
much of the power and utility of Algebra lies in its formulae, 
and their ready application to all kinds of problems of every day 
occurrence. 

It would be out of place here to make more than a passing 
allusion to other branches of Mathematics, or to Physical Science ; 
but on accoimt of the interest and importance of the subject, it 
may be useful to draw the reader's attention to a few of the 
more elementary formulae he is likely to meet with in his other 
studies. 

(1) If a triangle on a base 6, has a height h, its area (A) is 
given by the formula A =^^6. 

(2) If a pyramid of height A stands on a base whose area is 
a^, its volume ( T) is given by the formula 

In these cases any linear unit, inch, foot... being chosen, the 
superficial and solid units will be respectively the square and 
cubic inch, foot, ...•; and in each of these formulae if two of the 
three quantities be given, the third is easily obtained by Arith- 
metic. 

Example, The Great Pyramid of Egypt stands on a square base 
each side of which is 764 feet; and its height is 480 feet. Find the 
number of onbio feet of stone used in its construction. 

From the formula, F= J x (764)* x 480 

= 160x764x764 
= 93391360 cubic feet. 
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"^84. We have in this chapter given several examples involving 
space, velocity, and time ; and idl these can be solved withoat 
difficulty by common sense reasoning. At the same time we 
may remark that they are only particular cases of the general 
formula s=vt,in which s denotes the space described by a body 
which moves with uniform velocity v for a time t. 

In this formula, if t denotes the number of seconds the body 
has been in motion, and v the number of feet passed over in one 
second, then s is the space (in feet) described in t seconds. 

Example, If a train has a velocity of 75 feet a second, how long 
wUl it take to cross a viaduct which is 300 yards in length? 

Substituting the values of 8 and v (expressed in feet) in the formula, 
we get 

000= 75«, 
900 

75 
=12. 

Therefore the time is 12 seconds. 

♦85. Another very interesting case is that of a body falling 
vertically under the action of gravity. 

It is proved in works on Dynamics that if a body fall freely from 
rest, and if s denote the space (in feet) described in t seconds, 

In this formula g denotes the number of feet by which the 
velocity is increased in each successive second in consequence of 
the earth's attraction, and it is found by experiment that ^^=32*2 
nearly. 

Example 1. A stone dropped from the Clifton suspension bridge 
takes 4 seconds before it reaches the water. Find the height of the 
bridge above the river. 

From the above formula, 

«=}x32-2x(4)« 
=257-6, 
and the height is therefore 257*6 feet. 

Example 2. How long win it take a stone to reach the bottom of 
a well 144*9 feet deep? 

From the formula, 

144'9=ix32-2xt'; 

• • ' - 161 ""^' 

Therefore the time is 3 seconds. 



J 



CHAPTER X. 

Problems leadinq to Simple Equations. 

86. The principles of the last Chaptey may now be employed 
to solve various proolems. 

The method of procedure is as follows : 

Represent the unknown quantity by a symbol jr, and express 
in symbolical language the conditions of the question ; we thus 
obtain a simple equation which can be solved by the methods 
already given in Chapter viii, 

Example 1. Find two numbers whose sum is 28, an4 whose 
difference is 4. 

Let X be the smaller number, then a; + 4 is the greater. 

Their sum is a; + (a; +4), which is to be equal to 28. 

Hence a?+x+4=28; 

2a;=24; 

.-. j;=12, 

and a? + 4= 16, 

so that the numbers are 12 and 16. 

The beginner is advised to test his solution by proving that 
it satisfies the data of the question. 

ExaTnple 2. Divide 60 into two parts, so that three times the 
greater may exceed 100 by as much as 8 times the less falls short of 
200. 

Let X be the greater part, then 60 - x is the less. 

Three times the greater part is 8^, and its excess oyer 100 is 

3j:-100. 
Eight times the less is 8 (60 - x), and its defect from 200 is 

200 -8 (60 -x). 
Whence the symbolical statement of the question is 

3«- 100=200-8(60-0;); 
3x-100=200-480 + 8x, 
480 - 100 - 200=8x - 3x, 
6a; =180; 
.*. 2= 86, the greater part, 
and 60 - X = 24, the less. 

H. A. 5 
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Example 3. Divide £47 between A, BjC, bo that A may have £10 
more than B, and B £8 more than C. 

Suppose that C has x pounds; then B has ar + 8 pounds, and A 
has X -f 8 + 10 pounds. 

Hence ar + (x + 8) + (aT + 8 + 10) = 47; 

a: + a: + 8+a: + 8 + 10=47, 

8a?=21; 
.•. x = 7; 
so that C has £7, B £15, A £25. 

Example 4. A person spent £28. 48, in buying geese and ducks ; 
if each goose cost Is,, and each duck 3«., and if the total number of 
birds bought was 108, how many of each did he buy? 

In questions of this kind it is of essential importance to liave all 
quantities expressed in the same denomination; in the present in- 
stance it will be convenient to express the money in shillings. 

Let X be the number of geese, then 108 -j; is the number of 
ducks. 

Since each goose costs 7 shillings, £ geese cost 7x shillings. 

And since each duck costs 8 shillings, 108 - x ducks cost 3 (108 - x) 
shillings. 

Therefore the amount spent is 

7a; + 3 (108 - x) shillings, 

but the question states that the amount is also £28. 4«., that is 564 
shillings. 

Hence 7a: + 3 (108 - x) = 664 ; 

7a; + 324 -3a; = 664, 
4a; = 240, 
.-. a; =60, the number of geese, 
and 108 - a; = 48, the number of ducks. 

Example 5. A is twice as old as B, ten years ago he was four 
times as old; what are their present ages? 

Let B's age be x years, then A*8 age is 2x years. 

Ten years ago their ages were respectively, a; - 10 and 2.r - 10 
years ; thus we have 2x - 10 = 4 (a; - 10) ; 

2a;-10=4a;-40, 
2a; = 30; 
.*. a; = 15, 
so that B is 16 years old, A 30 years. 

Note. In the above examples the unknown quantity x represents 
a number of pounds, ducks, years, &c.; and the student must be 
careful to avoid beginning a solution with a supposition of the kind, 
*'let a;=^'s share" or "let a;=the ducks", or any statement so vague 
and inexact. 
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EXAMPLES X. ^ 

1. One nmnber exceeds another by 5, and their sum is 29 ; find 
them. 

2. The difference between two numbers is 8 ; if 2 be added to 
the greater the result will be three times the smaller: find the 
numbers. 

8. Find a number such that its excess over 50 may be greater by 
11 than its defect from 89. 

4. A man walks 10 miles, then travels a certain distance by 
train, and then twice as far by coach. If the whole journey is 70 
miles, how far does he travel by train? 

6. What two numbers are those whose sum is 58, and difference 
28? 

6. If 288 be added to a certain number, the result will be equal to 
three times the excess of the number over 12 : find the number. 

7. Twenty-three times a certain number is as much above 14 as 
16 is above seven times the number: find it. 

8. Divide 105 into two parts, one of which diminished by 20 shall 
be equal to the other dimimshed by 15. 

9. Find three consecutive numbers whose sum shall equal 84. 

10. The sum of two numbers is 8, and one of them with 22 
added to it is five times the other : find the numbers. 

11. Find two numbers differing by 10 whose. sum is equal to twice 
their difference. 

12. A and B begin to play each with £60. If they play till A'b 
money is double f s, what does A win? 

13. Find a number such that if 5, 15, and 35 are added to it, the 
product of the first and third results may be equal to the square of 
the second. 

14. The difference between the squares of two consecutive num- 
bers is 121 : find the numbers. 

15. The difference of two numbers is 3, and the difference of their 
squares is 27 : find the numbers. 

16. Divide £880 between A, £, and <7, so that B may have £30 
more than A, and G jn&j have £20 more than B. 

17. A sum of £8. lis. is made up of 124 coins which are either 
florins or shillings: how many are there of each? 

18. If silk costs six times as much as linen, and I spend £9. Ss, 
in buying 23 yards of silk and 50 yards of linen ; find the cost of each 
per yard. 

19. A father is four times as old as his son : in 24 years he will 
only be twice as old ; find their ages. 

20. A is 25 years older than J3, and ^'s age is as much above 20 
as B*s is below 85: find their ages. 

5—2 
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21. A^s age is six times ^*s, and fifteen years hence A will be 
three times as old as B : find their ages, 

22. A sum of £4. Be. was paid in crowns, half-crowns^ and 
shillings. The number of half-crowns used was four times the num- 
ber of crowns and twice the number of shillings; how many were 
there of each ? 

23. The sum of the ages of A and B is 30 years, and five years 
hence A will be three times as old as B : find their present ages. 

24. In a cricket match the byes were double of the wides, and the 
remainder of the score was greater by three than twelve times the 
number of byes. If the whole score was 138, how were the runs 
obtained? 

26. The length of a room exceeds its breadth by 3 feet; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered: find the dimensions. 

26. The length of a room exceeds its breadth by 8 feet ; if each 
had been increased by 2 feet, the area would haye been increased by 
GO square feet : find the original dimensions of the room. 

87. We add some problems which lead to equations with 
fractional coefficients. 

Example 1. Find two numbers which differ by 4, and such that 
one-half of the greater exceeds one-sixth of the less by 8. 

Let X be the smaller number, then j;+4 is the greater. 

1 
One-half of the greater is represented by ^(a; + 4), and one-sixth 

1 ^ 

of the less by -^x. 

^ 11 

Hence ■^(x + ^)--^x = S; 

multiplying by 6, 3a: + 12 - x = 48 ; 

.-. 2a;=36; 

•*. X = 18, the less number, 

and a; + 4 = 22, the greater. 

Example 2. A has £9, and B has 4 guineas; after B has won 
from A a certain sum, A has then five-sixths of what B has ; how 
much did B win? 

Suppose that B wins x shillings, A has then 180 - x shillings, and 

B has 84-)- a; shillings; 

g 

Hence 180-x=g(84 + a;); 

1080'6a:=420 + 6x, 
lla:=660; 
.•. a; =60. 
Therefore B wins 60 shillings, or £3. 
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EXAMPLES X. b. 

1. Find a namber such that the sum of its sixth and ninth parts 
may be equal to 15. 

2. What is the number whose eighth, sixth, and fourth parts 
together make up 13? 

8. There is a number whose fifth part is less than its fourth part 
by 3 : find it. 

4. Find a number such that six-sevenths of it shall exceed four- 
fifths of it by 2. 

5. The fifth, fifteenth, and twenty-fifth parts of a number together 
make up 23 : find the number. 

6. Two consecutive numbers are such that one-fourth of the less 
exceeds one-fifth of the greater by 1 : find the numbers. 

7. Two numbers differ by 28, and one is eight-ninths of the other; 
find them. 

8. There are two consecutive numbers such that one- fifth of the 
greater exceeds one-seventh of the less by 3 : find them. 

9. Find three consecutive numbers such that if they be divided 
by 10, 17, and 26 respectively, the sum of the quotients will be 10. 

10. A and B begin to play with equal sums, and when B has lost 
five-elevenths of what he had to begin with, A has gained £6 more 
than half of what B has left : what had they at first? 

11. From . a certain number 3 is taken, and the remainder is 
divided by 4; tlie quotient is then increased by 4 and divided by 5 and 
the result is 2 : find, the number. 

12. In a cellar one-fifth of the wine is port and one-third claret : 
besides this it contains 15 dozen of sherry and 30 bottles of spirits. 
How much port and claret does it contain? 

13. Two-fifths of ^'s money is equal to B*s, and seven-ninths of 
B's is equal to Cs: in all they have £770, what have they each? 

14. A, By and G have £1285 between them: A*^ share is greater 
than five-sixths of JB's by £25, and C's is four-fifteenths of £'s : find 
the share of each. 

16. A man sold a horse for £35 and half as much as he gave for 
it, and gained thereby ten guineas : what did he pay for the horse? 

16. The width of a room is two-thirds of its length. If the 
width had been 3 feet more, and the length 3 feet less, the room 
would have been square ; find its dimensions. 

17. What is the property of a person whose income is £430, 
when he has two-thirds of it invested at 4 per cent. , one-fourth at 
3 per cent., and the remainder at 2 per cent.? 

18. I bought a certain number of apples at three a penny, and 
five-sixths of that number at four a penny ; by selling them at six- 
teen for sixpence I gained h^d. ; how many apples did I buy? 



CHAPTER XI. 

Highest Common Factor. Lowest Common Multiple. 

Simple Expressions. 

88. Definition. The highest common factor of two or 
more algebraical expressions is the expression of highest dimen- 
sions [Art. 10] which divides each of them without remainder. 

The abbreviation H.C.F. is sometimes iLsed instead of the 
words highest common factor. 

89. In the case of simple ea^ressions the highest common 
factor can be written down by inspection. 

Example 1. The highest common factor of a*, a^ o*, a* is a*. 

Example 2. The highest common factor of a^ft*, ah^c^, a%'^c is db^\ 
for a is the highest power of a that will divide a^, a, a^ ; 6* is the 
highest power of h that will divide 6*, 6^, W ; and c is not a common, 
factor. 

90. If the expressions have nimaerical coefficients, find by 
Arithmetic their greatest common measm'e, and prefix it as a 
coefficient to the algebraical highest common factor. 

Example. The highest common factor of 21a^x^, Zba^xhf, 2Sa^xy^ 
is la^xy ; for it consists of the product of 

(1) the numerical greatest common measure of the coefficients ; 

(2) the highest power of each letter which divides every one of 
the given expressions. 

EXAMPLES XI. a. 

Find the highest common factor of 

1. 4a62^ 2a26. 2. Za^\ x^y^. 3. ^\ ^a^z\ 

4. ahc, ^al^c. 5. ba^l^, lbah(^, 6. Qa^y^z\ I2xy^z, 

7. 4a263c2, 6a362^. 8. 7a26*c5, \Aa}^(?. 

9. \ba^y^z\ \%x^z\ 10. Sa^x, Qahxy, lOahs^y^ 

11. 49a:t'2, 63ay2^ r^Qaz\ 12. llal^c, 34a26c, blahc^. 
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13. a^shj\ }^xy\ ^ahj, VL 24a2^c3, 64^363^^ 48a36V. 

15. ^hxy\ 100a:^2, 125a;y. 16. a^hpxy, i^q^i a^hxT^. 

17. \ba^l^(?, ma^V(fi, 25a*65c2. la SSa^c^ft, 42a3c62, 30ao263. 

19. 24a362c3, \Qa%^(^, A(kL^}^(^. 20. eGa^ft^^s^ 44a36*c2, ^Aa?}^c\ 

Lowest Common Multiple. 

91. Definition. The lowest common multiple of two or 
more algebraical expressions is the expression of lowest dimen- 
sions which is divisible by each of them without remainder. 

The abbreviation L.C.M. is sometimes used instead of the 
words lotoest common multiple, 

92. In the case of simple eocpressions the lowest common 
multiple can be written down by inspection. 

Example 1. The lowest common multiple of a\ a^, a', a* is a^. 

Example 2. The lowest common multiple of a'&*, a6*, a^b^ is 
a«67; for a' is the lowest power of a that is divisible by each of the 
quantities a^, a, a^; and b^ is the lowest power of b that is divisible by 
each of the quantities b*j b^, W, 

93. If the expressions have numerical coefficients, find by 
Arithmetic their least common multiple, and prefix it as a co- 
efficient to the algebraical lowest common multiple. 

Example. Tbe lowest common multiple of 21a^ar^, 35a^x^2/, 
28a'xy* is 420a*a;*y*; for it consists of the product of 

(1) the numerical least common multiple of the coefficients ; 

(2) the lowest power of each letter which is divisible by every 
power of that letter occurring in the given expressions. 



EXAMPLES XI. b. 

Find the lowest common multiple of 

1. ahc, 2a2. 2. ^^ xyz. 3. 3r^-2, Ax^i/^. 

4. 5a26c3, 4a62c. 5. 3a*62c3, ba^W(fi, 6. 12a6, Sxy. 

7. ac, 6(7, ah. 8. a*c, hc^, cW. 9, 2a6, 36c, Aca. 

10. 2a:, 3y, 4s. 11. 3a?*, Ay\ 32*. 12. 1a\ 2aby 3b\ 

13. a-bc, b^ca, c^ab. 14. 5a% 6c62, 36c2. 

15. 2a;y, Zxy, Aa^y^. 16. 7a?^, Sxf, ^s^f. 

17. 35a2c36, 42a3c62, 30ac263. 18. 66a*62c3, 44a36*c2, 24a«63c'*, 

19. 7a«6, 4ac2, Gac^, 2l6c. 20. 8a262, 24a*62c2, 18a6c3, 
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EXAMPLES ZI. C. 



Find both the highest common factor and the lowest common 
multiple of 

2. 2^, 4y;s, ^zxy, 
4. 13a26c, 39a36c2. 



1. 2aft(T, 3ca, 46ca. 

3, 9a6c, 36^0, ca6. 

5* VJxyz^, 51^. 

7. 3a6, 26c, 5ca6. 

11. 29w7ip, 87npq, 

13. 21a263c^ 28^22. 

15. 27mWj[?2, 81n2a72. 

17. 67a2a?^, 7663^. 



6. Iboj^Zj ^hxy^^. 

8. I7m2ny, h\m^p\ 

10. bmnp, 4:npq, ^mpq, 

12. 39a262, 52c2a2. 

14. Zhaxy^ Abxyz, 

16. 32a463c, 48a6c5, 16a*c3. 

18. 496c3, 21a262, 66ca3. 



19. 15joY, ^(ym^j^gp, ZOmf. 20. 72^:%%*, 108i{^wW. 



CHAPTER XII. 



Elementary Fractions. 



Simple Expressions. 



94. In this Chapter we propose to deal only with the easier 
kinds of fractions, where the numerator and denominator are 
simple expressions. 

Their reduction and simplification will be performed by the 
usual arithmetical rules. The proofs of these rules we reserve 
for a later chapter where the subject of fractions will be treated 
more fully. 
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95. KuLB. To reduce a fraction to its lowest terms: divide 
numerator and denominator hy every factor which is common to 
them both, that is by their highest common factor. 

Dividing numerator and denominator of a fraction by a com- 
mon factor is called cancelling that factor. 

Examples. (1) 



(2) 
(3) 



9ac* 3c 
TxV _ 1 
2Sx^yz^ ~~ 4xz ' 
S5a^b^c 5a^h 



lab^c 



= 5a*b. 



EXAMPLES Xn. 

Reduce to lowest terms 

Sa ^^ ^'*«'2 



a. 



6ab' 

ochf^z ' 
12mn^p 
I6m^np^ ' 

15 ^n*pq 

39a26V 
^** 52a3{^c* * 



2. — . 3. ^. 

16a6* ' hxhf' 

\hab „ 21^2 

^' 256c * . '• 28^2^2 • 

2xf^ 
J-3. .go . 14. 

4m37i2^ 
38^^* 



8. 



Zabc 
IhaWc 
8a26 



1262c' 

a6c2 

a362c * 

5a362c* 

15a6*c • 
15aa%2 

25a2^* 
46^y^ 
69^ V * 



Multiplication and Division op Fractions. 

96. Rule. To multiply algebraical fractions: as in Arith- 
metic, multiply together all the 7ium£rators for a new numerator, 
and all the denominators for a new denominator. 



ExampUl. ^^ 2^"" 2^ = 3bx2a%x2x 



5x 
2^' 



by cancelling like factors in numerator and denominator. 

^ , « 3a26 76c 5ca ^ 

ExampUi. _x_,x^-^ = l, 

all the factors cancelling each other. 
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97. Rule. To divide <me fradion by another: invert the 
dioisar and proceed as in mtdtiplication, 

„ , 7a» 6c^x 28a«c> 

Example. izEl^ ^ 



4arV 5ab^ * Ub^xy^ 
all the other factors cancelling each other. 



EXAMPLES Xn. b. 

Simplify the following expressions : 



^' Scd^ ab^' ^' 8ab^ ^ 36bc^' ^' "^^b^^'b^' 

la^l^ ISx^c . - %wM \bxyf . 

^a^y 15ac* ' ' hx^yz IGwn^ ' 

2^ f)^x , 21^gg 7m2jp 5]y^_^m2^ 

*• 3y^ ^ 7^2 • ^xyH ' ^- 17^ ^ 2lp^n'^^' 

•^"* 58mjo4 ^ 13p)b7^ • 87^2^2 • 

15^ 27^^a6c^ . -rt ^ 4g . 16a262c2 

"• 40c ^ 81(^ • 14c^' ^^' 3c "" 5ci3 • 15(£& " 

8a^ 49ty2 -. 15a5c 128^2^2 

^^' "76y ^ 64€^a;3 • •^*- ig^^ ^ lOOa^^c ' 

45a2^ 243^2^ 104^^^^ 56^je? 

• 27^/^ ^ 180a26c3 * ■^'*' ^^xy^kj^ ^ 2<^y^^h ' 

m2 36jt>3g2 , I5mpx^ ^^^^pl^ .ap 

^'' 8w 8177171 • 21n^a^y' ^^' b^ "^ ab ^^""P* 

Reduction to a common denominator. 

98. In order to find the sum or difference of any fractions, 
we must, as in Arithmetic, first reduce them to a common 
denominator ; and it is most convenient to take the lowest com- 
mon multiple of the denominators of the given fractions. 
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Example. E xpress with lowest common denominator the fractions 

a b c 

dxy ' 6xyz ' 2yz ' 

The lowest common multiple of the denominators is 60:2^2;. Multi- 
plying the numerator of each fraction by the factor which is required 
to make its denominator Qxyz, we have the equivalent fractions 

2az b Bex 

6xyz * 6xyz * 6xyz * 

KoTB. The same result would clearly be obtained by dividing the 
lowest common denominator by each of the denominators in turn, 
and multiplying the corresponding numerators by the respective 
quotients. 

EXAMPLES Xn. c. 

Express as equivalent fractions with common denominator : 

, 2^ y 9 ^^ 1 Q 

^- a' 2a' ^' 3y' x^' '^^ 

7 i P- ft ^ ^ q 

'• 2a;' 3x' ^' ^x' Ox' ^• 

10. -, -^. 11. -, -. 12. - 

x' a^ x^ y 

10 2^ •% u — — 15 

^^- %' ~2x' •^*- 56' 10c • •^^- 

Addition and Subtraction op Fractions. 

99. Rule. To add or subtract fractions : express all the 
fractions with their lowest common denominator ; form the sum or 
difference of the numerators, andretain the common denominator. 

5x 3 7x 
Example 1. Simplify "a' + 7 ^ ~ "g" ' 

The least common denominator is 12. 

„, . 20x + 9x-14a: 15a: ^x 

The expression = 1-^ ~ T2 ~ ^ * 

„ , « «. !•* 3a6 ab 1 ab 

Example 2. Simphfy 5^ " 2^ " 10 * T * 

„, . tab-bab-ab 
The expression = ^^ =ldi=^- 



a 


6. 


26' 


• 

c 


4w' 


571 * 


a 


6 


be' 


ca' 


X 


I, 3.C. 
x' 


3a 


' :J) 


76' 


21c" 
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ExampU 3. Simplify -^ - ^^ . 

The expression = 3 y- , and admits of no farther simplification. 
)7oTE. The beginner must be careful to distinguish between 

erasing equal tenns with different signs, as in Example 2, and 

cancelling eciual factors in the course of multiplication, or in 
reducing fractions to lowest terms. Moreover, in simplifying frac- 
tions he must remember that a factor can only be removed from 
numerator and denominator when it divides each taken as a whole. 

^ax ~~ cu 
Thus in — ^-^o^ , c cannot be cancelled because it only divides cy 
3a^c^ ^ 

and not the whole numerator. Similarly a cannot be cancelled be- 
cause it only divides 6{u; and not the whole numerator. The fraction 
is therefore in its simplest form. 

When no denominator is expressed the denominator 1 may be 
understood. 



Hixample, ox — -7— = -z — 7— = — 7 • 

Ay 1 4y Ay 

EXAMPLES Xn. d. 

Simplify the following expressions : 



1. 


X X 

2"*'3' 


2. 


y V 

4 5' 


3 ~- 
^' 3 


a 

4* 


4. 


2x 5 
3 x' 


5. 


2^5* 


6. 


a h 


7 "^ 

'' 8 


n 
12* 


8. 


2m n 
15 5* 


9. 


X y 
7~2l' 


10. 


a h 
13 "^39 


11 ^- 
. 11. ^g 


'48* 


12. 


5m n 
T2 ~36* 


13. 


2a? 4^ 
3 ' 5 • 


14. 


5x 4x 
4 5 


.15. g ■ 


7x 
12* 


16. 


2a Ah 
"5 15 ' 


17. 


CL d Ob 

2~3'^5 


• 


!«•!- 


X X 

8"^ 12* 


19. 


X 

3 


X X 

■*"6~9' 


20. 


2r X 
3 6"*" 


Sa- 
4 • 


21. ^-- 


X X 

12 "^g* 


22. 


7^ 

8 


•47 X 
■^12 A' 


23. 


a h' 


24. 


Sx 21/ 
a"*" 36' 


25. a 


c 




26. x-l. 

z 


27. 


a 52 
3 a' 


28. 


a2+ - . 
a 


29. I 






30. jj^-~ 
pi 



CHAPTER XIII. 



Simultaneous Equations. 

100. Consider the equation 2a? + 5y = 23, which contains two 
unknown quantities. 

From this we get 5y = 23 - 2x, 
that is, ^^ ~ ^ (1). 

From this it appears that for every value we choose to give to 

X there will be one corresponding value of y. Thus we shall be 

able to find as many pairs of values as we please which satisfy 

the given equation. 

21 
iFor instance, if a?=l, then from (1) y=t -- , 

27 
Again, if a:— —2, then y=— - j and so on. 

But if also we have a second equation of the same kind, such 
as 3a;+4y=24, ' 

we have from this y= — j — (2). 

If now we seek values of x and y which satisfy both equa- 
tions, the values of y in (1) and (2) must be identical 

-^ . 23 -2a? 24 -3a? 

Therefore — - — = — - — . 

5 4 

Multiplying up, 92 - 8a? = 120 - 15a? ; 

.-. 7a?=28; 

Substituting this value in the first equation, we have 

8+6y=23; 
.'. 5y=15; 

and 07=4. j 

Thus, if both equations are to be satisfied by the same values 
of 0? and y, there is only one solution possible. 
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101. Definition. When two or more equations are satis- 
fied by the same values of the unknown quantities they are called 

simnltaneous eanations. 

We proceed to explain the different methods for solving simul- 
taneous equations. In the present chapter we shall confine our 
attention to the simpler cases in which the unknown quantities 
are involved in the first degree. 

102. In the example already worked we have used the 
method of solution which best illustrates the meaning of the 
term gimvltaneous equation; but in practice it will be foimd that 
this is rarely the readiest mode of solution. It must be borne 
in mind that since the two equations are simultaneously true, 
any equation formed by combining them will be satisfied by the 
values of x and y which satisfy the original equations. Our 
object will always be to obtain an equation which involves one 
only of the unknown quantities. 

103. The process bv which we get rid of either of the im- 
known quantities is called elimiliation, and it must be effected 
in different ways according to the nature of the equations pro- 
posed. 

Example 1. Solve 3a; + 7y = 27 (1), 

5a? + 2y=16 (2). 

To eliminate x we multiply (1) by 5 and (2) by 3, so as to make 
the coefficients of a; in both equations equaL This gives 

15a; + 35y=185, 

15x+ 6y=48; 

subtracting, 29y = 87 ; 

.-. y=3. 

To find X, substitute this value of y in either of the given 
equations; 

Thus from (1) 3ar + 21 = 27 ; 

and y 



:3 



Note. When one of the unknowns has been found, it is immate- 
rial which of the equations we use to complete the solution. Thus, 
in the present example, if we substitute 3 for j^ in (2), we have 

5a; + 6=16; 

.*. a; =2, as before. 
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Example 2. Solve 7x + 2i/=47 (1), 

5x-4y= 1 (2). 

Here it will be more convenient to eliminate y. 
Multiplying (1) by 2, lix + 4y = 94, 
and from (2) 5« - 4y = 1 ; 

adding, 19a; = 95; 

.*. x=6. 
Substitute this value in (1), 

.•. 35 + 22/=47; 

and a? =6. J 

Note. Add when the coefficients of one unknown are equal and 
unlike in sign; subtract when the coefficients are equal and like in 
sign. 

Example 3. Solve 2x = 5y + l (1), 

24-7x = Sy (2). 

Here we can eliminate x by substituting in (2) its value obtained 
from (1). Thus 

24-^(52/ + l) = 32/; 

.-. 48-362/-7=6y; 
.•. 41 = 41y; 

••• y=i,l 

and from (1) a; = 3 . J 

104. Any one of the methods given above will be found 
sufficient ; but there are certain arithmetical artifices which will 
frequently shorten the work. The most useful of these will be 
shewn in the following examples. 

Example 1. Solve 171a: -213^ = 642 (1), 

114a; -326^ = 244 (2). 

Noticing that 171 and 114 contain a common factor 57, we shall 
make the coefficients of x in the two equations equal to the least 
common multiple of 171 and 114 if we multiply (1) by 2 and (2) by 3. 

Thus 342a; - 42% = 1284, 

342a; -978y = 732; 

subtracting, 552^ = 552 ; 

that is, y = hl 

whence x=5. ( 
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Example 2, Solve 127x + 69y=1928 (1), 

59x + 127y=1792 (2). 

By addition, 186a? + 186y = 3720 ; 

.-. x+y=20 (3). 

Bubtraoting (2) from (1), 68x-QQy= 136 ; 

,-. x-y=2 (4). 

Thus, by an easy combination of (1) and (2), the problem is 
reduced to the solution of the equations (3) and (4). From these we 
obtain by addition 2x=22, and by subtraction 2^=18. 

Therefore x = 11, and y = 9. 



EXAMPLES Xm. a. 

Solve the equations : 

1. ap+4y=10, 2. ;p+2y = 13, 3. 4ar+7y=29, 

4^+y= 9. 3a7+y=14. d7+3y=ll. 

4. 2^-y= 9, 5. 5^+6y=17, 6. 207+^=10, 

3d?-7y=19. &p+5^=16. 7:F+8y=63. 

7. 8a?-y=34, 8. 15j?+7y=29, 9. 14r-3y=39, 

^+8y=53. 9^+15y=39. 6jF+17y=35. 

10. 2807-23^=33, 11, 35j7+17y=86, 12. 15dr+77y = 92, 
63j?-25y=101. 5&F-13y=17. 55a?-33y=22. 

13. 5^-7y=0, 14. 2107-50^=60, 15. 39o?-8y=99, 

7o7+5y=74. 2&i7-27y=199. 52o7-15y=80. 

16. 5o7=7y-21, 17. 6y-5o7=18, 18, 8o7=5y, 

21o7-9y=75. 12a7-9y=0. 13a?=8y+l. 

19. 3a7=7y, 20. 19o7+17y=0, 21. 9ar+15y=123, 

12y=5j7-l. 2a7-y=53. 15o7+93y=201. 

105. "We add a few cases in which, before proceeding to solve, 
it will be necessary to simplify the equations. 

Example 1. Solve 6 (aj + 2y)-(3x + lly) = 14 (ly, 

7a;-9y-3(x-4y) = 38 (2). 

From (1) 5a: + lOy - 3a; - lly = 14 ; 

.-. 2x-y = 14 (3). 

From (2) 7a;-9y-3a7 + 12y=38; 

.-. 4a: + 8y = 38 (4). 

From (3) 6o7-3y=42 

and hence we may find a; =8, and y=2. 
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Ea^ampU 2. Solve aa;-^^^=— ^ (1), 

S?+i-J(2.-6)=y ..(2). 

Clear of fractions. Thns 
from (1) 42a; - 2y + 10 = 28aj - 21 ; 

.-. 14x-2y=-31 (3). 

From (2) 9y + 12-10a; + 26 = loy; 

.-. 10a; + 6y=37 (4). 

Eliminating y from (3) and (4), we find that 

14 
* — 18' 
Eliminating x from (3) and (4), we find that 

207 

KoTE. Sometimes, as in the present instance, the valne of the 
second unknown is more easily found by elimination than by substi- 
tuting the value of the unknown already found. 



EXAMPLES Zm. b. 

1. y+y=16, 2. f +1=6, 3. ^-y=3, 

x+%=\A. ^-y=4. X — J^=8. 

4 o 

4. a?-y=5, 5. |+f=10, 6. x^Zy, 

1-1=2. |+,=50. 1+^ = 34. 

44;-y=20. ^*+^y=3. ^y-3*=8. 

10. f+|=lf, 11. 3*-Vy=0, 12. f-|=o, 

«+|=.4f. . |«+3i^=7. 3«+2y=17. 

H. A. 6 
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,« -a? y « ►• «« yv HM ^+1 3v-5 x-y 
13. g+|=3«-7y-37=0. 14. -^'-S f-. 

106. In order to solve simultaneous equations which contain 
two unknown quantities we have seen that we must have two 
equations. Similarly we find that in order to solve simultaneous 
equations which contain three unknown quantities we must have 
three equations. 

Rule. Elimhiate one of the unknowns from any 'pair of the 
eqtiatumSy and then diminatfi the same unknotcnfrom another pair. 
Two equations involving two unknowns are thus obtained, tchich may 
be solved by the rules already given. The remaining unhnovm ts 
then found by substituting in any one of the given equations^ 

m 

Example 1. Solve Qx + 2y-5z = lS (1), 

Sx + dy-2z = lS (2), 

7x + 5y-Sz = 2G (3). 

Choose y as the unknown to be eliminated. 
Multiply (1) by 3 and (2) by 2, 

J8a: + 62/-152! = 39, 
6a; + 6y- 4z = 26; 

subtracting, 12a;r-llj2;-13 .(4). 

Again, multiply (1) by 5 and (3) by 2, 

30a; + 10y- 26^ = 65, 
14x + l(yy- 6z = 52; 

subtractmg, 16a; -192 = 13 (5). 

Multiply (4) by 4 and (6) by 3, 

48a; -442 = 62, 
48x- 572=39; 
subtracting, 132 = 13 

2 = l,j 

and from (1) a; = 2, 

from (1) y = 3., 

Note. After a little practice the student will find that the solution 
may often be considerably shortened by a suitable combination of the 
proposed equations. Thus, in the present instance, by adding (1) and 
(2) and subtracting (3) we obtain 2a; -42=0, or x=2z. Substituting 
in (1) and (2) we have two easy equations in y and z. 
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Example 2. Solve ^-1=|+ 1=^ + 2, 

^ D 7 

From the equation s "* ^ = 5 + 1» 
we have 3x-y=12 (1). 

X z 

Also, from the equation 5 - 1 = - + 2 , 

A 7 

we have lx-2z=^2 (2). 

1/ z 
And, from the equation ^ + s = 13, 

we have 22/ + 3z=78 (3). 

Eliminating z from (2) and (3), we have 

21a: + 4y = 282; 
and from (1 ) 12a; - 4y = 48 ; 

whence a;=10, y = 18. Also by substitution in (2) we obtain 2=14. 

Example 3. Consider the equations 

5a?-3y- 2 = 6 (1), 

13x-7y + 3z=14 (2), 

lx-^y = % (3). 

Multiplying (1) by 3 and adding to (2), we have 

2ar-16y = 32, 
or 7a?-4y=8. 

Thus the combination of equations (1) and (2) leads us to an 
equation which is identical with (3), and so to find x and y we have 
but a single equation 7a; -4^ = 8, the solution of which is indeter- 
minate. [Art. 100.] 

In this and similar cases the anomaly arises from the fact that 
the equations are not independent; in other words, one equation is 
deducible from the others, and therefore contains no new relation 
between the unkno^yn quantities which is not already implied in the 
other equations. 

EXAMPLES XTTT. c. 

1. ^+2y+2j=ll, 2. ar+3y+42;=14, 

2a?+y +-8 = 7, x+2y+ z= 7, 

3iF+4y+« =14. 2j;+ y+2z=i 2. 

6—2 
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3. 


47+4y+ae=17, 
3r+3y+ £=16, 
2d7+2y+ «=11. 


4. 

• 


3a?-2y+£=2, 

2a7+a^-£=6, 

^+ y+£=6. 


5. 


2ar+ y+ £=16, 
a:+2y+ £=9, , 
a;+ y+2£=3. 


6. 


^-2y+3£=2, 

2a?-^+ 2=1, 
ar- y+22=9. 


7. 


3a?+2y- £=20, 

2ar+8y+6£=70, 

A'- y+6£=41. 


8. 


2^+3y+4£=20, 
3a7+4^ + 5£=26, 
3a7+5y+6£=3r. 


9. 


3ar-4y=65-16, 
4^— y- £= 5, 
;p=3y+2(£-l). 


10. 


6a?+2y=14, 
y-6£=-15, 
ar+2y+£=0. 


11. 


^-1=6, 


12, 


y+£ £+a? a7+y 
4 ~ 3 ~ 2 ' 




y-5=8, 




.r+y+£=27. 




£-f=10. 






13. 


y-z y—x ^ 


14. 


2a?+3y = 5, 
2£- y=l, 




y+z=^+\. 




7a7-9£=3. 


15. 


-(dr+£-5)=y-£ 


16. 


07+20 = 1^+10 




=2a--11 




= 2£+5 




=9- (4?+22). 




= 110-.(y+£> 



*107. Definition. If the product of two quantities be equal to 
unity, each is said to be the reciprocal of the other. Thus if 
a5=l, a and h are reciprocals. They are so called because 

<i='Tj and &=- ; and consequently a is related to h exactly as 

h is related to a. 

The reciprocals of x and y are - and - respectively, and in 

X y 

solving the following equations we consider - and - as the un- 
known quantities. 
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8 9 

Example 1. Solve =1 (1) 

^ + «=7 (2). 

X y ^ ' 



Multiply (1) by 2 and (2) by 3; thus 



1?-1?=2 

X y ' 

30 18 „, 
— + — = 21; 

X y 

adding, — = 23; 

X 

multiplying up, 46 = 23a?, 

x = 2; 
and by substituting in (1) , y = 3. 

Example 2. Solve ^ + ^-^i = | (1). 

l-k • -^'^^ 

--^ + - = 2:^ (3), 

X 5y z 15 ^ ' 

clearing of fractional coefficients, we obtain 

from(l) i + ?-i=3 (4), 

X y z ^ '* 

from (2) ?_1 =0 (5), 

X y 

from (3) 1? _ ? + ?9=32 (6). 

X y z ^ ' 

Multiply (4) by 15 and add the result to (6); we have 

105 42 „„ 

. -+— = 77; 

X y 

IK 6 

dividing by 7 — + - = 11 (7); 

X y ^ " 

from (5) 1?_?=0; 

X y 

.'. — = 11 ; 

X 

.'. re = 3, 1 
from (6) y=l,j 

from (4) z=2,, 
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* EXAMPLES Xm. d. 

X y ^ y X y 

— ^+-=4. --1 =3. =0. 

X y -^ y ^ y 

4. 5 + 16=79, 5. ?-^+l?=5. 6. 5 + 3^30, 

X y X y X y 

15-1=44. 1-1 = ^. ?-5=2. 

X y y X A'z X y 

7 8 9^ o 25 24 4 27 ^. 

7. =i, 8. 1 = 1, 9. -H = 42, 

X y X y X y 

1415 

X y ~ ' 

10. 5 + -=:^, 11. -1 + 1 = 2, 12. 2y-x=^Axy, 

X y lb 4x 3y I 'x 

9y-22a7=^, --^ = 1- y~^^^' 

^ 25 y . 2x "^ 

13. i-?+4=0, 14. 1 + 1 + 1 = 36, 

jF y X y z 

1_1+1=0. l + ?-i=28, 

y 2 X y z 

2 + 3^14. i + l + l=20. 



6(1 + 1) = 1. 20(? + ?U7. 



z X X 3y 2z 

2_6_3_7 15 
X y ~ z X y 2z 



-_ 9 2 6 3 7 . 15 . ^ 
15. = = - + —- = 4. 



CHAPTER XIV. 

Problems leading to Simultaneous Equations. 

108. In the Examples discussed in the last chapter we have 
seen that it is essential to have as many equations as there are 
unknown quantities to determine. Consequently in the solution 
of problems which give rise to simultaneous equations, it will 
always be necessary that the statement of the question should 
contain as many independent conditions as there are quantities 
to be determined. 

Example 1. Find two numbers whose difference is 11, and one- 
fifth of whose sum is 9. 

Let X be the greater number, y the less ; 

Then x-y=ll (1), 

Also -5-^=9, 

o 

or x+y=i5 (2). 

By addition 2a;=56 ; and by subtraction 2^=34. 

The numbers are therefore 28 and 17. 

Example 2. If 15 lbs. of tea and 17 lbs. of coffee together cost 
£3. 58. 6(2., and 25 lbs. of tea and 13 lbs. of coffee together cost £4. 6s. 2d. ; 
find the price of each per pound. 

Suppose a pound of tea to cost x shillings, 

and coffee ... y 

Then from the question, we have 

15;r + 17y=65J (1), 

25x + 13y=86i (2). 

Multiplying (1) by 5 and (2) by 3, we have 

75a; + 85y = 327i, 

75a?+39y=258J. 
Subtracting, 46y=69, 

And from (1) 16a;+26J=66J, 

whence 15a; =40; 

.'. x=2}. 
.*. the cost of a pound of tea is 2} shillings, or 28, Bd,, 
and the cost of a pound of coffee is 1} shillings, or 1«. 6<I. 
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Example 3. A person spent IBs. 2d, in baying oranges at the rate 
of 3 for twopence and apples at fivepence a dozen ; if he had bonght 
five times as many oranges and a quarter of the number of apples he 
would have spent £2. 4j. 2d. How many of each did he. buy? 

Let X be the number of oranges, and y the number of apples. 

. 2x 
X oranges cost -^ pence, 

o 

y apples cost ^ pence, 

.•.| + g=182 (1). 

Again, 5x oranges cost 5a; x ^ , or -^ pence, 

1 y 1 J. y 5 5y 

and 7 apples cost j x :^ , or -rg pence, 
4 4 12 4o 



• '^^ls~^^ ^^^* 

Multiply (1) by 5 and subtract (2) from the result ; 

.•.(|-|)v=380; 

- '-§=^-' 
.\ y=192, 
and from (1) a; =153. 

Thus there were 153 oranges and 192 apples. 

Example 4. If the numerator of a fraction is increased by 2 and 
the denominator by 1, it becomes equal to f ; and, if the numerator 
and denominator are each diminished by 1, it becomes equal to ^ : 
find the fraction. 

Let X be the numerator of the fraction, y the denominator; then 
the fraction is - . 

y 

From the first supposition, 

^±? = -^ (1) 

from the second, 

«-l 1 

j^l = 3 (2)- 

These equations give x—^,y=15. 

g 
Thus the fraction is 77 . 

15 
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ExampU 5. The middle digit of a number between 100 and 1000 
is zero, and the snm of the other digits is 11. If the digits be reversed, 
the number so formed exceeds the original number by 495 : find it. 

Let X be the digit in the nnits' place, 

y hundreds' place ; 

then, since the digit in the tens* place is 0, the number will be 
represented by WOy+x, [Art. 81, Ex. 4.] 

And if the digits are reversed the number so formed will be 
represented by lOOx+t^. 

.♦. 100a: + y-(100y+x)=495, 

or 100x+y-100y-a;=495; 

.-. 99x-99y=495, 

that is, x-y—S (1). 

Again, since iJie sum of the digits is 11, and the middle one is 0, 
we have a: + y=ll (2). 

From (1) and (2) we find a;=8, y=3. 

Hence the number is 308. 



EXAMPLES XIV. 

1. Find two numbers whose sum is 34, and whose difference is 10. 

2. The sum of two numbers is 73, and their difference is 37; 
find the numbers. 

8. One third of the sum of two numbers is 14, and one half of 
their difference is 4 ; find the numbers. 

4. One nineteenth of the sum of two numbers is 4, and their 
difference is 30; find the numbers. 

5. Half the sum of two numbers is 20, and three times their 
difference is 18; find the numbers. 

6. Six pounds of tea and eleven pounds of sugar cost £1. 3«. 8d., 
and eleven pounds of tea and six pounds of sugar cost £1. ISs. 8c2. 
Find the cost of tea and sugar per pound. 

7. Six horses and seven cows can be bought for £250, and thirteen 
oowB and eleven horses can be bought for £461. What is the value of 
each animal? 

8. Ay Bf C^ D have £290 between them ; A has twice as much as 
(7, and B has three times as much as D ; also C and D together have 
£50 less than A, Find how much each has. 

9. At By G, D have £270 between them; A has three times as 
much as C, and B five times as much as D; also A and B together 
have £50 less than eight times what C has. Find how much each 
has. 
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10. Four tunes B's age exceeds A*b age by twenty years, and one 
third of ^'s age is less than B'b age by two years: find their ages. 

11. One eleventh of A''a age is greater by two years than one 
seventh of B% and twice B^s age is equal to what A^B age was 
thirteen years ago : find their ages. 

12. In eight hours A walks twelve miles more than B does in 
seven hours ; and in thirteen hours B walks seven miles more than A 
does in nine hours. How many miles does each walk per hour? 

13. In eleven hours C walks 12^ miles less than D does in twelve 
hours ; and in five hours D walks 3| miles less than G does in seven 
hours. How many miles does each walk per hour? 

14. Find a fraction such that if 1 be added to its denominator it 
reduces to ^, and reduces to f on adding 2 to its numerator. 

15. Find a fraction which becomes J on subtracting 1 from the 
numerator and adding 2 to the denominator, and reduces to f on sub- 
tracting 7 from the numerator and 2 from the denominator. 

16. If 1 be added to the numerator of a fraction it reduces to |^ ; 
if 1 be taken from the denominator it reduces to f : required the 
fraction. 

17. If -I be added to the numerator of a certain fraction the frac- 
tion will be increased by ^\, and if ^ be taken from its denominator 
the fraction becomes ^ : find it^ 

18. The sum and the difference of a number of two digits and of 
the number formed by reversing the digits are 110 and 54 respectively: 
find the numbers. 

19. The sum and the difference of a number of two digits and of 
the number formed by reversing the digits are 143 and 27 respectively: 
find the numbers. 

20. A certain number of two digits is three times' the sum of its 
digits, and if 45 be added to it the digits will be reversed: find the 
number. 

21. A certain number between 10 and 100 is eight times the sum 
of its digits, and if 45 be subtracted from it the digits will be reversed: 
find the number. 

22. A man has a number of pounds and shillings, and he observes 
that if the pounds were turned into shillings and the shillings into 
pounds he would gain £5. 14^. ; but if the pounds were turned into 
half sovereigns and the shillings into half-crowns he would lose 
£1. 138. 6d, What sum had he? 

28. In a bag containing black and white balls, half the number 
of white is equal to a third of the number of black; and twice the 
whole number of balls exceeds three times the number of black balls 
by four. How many balls did the bag contain? 
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24. A number consists of three digits, the right hand one being 
zero. If the left hand and middle digits be interchanged the number 
is diminished by 180 ; if the left hand digit be halved and the middle 
and right hand digits be interchanged the number is diminished by 
454. Find the number. 

26. The wages of 10 men and 8 boys amount to £1. 17s. ; if 4 
men together receive Is. more than 6 boys, what are the wages of each 
man and boy ? 

26. A grocer wishes to mix spice at 88, a pound with another sort 
at 58. a pound to make 60 pounds to be sold at 6s. a pound : what 
quantity of each must he take? 

27. A traveller walks a certain distance; had he gone half a 
mile an hour faster, he would have walked it in four-fifths of the 
time : had he gone half a mile an hour slower, he would have been 
2^ hours longer on the road. Find the distance. 

28. A man walks 35 miles partly at the rate of 4 miles an hour, 
and partly at 5 ; if he had walked at 5 miles an hour when he walked 
at 4, and vice vers&, he would have covered two miles more in the 
same time. Find the time he was walking. 

29. Two persons, 27 miles apart, setting out at the same time are 
together in 9 hours if they walk in the same direction, but in 3 hours 
if they walk in opposite du^ctions : find their rates of walking. 

SO. A family, consisting of three adults and five children, spends 
in food £1. 17s. 6d a week. Distress, however, comes when they can 
afford only £1 per week, and the food of each adult is diminished by 
one-half, and of each child by one-third. Find the cost per week of 
an adult and of a child. 

81. If I lend a sum of money at 6 per cent., the interest for a 
certain time exceeds the loan by £100 ; but if I lend it at 3 per cent., 
for a fourth of the time, the loan exceeds its interest by £425. How 
much do I lend ? 

82. A takes 8 hours longer than B to walk 80 miles ; but if he 
doubles his pace he takes 2 hours less time than B : find their rates of 
walking. 



CHAPTER XV. 

Involution. 

109. Definition. Involution is the general name for multi- 
plying an expression by itself so as to find its second, third, 
fourth, or any other power. 

Involution may always be effected by actual multiplication. 
Here, however, we shall give some rules for writing down at 
once 

(1) any power of a simple expression ; 

(2) the square and cube of any binomial ; 

(3) the square of any multinomial. 

110. It is evident from the Rule of Signs that 

(1) no even power of ani/ quantity can be negative; 

(2) any odd power of a quantity will have the same sign as 
the quantity itself. 

Note. It is especially worthy of notice that the square of every 
expression, whether positive or negative, is positive, 

111. From definition we have, by the rules of multiplication, 

(a2)3=a2.a2. ^3^2=^2+2+2 ^ ^6. 

( - 3a3)4=( - 3)*(a3)4=.81ai2. 

Hence we obtain a rule for raising a simple expression to any 
proposed power. 

Rule. (1) Raise the coefficieM to the required power by Arith- 
metic, and prefix the proper sign found hy Art, 35. 

(2) Multiply the index of every factor of the expression hy the 
expiment of the power required. 



INVOLUTION. &3 

ExampUi, (1) (-2a?*)« =-32a?i«. 

(2) (-3a62)«=729o«6« 

It will be seen that in the last case the numerator and the denomi- 
nator are operated upon separately. 

EXAMPLES XV. a. 

Write down the square of each of the following expressions : 
1. 3ai>8. 2. a^c. 3. lab^. 4. llb^(^. 

5. 4a*66^. 6. 5^. . 7. -2a6c». 8. -3carS. 
9. 4^^. 10. -|a^63. n. g. 12. __^. 

^- --3"- ^^- 43^- ^^- "2^- ^^' "^^• 

17. ^. 18. 13c^:r3. 19. -j-i. 20. -|^. 

2a?y 4a* SoT^ 

Write down the cube of each of the following expressions : 
21. 2a62. 22. ar^. 23. 4^. 24. -Sa^ft. 

25, -5a6«. 26. -ft^c^^. 27. -6a«. 28. -2a7c2. 

2«- ^- 30. -g. 31. 7^. 32. -|a^ 

Write down the value of each of the following expressions : 

33. (3a«6^*. 34. (-a^a:)\ 35. (-2a!^y. 36. Q^\ 

"• Q- »^ ^'- »• (-0- » (-£)■ 

112. B7 multiplication we have 

{a+by=(a+h)(a + b) 

=aH2a6+52 (1), 

(a -6)2= (a -6) (a -6) 

=a2_2a6+62 (2). 

These results are embodied in the following rules : 

Rule 1. The square of the sum of two quantities is equal to 
the sum of their squares increased hy twice thetr product. 

Rule 2. The square of the difference of two qtuintiiies is equal 
to the sum of their squares diminished by twice their product. 
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Example 1. {x + 2y)^=x^ + 2,x,2y + {2y)^ 

=x*+^xy + ^y^. 

Example 2. (2a» - 862)« = (2a8)« - 2 . 2a» . 36* + (36»)« 

= 4a«-12a36« + 96*. 

113. These rules may sometimes be conveniently applied to 
find the squares of numerical quantities. 

Example 1. The square of 1012 = (1000 + 12)« 

= (1000)« + 2 . 1000 . 12 + (12)« 
= 1000000 + 24000 + 144 
= 1024144. 

Example 2. The square of 98 "=(100-2)8 

= (100)a-2.100.2 + (2)« 

= 10000-400 + 4 

= 9604. 

The work is considerably shortened by the omission of the first 
two steps. 

114. We may now extend the rules of Art. 112 thus ; 
(a+6 + c)2={(a+5) + c}2 

= (a+6)2+2(a+6)c + c2 [Art. 1J2. Rule J.] 

=a2+62+c2+2a6+2ac+26c. 
In the same way we may prove 

(a-6+c)2 = a2+62+c2-2a5+2ac-26c 
(a+6+c + fl02=^a2+52^c2+flP+2a& + 2ac+2afl?+26c + 22>fl?+2a;. 

In each of these instances we observe that the aquare con- 
sists of 

• 

(1) the sum of the squares of the several terms of the given 
expression ; 

(2) twice the sum of the products two and two of the several 
terras, taken with their proper signs ; that is, in each product 
the sign is + or - according as the quantities composing it 
have like or unlike signs. 

Note. The sqiuire terms are always positive. 

The same laws hold whatever be the number of terms in the 
expression to be squared 

Rule. To find the square of any mvltinomial : to the sum &f 
the squares of the several terms add twice the product {with the 
fyroper ti^) of each term into each of the terms thatfoUow it. 
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Ex, 1. {x-2y'-Bzy=x^ + 4y^ + 9z*-2.x,2y-2.x.Zz + 2,2y,3z 

=x^ + 42/' + 9z^ - 4ary - Gxz + 12yz, 

Ex, 2. {l + 2x-Sx^)^=l + ix^ + 9x^+2,1.2x-2,l,3x^^2,2x,Ba^ 

= l + ^^ + 9x^ + 4x-Qx^-12x^ 
= 1 + 4a; - 2x2 - 12x8 + 9a;*, 
by ooUeoting like terms and rearranging. 

EXAMPLES XV. b. 

Write down the square of each of the following expressions : 
1. a+Sb. 2. a -36. 3. x-hy, 4. 2^ + 3y. 

5. ^-y, 6. 307+ 5y. 7. ^x-2y, 8. hah-c, 
9. Tpq^-r, 10. x-ahc. 11. flwr+26y. 12. sfi-l. 

13. 0-6-C. 14. a + h-c. 15. o+26+(?. 

16. 2a -36 + 4c. 17. x^-y^-z^ 18. ^+y2;+&r. 

19. 3p-2q+4r. 20. ^-07+1. 21. 2072 + So? -1. 

22. a7-y+a-6. 23. 2ji7+3y+a-26. 24. m-n-p-q. 

25. ia-26+|, 26. |-36^?. 27. p'-^+l^ 

115. By actual multiplication, we have 

(a+6)3=(a+6)(a+6)(a+6) 
=a3+3a26+3a62+63. 

Also (a - 6)3 = a3 - 3a26 + 3a62 - 63. 

By observing the law of formation of the terms in these 
results we can write down the cube of any binomial. 

Example 1. (2x + y)^= (2x)^ + 3 (2a;)« y + 3 (2a;) y' + y' 

Example 2. (3x - 2a8)3 = (3x)3 - 3 (3x)2 {2a^) + 3 (3x) (2a«)« - (2a«)9 

= 27x3 1 54x3a2 + 36xa4 - 8a«. 

EXAMPLES XV. c. 

Write down the cube of each of the following expressions : 
1. x+a, 

6. 3:27 - by. 
9. 078+4^2, 

13. a— 3-. 



2. 


x — a. 


3. 


x-2y. 


4. 


2^7 +y. 


6. 


ab + c. 


7. 


2ab-Sc, 


8. 


5a - be. 


10. 


4x^ — 5y\ 


11. 


2a3-362. 


12. 


6x^ - 4y*. 


14. 


3^2- 


15. 


^2 
3-ar. 


16. 


?+^-- 



CHAPTER XVI. 
Evolution. 

116. The root of any proposed expression is that quantity 
which being multiplied by itself the requisite number of times 
produces the given expression. [Art. 15?! 

The operation of finding the root is called EYolutlon: it is 
the reverse of Involution. 

117. By the Eule of Signs we see that 

(1) any even root of a positive quantity may be either positive 
or negative; 

(2) no negative quantity can have an even root ; 

(3) every odd root of a quantity has the same sign as the 
quantity itsel£ 

NoXB. It is espeoially worthy of notice thdt every positive 
quantity has two square roots equal in magnitude, but opposite in 
sign. 

Example. '\/{9a^x^)= ±Sai^, 

In the present Chapter, however, we shall confine our atten- 
tion to the positive root. 

Examples. (1) »J{cfih*-)=a^l^. 

(2) ^(-a:»)=-a:«. 

(3) i/(c«>)=c*. 

(4) </(81j;i«)=3a^. 

118. Hence we obtain a general rule for extracting any pro- 
posed root of a simple expression : 

BuLE. (1) Find the root cf the coefficient by Arithmetic, and 
prefix the proper fdgn found by Art. 35. 

(2) Divide the exponent of every factor cf the expression by the 
index of the proposed root. 

Examples. (1) 4^(-64a;«)= -4x«. 

(2) ;/(16a8)=2a». 

It will be seen that in the last case we operate separately upon the 
numerator and the denominator. 
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EXAMPLES XVL a. 



Write down the square root of each of the following ex- 
pressions : 

3. 26xY, 



1. 4a26*. 
6. Sla^bK 



9, 64afi2/^\ 
324^2 



2. 9^y2. 
6. 100^:8. 
36 



13. 



1692^ • 



10. 
14. 



a 



36 



81ai8 
36612 • 



11. 
15. 



16 • 
2892?" ' 



4. 16a*6V. 
8. a^b^\ 

2893^ 
25 • 

400a^b^ 



12. 
16. 



8U^^ 



18 



Write down the cube root of each of the following ex- 
pressions : 

17. 27a«63c3, 18. -Sa^bf^, 19. e^cy^ia, 20, -^43a^b^\ 



21. - 



x^h/ 



9 



22. 



Sa^ 



23. 



125a366 



24 -??^ 
^^ 6V3' 



125 ' — 729yW *^- 216^/' 
Write down the value of each of the following expressions : 



25. *}'(«®^^). 



28. 4^(729ai86«), 
7/128 



26. ^(^V)- 
29. -y(256a8^). 



27. 4^(32^10). 
30. iJ{-x^Y^). 



31 



aosjw 



10/^30^ Q/glS 



119. To find the sqtuire root of a compound esspressum. 

Since the square of a+6 is a^ + gaft-f-ft^^ we have to discover 
a process by which a and 6, the terms of the root, can be found 
when a^+2ah+b^ is given. 

The first term, a, is the square root of a\ 

Arrange the terms according to powers of one letter a. 
The first term is a^, and its square root is a. Set this down as the 
first term of the required root. Subtract a^ from the given 
expression and the remainder is 2ab+b^ or (2a -1-6) x b. 

Thus, 6, the second term of the root, will be the quotient 
when the remainder is divided by 2a +b. 

This divisor consists of two terms : 

1. The double of a, the term of the root already found. 

2. b, the new term itself. 

The work may be arranged as follows : 

a^+2ab + b^{a + b 



a' 



2a + b 



2ab+b^ 
2ab + b^ 



H. A. 
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Example 1. Find the square root of Ox' - 42xy + 49y'. 



^-ly 



9x* - ^2xy + 49y' (3ar - 7y 

-42xy + 49y* 
-42xy + 49i/« 



£x|)Zanation. . The square root of 9a;' is Sx, and this is the first 
term of the root. - 

By doubling this we obtain 6^;, which is the first term of the 
divisor. Divide -49xy, the first term qi the remainder, by ^x and 
we get - 7y, the new term in the root, which has to be annexed both 
to the root and divisor. Next multiply the complete divisor by - ly 
and subtract the result from the first remainder. There is now no 
remainder and the root has been found. 

The process can 'be extended so as to find the square root of any 
multinomial. The first two terms of the root. wiU be obtained as 
before. When we have brought down*£/i€ tecond remainder , the first 
part of the new divisor is obtained by doubling the terms of the root 
already found. We then divide the first term of the remainder by 
tibe first term of the new divisor, and set down the result as the next 
term in the root and in the divisor. We next multiply the complete 
divisor by the last term of the root and subtract the product from the 
last remainder. If there is now no remainder the root has been 
found ; if there is a remainder we continue the process. 

Example 2. Find the square root of 

25x^a* - 12xa^ + 16a:* + 4a* - 24x'a. 

Rearrange in descending powers of x, 

16a;* - 24a;»a + 25a;*a« - 12xa» + 4a* (4a;« - 3a;a + 2a« 
16a;* 



8ar« - 3a;a" 



-24x»a + 25a;«a* 



-24a;»a+ 9x^a* 

8ar2-6a;a + 2a«^ 1 16a;=a' - 12a;a» + 4a* 

16x«a*-12xa»+4a* 



Explanation, When We have obtained two terms in the root, 
4a;' - 3a;a, we have a remainder 

16a;V-12a;a»+4a*. 

Double the terms of the root already found and place the result, 
8ar^-6xa, as the first part of the divisor. Divide 16a;'a^ the first 
term of the remainder, by 8a;', the first term of the divisor ; we get 
+ 2a* which we annex both to the root and divisor. Now multiply 
the complete divisor by 2a' and subtract. There is no remainder and 
the root is found. 
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EXAMPLES XVL b. 

Find the square root of each of the following expressions : 

1. a^+4Fy+4y« 2. 9aH12a6+46«. 

8. a^-10^+25y2. 4, 447*-12a;y+9y«. 
5. 81^+iary+y«. 6. 25a;8-30^+9y«- 
7. ar*-2:rV^+y*. 8. l-2a^+a\ 

9. a*-2a8+3a2-2a+l. 10. 4a!^-l2a:^+29a^-20x+26. 
11. 9ar*- 12^-2^:24.4^+1. 12.. ar*-4a;3+6^_4j.+l, 

13. 4a*+4a3-7a2-4a+4. 14. l-10a?+27;»»-10a:»+jr«. 

16. 4r« + 9y* + 25«« + 124?y - 303^2 - 20a;z. 

16. 16^+ 16^7 _4<p8_ 4^4.^10^ 

17. aj«-22a?*+34ar»+121a^-374^+289. 

18. 25a?* - SOaaJ^ + 49a^j^ - 24a«:F + 16a*. 

19. 4F*+4ar^2 _ 12^2^2+^* - e^h^+9sl*. 

20. 6ai>2c-4a2&c+a262+4a2c2 + 9ft2c2-l2a5c2. 

21. - 662c2+9c*+6* - 12c2a2+4a* + 4a262. 

22. 4a?*+9y*+13Ji^^3^2_6^_4^, 

23. 67a^+49+9:F* - 70^- 3ai;3. 

24. l-4a;+l0a^-20x^+25a^"24a!^+l6a^, 
26. 6aGic« + 462^^4 4. ^2^10 4. 9^2 - ubca^ - 4aW, 

[Arts. 120, 121, and Examples zyi. 0. may be postponed ontil 
Chap. xziY. has been read.] 

♦120. When the expression whose root is required contains 
fractional terms, we may proceed as before, the fractional part 
of the work being performed by the rules explained in Chap. xii. 

*121. There is one important point to be observed when an 
expression contains powers of a certain letter and also powers of 
its reciprocaL Thus in the expression 

2^+i+4 + ^+- + 7a;2+-„, 

the order of descending powers is 

a?3 + 7a:2+2a7+4 + - + ^ + -^; 

and the numerical quantity 4 stands between x and - . 

X 

Tlie reason for this arrangement will appear in Chap. xxx. 

7—2 
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Example, Find the sqaare root of 24 + 



16j/» Bx X* 32y 

-— — \- - — , 

«* y y^ X 



Arrange the expression in descending powers of y. 

X* 9i y y^\x y 

163/a 



X' 



?y^4 



8% 

X 

32y 



+ 24 



+ 16 



-^-8+- 
« y 



~8x i? 
8 + -- 

y y* 

^ Sx ay^ 
8 + -^ 



Here the second term in the root, -4, arises from division of 
by ~ , and the third term, - , arises from division of 8 by — ; 

thus8+-??^=8x^ = -, 
X &y y 

^EXAMPLES XVI. c. 

Find the square root of each of the following expressions : 



I. 
3. 
5. 
7. 
9. 



4 



-3x+9. 



25"^ 5 



+3^2. 



2x 



f4. 



^ 

4y2 y 

64^ 32^ 
W '^ 

64^ 8 ^ 



* • 



•if, \ -3a»+^+a*-5a+g a«. 



IS. 



16. 



T + ^ + p-'^-^+a*- 



^ ^ lOo? ^, 
4. -2 + +25. 

a;* 2cwr a* 
* y^~ ^ 62- 

*• 25 ^+9^' 

10. a?*+2a;3_^ + l 

4 

1 9Q 

12. ^-2a7 + g + ya:2_6^, 
14. ^-20^34. ____ + _, 



a:* 



cw;* 



a" 



4ax 



4+^+X+9-^— 3 
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9a^ ea 101 4:p 4a;^ 
^^' o!^ 5^"*" 26 15a ■^■Qa*' 

If) 4 4 

17. 16m* + ym2w+8m*+^n2+g 71+1. 

18. 4^+32a;3+96+5^ + ^. 

[The rest of the Chapter may be postponed until Chap. xxvn. has 
been read.] 

*122. Tojwd ike cube root of a compound ejupresaion. 

Since the cube of a+b is a^+Za^b+3db^+l^, we have to 
discover a process by which a and b, the terms of the root, can 
be found when a^+2a^b+^l^+b^ is given. 

The first term a is the cube root of a^ 

Arrange the terms according to powers of one letter a ; then 
the first term is a% and its cube root a. Set this down as the 
first term of the required root. Subtract a^ from the given 
expression and the remainder is 

3a26+3a52+&3 or (Za^+Zdb+h^)xb, 

Thus b, the second term of the root, will be the quotient 
when the remainder is divided by 3a^+3ab+b^» 
This divisor consists of three terms : 

1. Three times the square of a, the term of the root already 
found. 

2. Three times the product of this first term a, and the new 
term (. 

3. The square of b. 

The work may be arranged as follows : 

a^+Za^b+Zah^+¥ {a + b 



a3 



3(a)2 =3a« 
3xaxb= +3a& 
(6)2 = +62 

3a2+3a6+62 



3a»6+3a62+63 



3a26+3a62+63 



. Example 1. Find the cube root of 8j;'-36a;V+54a;y»~27y'. 

6x^ - 36a:«y + 5ixy^ - 27y» {2x -- By 



3(2a:)« =12a;« 

3x2a:x(-8y)= -ISxy 

(-3y)2= +9y» 

l2x^-lSxy + dy^ 



-86aj2y + 54a:y2-27y« 



- 86a;«y + oiary* - 27y» 
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I 

I 

+ 



+ I 

s 

+ I 

o 



+ 

CO 09 



I 

I 

+ 

CD 
I 

CO 

rH 

I 

c< 

■S 

I 



s 






CI 






+ 



+ 

CP 
CO 

+ 



I 



II II II 

X3 



I 

»0 



CO CO 
X X 

coco 



+ 

II II II 



I 

CO 



+ 

C4 



r 

&4 



s^ 

^ 



44 



+ +*? 



CO €0 

X X 

CO CO 



m 



I 






3:3 1«« 




C4 Q> JCl ^ 




O 



I 



'Si 

— 1-1 ^ OD tS 

•a<p«-3.g 
^•f 1-2 a 
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Find the cube root of each of the following expressions : 

1. a3+3a2+3a+l. 2. a^+ea^+l2x+S, 

3. a3^-3a2a;^2+3flw?y*-y«. 4. Sm^-l2m^+Gm-l. 

5. 64a3-.144a26 + 108a62_276'. 

6. l+ar+6j:^+7aH»+6j7*+a»* + a;«. 

7. l-6a7+21a;2_44^+63<p4^54^^.27a«. 

8. a3+6a26-3a-c+12a62-12a6c+3ac8+86«-1262c+66c2-c3, 

9. 8a^-36a6+66a*-63a»+33a«-9a+l. 

10. y*-3/+6/-7y5+6y2_3y+i. 

11. ac«+12jHi-30^-35a;3+45a;2+27^-27. 

12. 27^ - 54^a+ 1174:*a2 - llftr3o8+ 117^a* - 54a7a«+ 27a«. 

13. 27^-27:F«-iaF*+17^+6a78-3a?-l. 

14. 24c*y2+96a;V-6a75y+a:«-96a:/+6V-5&Fy. 

15. 216+342^:2+171074 + 27a;«-27a:«-109a;8-10aF. 



^123. We add some examples of cube root where fractional 
terms occur in the given expressions. 

Example, Find the cube root of 54 - STx* +-^ — , . 
Arrange the expression in ascending powers of x. 



3x 



(I)" 



8^ 



12 



2 18 

3 X -5 X ( - 3x).= 

x^ ^ ' X 



(-3x)» 



+ 9x» 



X* X 



_ ^ + 64-270:' 



«?^ + 54-27x» 
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^EXAMPLES ZVL e. 

Find the cube root of each of the following expressions : 

3. 8^-4^«+|^-g. 4. g^-^ + 9^-8. 

fry x"^ a^~ ^* 

27 3 X a?' a? 

.r3 12^ 54.r no_i_^^®^ 48a2 8«3 



64aS 192a2 240a ,^^ . 60^ 12^ . ^ 
— — 160 H ^ + -« 



66 6a_^ a3_3fl^_3^ 53 
•^^- a"*"6 ^"^6"* 62 a2"^a»* 

,« 60^ 80ar3 90a;2 a»« . 108^ „^ . 48^ 

12. -. 5 5-4- -5-+ 27 + -">-. 

y^ f y^ 7/^ y y^ 

* 1 24. Before leaving the subj ect of Evolution it may be useful 
to remark that the ordinary rules for extracting square and cube 
roots in Arithmetic are based upon the Algebraical methods we 
have explained in the present Chapter. 

Example 1. Find the square root of 5329. 

Since 5329 lies "between 4900 and 6400, that is between (70)' and 
(80)^, its square root 'consists of two figures and lies between 70 and 
80. Hence, corresponding to a the first term of the root in the 
Algebraical process of Art. 119, we here have 70. 

The analogy between the Algebraical and Arithmetical methods 
will be seen by comparing the cases we give below. 

a2+2a6 + 62(a + 6 6329(70+3 = 73. 

€^ 4900 

2a + 6~" 



2ab + b* 140 + 3 = 143 

2a6 + 6« 



429 
429 
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Example 2. Find the square root of 53824. 

Here 63824 lies between 40000 and 90000, that is between (200)* 
and (300)2. 

a h c 
63824(200 + 30 + 2=232. 
40000 



2a + 6 400 + 30=430 

2(a + 6) + c 460 + 2=462 



13824 
12900 



924 
924 



Example 3. Find the cube root of 614125. 

Since 614125 lies between 512000 and 729000, that is between (80)* 
and (90)^, therefore its cube root consists of two figures and lies 
between 80 and 90. 

a+b 
614125(80 + 5=85. 
612000 

3a2=3x(80)3 =19200 

3 xax 6=3x80x5= 1200 

62= 5x5=z 25 



20425 



102125 



102125 



In Arithmetic the ciphers are usually omitted and there are 
also several other modifications of the Algebraical rules. It 
would be out of place to discuss these fully here : some reference 
will be made to them in Chap, xxix. 



'. 



CHAPTER XVII. 

Resolution into Factors. 

125. Definition. When an algebraical expression is the 
product of two or more expressions each of these latter quantities 
is called a factor of it, and the determination of these quantities 
is called the resolution of the expression into its factors. 

In this chapter we shall explain the principal rules by which 
the resolution of expressions into their component factors may be 
effected. 

126. When each of the terms which compose an expression 
is divisible by a common factor, the expression may be simplified 
by dividing each term separately by this feaor, and enclosing 
the quotient within brackets; the common factor being placed 
outside as a coefficient. 

Example 1. The terms of the expression 3a' - Qah have a common 
factor 3a; 

.•. 3a«-6a6 = 3a(a-26). 

ExampU 2. Ba^hx^ - loabx^ - 20b»x^ = Bbx* {a?x - 3a - 46«). 

EXAMPLES XVn. a. 

Resolve into factors : 

1. a^-ax, 2. a^-x^. 3. 2a-2a3. 4. a^-aJb^. 

6. V/?2+j3. 6. 8a; -2^1 7. f>ax-ba?a!^. 

8. Za^+cfi. 9. x^ + xy. 10. a?-ahj, 11. 5a7-25^y. 
12. 15 + 26^. 13. 16a? + 64r2y. 14. 15a2-225a*. 

15. 54-81^. 16. 10^-25^y. 17. Zji^-afi^-x. 

18. 6^+2^ + 4^:5. 19, x^-^xhf+xyK 

20. 3a*-3a36+6a26a. 21. 'S^-^y^+^xf, 

22. 6^-9^y + 12^/. 23. hjfi-lOa^jfi-lba^a^, 

24. 7a.^-7a3 + 14a*. 25. Z^^x^-k-bWx\ 
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127. Expressions which contain four terms may sometimes 
be resolved into factors by arranging the terms in suitable pairs. 

Example 1. Besolve into factors x^-ax-i-hx-ab. 

Noticing that the first two terms contain a factor x, and the last 
two terms a factor b, we enclose the first two terms in one bracket, 
and the last two in another. Thus, 

x^-ax + bx-ab={x'^- ax) + [bx - db) 

=x {x - a) + b {x - a) (1) 

= {x-a)[x + 6), 

since each bracket of (1) contains the same factor x-a. 

Example 2. Besolve into factors 6a;3-9ax+4&:c-6a&. 

^*-9ax + 4J)x - 6a6 = (Qx^ - 9ax) + (46j? - 6a6) 

= 3a; (2ar - 3a) + 26 (2a; - 3a) 
= (2a;-3a)(3x + 26). 

Example 8. Besolve into factors 12a' - 4a& - 3ax' + bx*, 

12a» -4db- Zax^ + &a;»= (12a« - 4a6) - (3aa;« - bx*) 

= 4a(3a-6)-a;2(3a-6) 
= (3a -6) (4a -a;'). 

Note. In the first line of work it is nsnally sufficient to see that 
each pair contains some common factor. Any suitably chosen pairs 
will bring out the same result. Thus, in the last example, by a 
different arrangement, we have 

12a« - 4a6 - Zax* + bx* = (12a2 - 3aa;«) - (4a6 - bx*) 

= 3a (4a - a;») - 6 (4a - x») 

= (4a-x«)(3a-5). 

The same result as before, for the order in which the factors of a 
product is written is of course immaterial. 

EXAMPLES XVn. b. 

Resolve into factors : 

1. a^ + ab+ac+bc. 2. a^-ac+ab-bc. 

3. a^c^+acd+abc + bd, 4. a^+3a+ac + Zc, 

5. 2a;+cx+2c + c^, 6, a^-cuc+bx-ba. 

7. 5o+a6+56+&2. 8. ob-by-ay+yK 

9. cuD-bx-az+bz. 10. pr+qr-pe-qs. 

IL mx-my-nx + ny. 12. ' mx-ma+nx-na, 

13. 2ax+ay + 2bx + by, 14. 3ax-bx-3ay + by. 
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15. ^a^+Zxy-^ax-ay. 16. mx-2my-nx + ^ny. 

17# aa^-^xy-axy + ZhyK 18. x^ + mxy-^xy-^my^. 

19. aa^+hx^+^a+^h. 20. a^-2x-xy + Zy. 

21. 2a'*-4;3+4^_2. 22. 3jF' + 5a;«+ar+5. 

23. ^+:r3 + 2a:+2. 24. y'-y^+y-l. 

25. axy+hcxy-az — hcz. 26. f^x^+g^x^-ag^-af\ 

27. 2aa;2+3GW7y-26^y-36y^. 28. amx^+hrnxy — anxy—hnyK 

29. ax — hx-\-hy+cy — cx-ay. 

30. a2j? + a6:P+ac+a6^+62y+6c. 

128. Before proceeding to the next case of resolution into 
factors the student is advised to refer to Chap. v. Art. 44. At- 
tention has there been drawn to the way in which, in forming 
the product of two binomials, the coefficients of the different 
terms combine so as to give a trinomial result. Thus, by Art 44, 

(x+6){x + 3)=x^+Sx+l5 (1), 

{x-6)lx-2i)^x^-Sx+lb (2), 

(x + 6)lx-3)=x^+2x-l6 (3), 

(x-'6){x+S)=x^-2x-lb (4). 

We now propose to consider the converse problem : namely, 
the resolution of a trinomial expression, similar to those which 
occur on the right-hand side of the above identities, into its 
component binomial factors. 

By examining the above results, we notice that : 

1 . The first term of both the factors is x, 

2. The product of the second terms of the two factors is 
equal to the third term of the trinomial; e.g. in (2) above we 
see that 15 is the product of —5 and -3; while in (3) —15 is 
the product of +5 and -3. 

3. The algebraic sum of the second terms of the two factors 
is equal to the coefficient of x in the trinomial; e.g. in (4) the 
sum of -5 and +3 gives -2, the coefficient of ^ in the tri- 
nomial. 

The application of these laws will be easily imderstood j&x)m 
the following examples. 

Example 1. Besolve into factors x^ + llo; -f 24. 

The second terms o! the factors must be such that their product 
is +24, and their sum +11. It is clear that they must be +8 
and +8. 

a;2 + lla? + 24=(a?+8)(a?+8). 






. • 
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Example 2. Besolve into factors x^ - lOo; + 24. 

The second terms of the factors must he sncli that their product 
is +24, and their sum - 10. Hence they must both be negative, and 
it is easy to see that they must be - 6 and - 4. 

a:2-10a; + 24=(a;-6)(a;-4). 



• 



Example 3. a;2-18a: + 81 = (a:-9)(x-9) 

= (jr-9)a. 

Example 4. x*+10x^ + 25={x^+5){x^ + 5) 

Example 6. Besolve into factors x^ - llax + 10a*. 

The second terms of the factors must be such that their product 
is + 10a*, and their sum - 11a. Hence they must be - 10a and - a. 

/. x* - llaa; + lOa* ={x- 10a) {x-a). 

Note. In examples of this kind the student should always verify 
his results, by forming the product (mentally, as explained in Chap, v.) 
of the factors he has chosen. 

EXAMPLES XVn. c. 

Kesolve into factors : 



1. a^ + 3a+2. 

4. a^-la+U. 

7. ^-1907+90. 

10. ^-21^+108. 

13. ^-19^ + 84. 

16. ^+20^+96. 

19. ^ + 23^+102. 

22. a2+30a+225. 

25. a^-Uab+49b^. 

27. «i2 - ISmn + 40^2. 

29. ^-23^3^+132^2, 

31. ^+8a;2+7. 

33. ^2-16^+39. 

35. ^y+34^+289. 

37. a2- 2006^+7552^. 

39. a2-29a5+5462, 

41. 12-7a?+^2. 

43. 132-23^+^. 

45. 130+31:i;y+^y. 

47. 204 -29^+ or*. 



2. a2+2a+l. 

5. 572-11^+30. 

8. a72+iar+42. 

11. ^-2107+80. 

14. ^2_i9<p_,.78. 

17. ^-2607+165. 

20. a2-24a+95. 

23. a2+54a+729. 



3. a2+7a+12. 
6. 572-15^+66. 
9. 572 -2157+110. 
12. 572 +2157+90. 
15. 572- 1857+45. 
18. 572 -2157 + 104. 
21. a2- 32a +256. 
24. a2-38a + 361. 
26. a2+5a6+662. 
28. m2 - 22mn + 105^2. 

30. 5^2-26573^ + 169/. 

32. 57* +957^2 +14^, 

34. 572+495;y+60%2. 

36. a*6*+37a262+3oo. 

38. 572 + 4357^ + 390^2. 

40. 57* +162572 +6561. 

42. 20+957+572. 

44. 88+1957+572. 

46. 143- 2457a +5r2a2. 

48. 216 +3557+572 
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129. Next consider a case where the third term of the tri- 
nomial is negative. 

Example 1. Besolve into factors x^+2x- 8,5. 

The second terms of the factors mnst he such that their product 
is - 35, and their algebraical sum + 2. Hence thej must have opposite 
signs, and the greater of them must he positive in oider to give its 
sign to their sum. 

The required terms are therefore +7 and - 5. 

.-. x^ + 2x-B5={x + 7)(x-5), 

Example 2. Kesolve into factors x^-Sx- 54. 

The second terms of the factors must he such that their product 
is - 54, and their algebraical sum - 3. Hence they must have opposite 
signs, and the greater of them must he negative in order to give its 
sign to their sum. 

The required terms are therefore - 9 and + 6. 

.-. a;2-3a;-54 = (x-9)(x + 6). 

Bemembering that in these cases the numerical quantities 
must have opposite signs, if preferred, the following method may 
be adopted. 

Example 3. Besolve into factors x'^y^ + 23ary - 420. 

Find two numbers whose product is 420, and whose difference is 23. 
These are 35 and 12 ; hence inserting the signs so that the positive 
may predominate, we have 

a; V + 23a;y - 420 = (icy + 35) (xy - 12) . 



EXAMPLES ZVn. d. 

Besolve into factors : 

1. a;8-^-2, 2. x^+x-% 3. a^-x~Q, 

4. ^+a?-6. 5. .r2-2a?-3. 6. x^+2x-Z. 

7. a^+x-m. 8. ^+3^-40. 9. a:2-4:i?-12. 

10. a2_^_20. 11. a2-4a-21. 12. a^+a-20, 

13. a^-Aa-\VJ. 14. ^+9a7-36. 15. x^+x-lhQ. 

16. x'^ + x-WO. 17. sc^-^x-QO. 18. ^-^-240. 

19. a2-12a-85. 20. a^- 11a- 152. 21. x^-^^-^- 

22. o^ + lxy-myK 23. ^+od?-42a2. 24. a^-Z2xy-10by\ 

25. ©2-0^-210^2. 26. a^ + l^-Wb. 27. ^-20a^-96y2. 
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28. JC«+l&P-260. 29. a3-lla-26. 30. ay + 14ay-24a 

31, a* - a«6a - 566*. 32. a?* - 14a;3 - 51. 33. y*+ 6^72^2 -27ar*. 

34. a25S_3^c-10c2. 35. a2 + 12aiw:-2862d;8. 

36. a2-18(3w;y-243a^2. 37. a?* + ISa^^ - 300a*. 

38. a^-a^a^-l32a\ 39. ar* - a^^a _ 462a*. 

40. 4:«+a:'-870. 41, 2+^7-^:2. 42. 6+^-^. 

43. llO-x-a^. 44. 380-:r-A^. 45. 120-7aar-a2^. 

46. 65+&ry-^2. 47. 98-7^-^. 48. 204-5^-j;8. 

130. We proceed now to the resolution into factors of tri- 
nomial expressions when the coefficient of the highest power is 
not unity. 

Again, referring to Chap. v. Art. 44, we may write down the 
following results : 

(3^7+2) (^+4) = 3^+14^ 4-8 (1), 

(3a?-2)(a7-4) = ai;2- 14^+8 (2), 

(3:p+2)(ar-4) = 3^2- 10^-8 (3), 

(3a?-2)(^+4) = 3a?2+10a7-8 (4). 

The converse problem presents more difficulty than the cases 
we have yet considered. 

Before endeavouring to give a general method of procedure 
it will be worth while to examine in detail two of the identities 
given above. 

Consider the result 3a;2 _ 14^ 4. g = (3^ _ 2) (^ _ 4). 

The first term 3^72 is the product of 3^ and a;. 

The third term +8 -2 and -4. 

The middle term — 14.r is the result of adding together the 
two products 3^ X - 4 and x x - 2. 

Again, consider the result 3a?2 - 10^ - 8 = (3a; + 2) (^ - 4). 

The first term Sa^ is the product of 3jc and a:. 

The third term -8 +2 and -4. . 

The middle term - lOo? is the result of adding together the 
two products 307 X — 4 and or x 2 ; and its sign is negative because 
the greater of these two products is negative. 

131. The beginner will frequently find that it is not easy to 
select the proper factors at the first trial. Practice alone will 
enable him to detect at a glance whether any pair he has chosen 
will combine so as to give the correct coefficients of the expres- 
sion to be resolved. 
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Example, Eesolve into factors 7aj^ - 19aj - 6. 

Write down {7x 3) {x 2) for a first trial, noticing that 3 and 2 
mnst have opposite signs. These factors give 7x^ and -6 for the 
first and third terms. But since 7x2-3x1 = 11, the combination 
fails to give the correct coefficient of the middle term. 

Next try (7a? 2){x 3). 

Since 7x3-2x1 = 19, these factors "vrill be correct if we insert 
the signs so that the negative shall predominate. 

Thus 7x2 -19a; -6= (7a: + 2) (a; -3). 

[Verify by mental multiplication.] 

132. In actual work it will not be necessary to put down all 
these steps at length. The student will soon find that the diflfer- 
ent cases may be rapidly reviewed, and the unsuitable combina- 
tions rejected at once. 

It is especially important to pay attention to the two follow- 
ing hints : 

1. If the third term of the binomial is positive, then the 
second terms of its factors have both the same sign, and this sign 
is the same as that of the middle term of the trinomial. 

2. If the third term of the trinomial is negative, then the 
second terms of its factors have opposite signs. 

Example 1, Besolve into factors 14x^ + 29x - 15 (1), 

i-rLC — ^aX — 16 \^)* 

In each case we may write down (7a; 3) (2a; 5) as a first trial, 
noticing that 3 and 5 must have opposite signs. 

And since 7 x 6 - 3 x 2 = 29, we have only now to insert the proper 
signs in each factor. 

In (1) the positive sign must predominate, 

in (2) the negative 

Therefore 14a;2 + 29a; - 16 = (7a; - 3) (2a; + 5). 

14x^ -. 29a; - 16 = (7a; + 3) (2a; - 6). 

Example 2. Besolve into factors Bx^ + 17a; + 6 (1), 

5a;2-17a; + 6 , (2). 

In {V\ we notice that the factors which give 6 are both positive. 
In (2) negative. 

And therefore for (1) we may write (5a; + ) (a;+ ). 

(2) {^x- )(x- ). 

And, since 5 x 3 + 1 x 2 = 17, we see that 

6a;2 + 17a; + 6 = (5a; + 2) (a; + 3). 
5x» - 17a; + 6=(6a; - 2) (a; - 3), 
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Note. In each expression the third term 6 also admits of factors 
6 and 1; bat this is one of the cases referred to aboye which the 
Btadent would reject at once as unsuitable. 

Example .3. 9x^ - 4Bxy + 64y^ = (3a; - 8y ) (3* - 8y ) 

= (3a;-8y)8. 

Example 4. 6-i-7x-6a;2=(3 + 6a;)(2-x), 



r.XAMPT,T!8 XVn. e. 



Resolve into factors : 

1, 2x^ + 3a;+l. 2. 

4. 3a^+ 10^+3. 5. 

7. 2a^+7a;+e. 8. 

10. 5^+lla;+2. 11. 

13. 4072+114? -3. 14. 

16. 2x^-a:-l. 17. 

19. 3a;8+13a?-30. 20. 

22. 3a^+1x+4, 23. 

25. ar» + 19^-14. 26. 

28. 4^+07-14. 29. 

31. 4a;2+23a7+15. 32. 

34. 12a!^-2Sa;7/+l0f. 

36. 15:r2-77^+10. 

38. 24^ + 2247-21. 

40. 24472 -294y-4y2. 

42. 3+ll47-4r». 43. 

45. 5+3247-21472. 46. 

48. 8+647-5472, 49. 



3472+547+2. 
2472+947+4. 

24?2+ll47 + 5. 

2472+347-2. 

34?2+1447-6. 

3472+7^-6. 

64?2 + 747-3. 

3472+2347+14. 
3472^1947-14. 
3472-1347+14. 

2472 — 54?y - 3^2^ 



3. 2472 + 54? + 2. 

6. 3472+847+4. 

9. 3472+II47+6. 

12. 3472+47-2. 

15. 2472+1547-8. 

18. 2472 + 47-28. 

21. 6472-747-3. 

24. 2472-47-15. 

27. 6472 -3147 +35. 

30. 3472 + 4147+26. 



33. 8472-3847+35. 
35. 15472+22447-15, 
37. 124?2-3l47-15. 
39. 72472-14547+72. 
41. 2^347-2472. 
6+547-6472. 44. 4-547-6472. 

7 + 1047 + 34?2. 47. 18-3347 + 54J2. 

20-94?-20.t72. 50. 24 +3747-72478, 



133. By multiplying a+ 6 by a - 6 we obtain the identity 

(a+5)(a-6)=a2-62, 

a result which may be verbally expressed as follows : 

The product of the sum and the difference of any two qtuintities 
u eqiud to the dijercTice of their squares. 

Conversely, the difference of the squares of any two quantities 
is equal to the prodv^ of the sum and the difference of the two 
quantities. 

Thus any expression which is the difference of two squ^ures 
may at once be resolved into factors. 

H. A. 8 
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Example, Besolye into factors 25a;' - 162^'. 

25a;2-16y2=(6x)2-{4y)«. 
Therefore the first factor is the sum of 5x and iy, 
and the second factor is the difference of 5x and 4y. 
.•. 26a;» - 16y»= (5a? + 4y) (5x - 4y). 

The intermediate steps may usually be omitted. 

ExampU. 1 - 49c«= (1 + 7c») (1 - 7c»). 

The diflference of the squares of two numerical quantities is 
sometimes conveniently found by the aid of the formula 

a2-62=(a+6)(a-6). 

ExampU. (329)* - (171)2= (329 + 171) (329 - 171) 

=500x158 
=79000. 

EXAMPLES XVn. f. 

Eesolve into factors : 

L a^-^. 2. a2_81. 3. y^-\00, . 4. c2-144. 

5. 9-a2. 6. 49-c2. 7. 121-^. 8. 400-a2. 

9. x^-^a\ 10. y^-2bxK 11. 36:^2-2562. 12. 9^:8-1. 

13. 36p2-49^2. 14. 45:2-1. 15. 49-100i&2_ 

16. 1-25^. 17. a2-452. 18. Qj^-yK 

19. ^^2_36. 20. a262-4c2c^2. 2I. ^-9. 

22. 9a* -121. 23. 25a;2-64. 24. 81a* -49^. 

26. a^-%h, 26. l-36a«. 27. 9^-a2. 

28. 81^-25a2. 29. d;*aa-49. 30. a2-64^. 

31. a262_9a;«. 32. ^-4. 33. l-a268. 

34. 4-a;8. 35. 9-4a2. 36. 9a* -256*. 

37. ^-1662. 38, ^-25y2. 39. I-IOO62, 

40. 25-64^1:2, 41^ 121a2- 81072. 42. jt?2^2„64a*. 

43, 64^-25i!«. 44. 49jF*-16y*. 45. 81f>*«8-2562. 

46. 16a?i«-9/. 47. 36^-49ai*. 48. 1-I00a66*c2. 

49. 25a;i0-16a8. 50. a^h^-ai^^ 

Find by resolving into factors the value of 
51. (575)2 -(425)2. 52. (121)2 -(120)2. 53^ (750)2 - (250)«. 
54. (339)2 -(319)2. 55^ (753)2 - (253)2. 55^ (101)2 - (99)2, 
57. (1723)2 -(277)2. 58. (1639)2- (739)2. 

59. (1811)2- (689)2, . 60. (2731)2 -(269)?. 

61. (8133)2 -(8131)2. 62. (10001)2-1. 
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134. When one or both of the squares is a compound quan- 
tity the same method is employed. 

Example 1, Besolye into factors (a +25)^- 16a;^ 

The sum of a + 2& and 4r is a+2&+4j;, 
and their difference is a + 25 - 4r. 

.-. {a+2b)^-lQa^=(a+2b+4x){a + 2h-4x). 

Example 2. Besolve into factors x* - (25 - 3c )^. 

The sum of x and 26 - 3c is a;+ 26 — 3c, 

and their difference is a; - (26 - 3c) = a? - 26 + 3c. 

.-. a:*-(26-3c)»=(a; + 26-3c)(a;-26 + 3c). 

If the factors contain like terms they should be collected so as 
to give the result in its simplest form. 

Example 3. (3a? + 7y)' - (2a; - 3y)» 

= {(3a; + 7y) + (2a; - 3y)} {(3a; + 7y) ^ {2x - 3y)} 
= (3a; + 7y + 2a;-3y)(3a; + 7y-2a; + 3y) 
= (6a; + 4y) (a; + 10y). 

EXAMPLES ZVn. g. 

Resolve into factors : 

1. (a+6)2-c2. 2. (a-6)2-c«. 3. (:i;+y)»-4?2. 

4. (a7+2y)2-a2. 6. (a-hSb)^-iea^. 6. (^+5a)a-9y2. 

7. (j?+5c)«-l. 8. (a-2A0«-62. 9. (2j?-3a)2-9o2. 

10. a«-(6-c)2. 11. ^-(y+2)8. 12. 4a^-(y-z)K 

13. 9^ -(2a -36)2. 14, l_(a_6)2. 

15. c8-(5a-36)2. 16. (a+b)^-{c+d)K 

17. (a-6)2-(^+y)«. 18. (7a:+y)2_i. 

19. (a+6)2-(m-n)«. 20. (a-?i)2-(6+m)2. 

21. (6-c)2-(a-^)2. 22. (4a4-^)*-(64-y)2. 

23. (a+26)2-(3a?+4y)2. 24. l-(7a-36)2. 

25. (a-6)2-(a?-y)2. 26. (a-ar)2-16y2. 

27. (2a-6:r)2-l. 28. (a+6-c)2-(ar-y+^)2. 

29. (3a+26)«-(c+a7-2y)». 

Resolve into factors and simplify : 

30. (j?+y)»-^. 31. ^-(y-^)2. 32. (ar+3y)«-4y'. 
33. (24j?+y)«-(23^-y)«. 34. (5ar+2y)2-(3r-y)«. : 
35. 9^-(3.r-5y)2. 36. (7^+3)3- (5a? -4)1 

8—2 
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37. (3a+l)2-(2a-l)2. 38. 16a8-(3a + l)«. 

39. (2a+6-c)2-(a-6+c)2. 40. {x-ly+zf-^ly-zf. 

41. (a:+y-8)2-(^~8)2. 42. (2a: + a-3)2-(3-2a7)«. 

135. By suitably grouping together the terms, compound 
expressions can often be expressed as the difference of two 
squares, and so be resolved into factors. 

Example 1. Resolve into factors a' - 2aa? + x* - 46*. 

a«-2aa; + x«-46'=(a'-2aj? + x*)-46» 

= (a-ar)9-(26)« 
= (a-ar + 26)(a-x-26). 

Exanvple 2. Eesolve into factors 9a' - c' + 4ca; - 4aj'. 

9a2 - c» + 4ca; - 4jr2 = 9a« - (c* - 4cx + 4x2) 

;=.(3a)2-(c-2x)a 
= (3a + c-2x)(3a-c + 2x). - 

Example 3. Resolve into factors 12xy + 25 - 4x* - 9y'. 

12xy + 25 - 4x« - 9y*=25 - (4x* - 12xy + 92/*) 

= (5)«-(2x-3y)* 
= (5 + 2a; - 3y) (5 - 2x + 3y). 

Example 4. Resolve into factors 26d - a* - c* + 6* + d* + 2ac. 

Here the terms 2&<2 and 2ac suggest the proper preliminary 
arrangement of the expression. Thus 

2id-a*-c* + 6* + d* + 2ac = 62+26<i+<P-a*+2ac-c* 

= 62 + 26d + d*-(a*-2ac + c*) 

= (& + d)*-(a-c)2 

= (6 + d+a-c) (6 + (2-a+c). 

EXAMPLES XVn. h. 

Resolve into factors : 

1. x^+^xy+y^-aK 2. a^-'^ah + l^-a^, 

3. ;F8-6aw?+9a2-1662. 4. 4a2+4ai+6«-9c2. 

5. ^4-a8+2<M?-y2. 6. 2cty-f a*+y*-:r*. 

7. .ip2_o2_2a6-62. 8. y2_c2+2ca?-^. 

9. l-^-2^-y2. 10. c«-^-yH2^. 

11. d:8+y2+2ay-4F^2. 12. a«-4a6+462-9a«c«. 

13. a!«+2ay+y*-a2-2a6-62. 14. a^-^ob+l^-i^-^id-d^. 
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15. a:^-4aa;+4a^-h^+2b^-y\ 

16. f+2by+h^-a^-6ax-9a:\ 

17. a^-2jc+l~a^-4ab-4b^ 

18. 9a^-6a-{-l-x^-8cb;-l6(P, 

19. ;r2-a2+y2_52_2xy_|-2a6. 

20. a^ + b^-2ab-c^-<P-2od, 

21. 4a:^-l2aa;-(^-J^- 2ck + 9a2, 

22. a2+66a?-962a^-10a6- 1 + 2562, 

23. a*-25a;«+8a2:p2_9 + 3o^ + 16^. 

24. ;zr*-^'-9-2a2A^+a*+6a:. 

136. If we divide d?-^}^\yj a'\'h the quotient is d?^ — a6+ 6^; 
and if we divide a^ — 6^ by a - 6 the quotient is a2+a6+5*. 

We have therefore the following identities : 

a^-i^}^^{(i'^h) (a2_a64-62). 

These results are very important, and enable us to resolve into 
factors any expression which can be written as the sum or the 
difference of two cubes. 

ExampU 1. Sx^-27y^ = {2x)^'-{By)^ 

= {2x - 3y) (4a;2 + 6xy + 9y^. 

Note. The middle term Qxy is the product of 2x and 3^. 

Example 2. 64a3 + l=(4a)3 + (l)8 

= (4a + l)(16aa-4a + l), 

"We may usually omit the intermediate step and write down 
the factors at once. 

Examples, 

(1) 343a« - 27ar3 = (7a^ - 3x) (49a* + 21a2a; + 9a:«). 

(2) 8a;9 + 729 = (2a;3+9)(4x«-18x8 + 81). 

EXAMPLES ZVn. k. 

Resolve into factors : 

1. ai^-f. 2. ai^+f. 3. ar^-l. 4. l+a^. 

5. 8j:3_y3, 6. ^+8y3. 7. 27^+1. 8. 1-85^. 

9. a^b^~(^. 10. 8a;3 + 27y». 11. 1-343^. 12. 64+y8. 

13. 125+a3. 14. 216-a^ 15. a^b^+512, 16. 100()y«-l. 
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17. a^»+64/. 18. 27-1000a;3. 19. a^b^+2l6c^. 

20. 343 -&rs. 21. a3+2763. 22. 27a^-64f. 

23. 125:f3_i, 24. 216p3~343. 25. a:y+2'. 

26. a^b^c^-l. 27. 343a;» +1000^3. 28. 729a3-64R 

29. 8a36H125^. 30. ^-216-23. 31^ afi-277/*. 

32. 64a;«+125y3. 33, 8^-2«. 34. 216aJ«-63. 

35. a' +34353. 36. a«+ 72963. 37. 8^-729/. 

38. ^3^-27:^3. 39. ^3-64/. 40. x^^-612, 

137. Before concluding this Chapter we shall draw attention 
to a few miscellaneous cases of resolution into factors. 

Example 1. Besolve into factors 16a* - 81&*. 
16a< - 816* = (4a2 + 962) (4^2 _ 952) 

= (4a» + 962) (2a + 36) (2a - 36). 

Example 2. Besolve into factors afi - y*. 
x* - y*= (a;3+ yS) (a;3 - y^) 

= (a; + y) (a:* - ary + y2) (a? - y) (a:2 + j?y + y»). 

Note. When an expression can be arranged either as the dif- 
ference of two squares, or as the difference of two cubes, each of the 
methods explained in Arts. 133, 136 will be applicable. It will, 
however, be found simplest to first use the rule for resolving into 
factors the difference of two squares. 

In all cases where an expression to be resolved contains a 
simple factor common to each of its terms, this should be first 
taken outside a bracket as explained in Art. 126. 

Example 3. Besolve into factors 28a;*y + 64a;3y - ^a^. 

28x*y + 64a;3y - mxh^ = ixhj (Ix^ + 16a; - 15) 

=4x2y(7a;-6)(x + 3). 

Example 4. Besolve into factors a^j^ - ^y^p^ - ^^ + ^2y\^, 
The expression =p^ (a;' - 8y3) _ 4g2 ( -j.3 _ g^sj 

= (a:3-8t/3)(p8_4g2) 

= (a? - 2y) (a;2 + 2xy + 4y2) [p + 2q) {p - 2q), 

Example 6. Besolve into factors 4a;2 - 2%^ + 2a; + 5y. 

4a;« - 25i/2 + 2a; + 6y = (2a; + 5y ) (2a; - 6y) + 2a; + 5y 

= (2x + 5y)(2x-6y-i-l). . 
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EXAMPLES ZVn. L 

Kesolve into two or more factors : 

4. 729/ -64^. 5. ^-4096. 

6. 2mn+2xy-{-m^-\-n^-a^-y\ 7. . 33^-1607-65. 

8. a*+6*-c*-c?*+2a262_2c2(i2. 9, m^x+mh/-n?x-nhf. 

10. {a+h+cf-{a-h-c)\ 11. 4+4a?4-2ay+.a72-a2-y2. 

12. ^-1007-119. 13. a2-52_c2+cP-2(afl?-6c). 

14. ^-a2+y2_2a?y. 15. a^ + x^-(]f^+z^)-^{yz-aa!).. 

16. 21a?2+82a7-39. 17. l-a^a^-l^^-{-^ahxy, 

18. cSc^3-c2-a2c3d>+a2. 19. a^afi-ay-l^af^+hY. 

20. ^-6^7-247. 21. a3a;2- 0^072 -ay +0^2. 

22. aoE^-hcx+acLc-bd, 23. a^x-b^x+a^-l^. 

24. ;i7*+ 4^72/22 +4^4^. 25. a363+5i2. 26. 2072+17^+35. 

27. 500o;2y_20y». 28. a^-Sa^^^s, 29. a2o73 - 16o;'yl 

30. l^+(^-a^-2bc. 31. 6o7*-15o7»- 90072. 

32. 14a2o73-35a3o72+14a*or. 33. ot^-I. 

34. l-(m2+7i2)+2m7i. 35. 75o7*-48o*. 36. 5a*6*-5a6. 

37. 8o7^+52ory+6Qy, 38. 3o?^2_|_26ao7y+35a2. 

39. 729a^6-a6^ 40. a^o^^ - 64a2/. 

41. a^-b^. 42. 240:5^2 _ 30^8 -36/, 

43. (a+6)*-l. 44. a*-(6+c)*. 

45. (c+cTZ-l. 46. l-(o7-y)3. 

47. 250(a-6)3+2. 48. ic+d)^+{c-df. 

49. 8(o7+y)3-(2o7-y)». 50. 072-4y2+^_2y. 

51. a2-62+a-6. 52. (a + 6)2 + a + 6. 

53. a3+65 + a+6. 54. a2-962+a+36. 

55. 4(o7-y)3-(:p-y). 56. a;*y - a/y - a;^^ + ay*. 



CHAPTER XVIII. 

Highest Common Factor. 

138. "We have already explained how to write down by 
inspection the highest common factor of two or more simple 
expressions. [See Arts. 89, 90.] An analogous method will enable 
us readily to find the highest common factor of compound ex- 
pressions which are given as the product of factors, or which 
can be easily resolved into factors. 

Example 1. Find the highest common factor of 

4cx^ and 2ca:^+ 4c%^ 

It will be easy to pick out the common factors if the expressions 
are arranged as follows : 

4ca^=4cx^f 

2cx^ + 4c^x^ = 2cx* {x + 2c) ; 

therefore the H. G. F. is 2cx\ 

Example 2. Find the highest common factor of 
3a2 + 9a6, a^-9ab^, a^ + ^^b + 9ab^. 

Besolving each expression into its factors, we have 

Za^ + 9ab = Sa{a + Sb), 
a8-9a62=a(a + 36)(a-36), 
a» + 6o26 + 9a62=a(a + 36) (a + 3% 
therefore the H. C. F. is a (a + 35). 

139. When there are two or more expressions containing 
different powers of the same compound factor, the student should 
be careful to notice that the highest common factor must contain 
the highest power of the compound factor which is common to 
all the given expressions. 

Example 1. The highest common factor of 

x{a-x)\ a(a-xyf and 2ax{a-x)^ is (a— a:)'. 
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Example 2. Find the highest common factor of 

ax^ + 2a^x+a\ 2ax^ - Aa*x - 6a\ S(ax+a^\ 

Besolving the expressions into factors, we have 

Of' + 2a^x + a*=a (x* + 2ax + a^) 

=a{x + a)^ (1), 

2ax* - 4a*a: - 6a' = 2a (x« - 2ar - 3a*) 

= 2a(a; + a)(a;-3a) (2), 

3(ax+a?)^=3a^(x+a)^ (3). 

Therefore from (1), (2), (3), by inspection, the highest common 
factor is a (a; + a). 

EXAMPLES XVm. a. 

Find the highest comtnon factor of 

1. a^+ab, a^-h^. 2. (^+y)^ ^^^-y'. 

3. 2^-2^, a^-xh/. 4. ^x^-^xy, 4^-9y«. 

5. a^-k-xh/, a^+f, 6. a^h-at^, cfib^-a^b^. 

7, a^ — a^x, a^ — aa^y a^-aa?, 8. a* — 4^, d^-\-2(xx, 

9. d^hx-^-ai^x, a^h-1^. 10. '2a'^y-^\ x^-^\ 

11, d^ — a^y a^ — axy a^x-ax^, 12. Ax^+2xy, \23fiy—^y^, 

13. 20^-4, 50072-2. 14. 66^+45y, Qcx+Qcy. 

15. a^ + Xy (07+1)2, ^4-1. 16, xy-y, x^y-xy, 

17. a^-^+y\ {x-y)\ 18. a^+a^x, x^-a^. 

19. x^+%f, x^+xy-^yK 20. a/^-21a?Xy {x-Za)\ 

21. 072 + 307 + 2, 072-4. 22. 072-07-20, 072-907 + 20. 

23. 072-1807+45, 072-9. 24. 2o72-7o7+3, 3o72-7o?-6. 

25. 12072 + 07-1, 15072 + 807+1. 26. 2072-07-1, 3072-07-2. 

27. c2o72 — cP, aca^ — bcx+ctdx — bd, 

28. a^-xy\ a^+xh/+xy+yK 

29. a^x-a%x-Qdbl^x^ a^bx^-^l^x^+Zt^x^, 

30. 2072 + 907 + 4, 2o?2+llo7 + 5, 2072-307-2. 

31. 3o7*+ 8073+4072, 3076+ Hot* + 60^, 3o7*-16o?3-12o72. 

140. It will often happen that expressions cannot be readily 
resolved into factors. To find the highest common factor in such 
cases, we adopt a method analogous to that used in Arithmetic 
for finding the greatest common measure of two or more 
numbers. 
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For convenience we here repeat the definition of Art. 88. 

Definition. The highest common factor of two or more 
algebraical expressions is the expression of highest dimensions 
which divides each of them without remainder. 

Note. The term greatest eommon measure is sometimea nsed 
instead of highest common factor; but, strictly speaking, the term 
greatest common mea>sure ought to be confined to arithmetical quanti- 
ties; for the highest common factor is not necessarily the greatest 
common measure in all cases, as will appear later. [Art. 145.] 

141. We begin by working out examples illustrative of the 
algebraical process of finding the highest common factor, post- 
poning for the present the complete proof of the rules we use. 
But we may conveniently enunciate two principles, which the 
student should bear in mind in reading the examples which 
follow. 

I. If an expression contain a certain factor, any mvltiple of 
the expression is divisible by that factor, 

II. . If two expressions have a common factor, it wUl^ divide 
their sum and their differeruse; and also the sum and tlie difference 
of any mtdtiples of them. 

Example. Find the highest common factor of 

4a^-3x*-2ix-9 and Sx^-2x^-53x-39. 



X 

2x 
3 



ix^-Sx^-24x-9 
4x3 - 5x^ - 21x 

2x^- 3a;-9 
2g»- 6g 

Sx~9 
&C-9 



8a;3~2a:«-63x-39 
ar3-6x2-48x-18 



4x«- 
4r«- 



6x-21 
6x-18 



x-B 



Therefore the H. C. F. is x - 3. 



Explanation. First arrange the given expressions according to 
descending or ascending powers of x. The expressions so arranged 
having their first terms of the same order, we take for divisor Ihat 
whose highest power has the smaller coefficient. Arrange the work 
in parallel columns as above. When the first remaiuder 4x* - 5a; - 21 
is made the divisor we put the quotient x to the left of the dividend. 
Again, when the second remainder 2x^ - 3a; — 9 is in turn made the 
divisor, the quotient 2 is placed to the right; and so on. As in 
Arithmetic, the last divisor a; -3 is the highest common factor 
required. 

142. This method is only useful to determine the compound 
factor of the highest common factor. Simple factors of the given 
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expressions must be first removed from them, and the highest 
common factor of these, if any, must be observed and multiplied 
into the compound factor given by the rule. 

Example. Find the highest common factor of 

24a;* - 2x» - 60a;« - 32a? and 18a;* - 6a?» - 39a?« - 18a?. 

We have 24a?* -^- 60a?« - 32a; = 2a; (12a;» - a;' - 30a; - 16), 
and 18a;* - 6a;8 - 39a;2 - 18a; = 3a; (6a;8 - 2x2 - 13a; - 6). 

Also 2a; and 3x have the common factor a?. Bemoving the simple 
factors 2a? and 3a?, and reserving their common factor a?, we continue 
as in Art. 141. 



2a? 


6a?3-2a?«-13a?-6 
6a?»-8a?*- 8a? 


12a?»- a?a-30a?-16 
12a?3-4a?«-26a?-12 

3a?2- 4a?- 4 
3a?«+ 2a? 


2 


2 


6a?2- 6a?-6 
fiajS- 8a? -8 

3x + 2 


X 




- 6a?- 4 

- 6a?- 4 


-2 



Therefore the H. C. F. is a? (3a? + 2). 

143. So far the process of Arithmetic has been found exactlv 
applicable to the algebraical expressions we have considered. 
But in many cases certain modifications of the arithmetical 
method will be foimd necessary. These will be more clearly 
imderstood if it is remembered that, at every stage of the work, 
the remainder must contain as a factor of itself the highest 
common factor we are seeking. [See Art. 141, 1 & II.] 

Example 1. Find the highest common factor of 

3a?»-13a?2+23a;-21 and 6a;8+a;2-44a; + 21. 



3a;3-13a;2 + 23a;-21 



6a?3+ a;2-44a; + 21 
6a?S-26a?» + 46a?-42 

27a;2-90a? + 63 



2 



Here on making 27a;2-90a;+63 a divisor, we find that it is not 
contained in 3a;'-13a;2+23a;— 21 with an integral quotient. But 
noticing that 27a?* - 90a; + 63 may be written in the form 9 {Sx^ - 10a? + 7), 
and also bearing in mind that every remainder in the course of the 
work contains the H. C.F., we conclude that the H. C. F. we are 
seeking is contained in 9 (3a^ - 10a? + 7). But the two original expres- 
sions have no simple factors, therefore their H. G. F. can have none. 
We may therefore reject the factor 9 and go on with divisor 
8a?* - 10a? + 7. Besuming the work, we have 
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-1 



8ar3-lSa;»+28a?-21 
8aJ-10x«4- 7a; 

- 3a;-s + 16a;-2l 

- 3x» + 10j- 7 

2/6a; - 14 



8a;2-10a; + 7 x 
8x*- 7a; 



- 3a;H-7 

- 3a; + 7 



-1 



3a;- 7 

Therefore the highest ooxmnon factor is 3a; - 7. 

The factor 2 has been removed on the same grounds as the factor 
.9 above. 

Example 2. Find the highest common factor of 

2aJ»+ ar'-x-2 (1), 

and 3a;»-2ar^ + a;-2 (2). 

As the expressions stand we cannot begin to divide one by the 
other without using a fractional quotient. The difficulty may be 
obviated by introducing a suitable factor, just as in the last case we 
found it useful to remove a factor when we could no longer proceed 
with the division in the ordinary way. The given expressions have 
no common simple factor, hence their H. G. F. cannot be affected if 
we multiply either of them by any simple factor. 

Multiply (2) by 2, and use (1) as a divisor: 



-2a; 



17a; 



14 



2a;8+ x^- a;- 2 
7 


6a;»- 4a;*+ 2x- 4 
6a;8+ 3a;a- 3a;- 6 


14a:^+ 7a:^- 7a; -14 
14x3-10a;«- 4a; 


- 7ar^+ 5a;+ 2 
17 


17a;''- 3a; -14 
17a;« - 17a; 

14a; - 14 
14a; - 14 


-119ar» + 85a; + 34 
-119x« + 21a; + 98 

64;64a;-64 

X- 1 



Therefore the H. C. F. is a; - 1. 

After the first division the factor 7 is introduced because the first 
remainder - 7a;* + 5a; + 2 will not divide 23;* + a;' - a; - 2. 

At the next stage the factor 17 is introduced for a similar reason, 
and finally the factor 64 is removed as explained in Example 1. 

144. From the last two examples it appears that we may 
multiply or divide either of the given expressions, or any of the 
remainaers which occur in the course of the work, by any factor 
which does not divide both of the given expressions. 

145. Let the two expressions in Example 2, Art. 143, be 
written in the form 

2^+^_^_2 = (:i?-l)(24;8+3a?+2), 

3a;3_2ar2+a7-2 = (ar-l)(3^+a? + 2). 
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Then their highest common factor is a? - 1, and therefore 2a^ + So? + 2 
and 3a^+x+2 have no algebraical common divisor. If, however, 
we put A' =6, then 

2^+^-a?-2=460, 

and 30^-2^+^-2 = 580; 

and the greatest common measm'e of 460 and 580 is 20; whereas 
5 is the numerical value of ^- 1, the algebraical highest common 
factor. Thus the numerical values of the algebraical highest 
common factor and of the arithmetical greatest common measure 
do not in this case agree. 

The, reason may be explained as follows: when :r=6, the 
expressions 2^?^ +3^7 + 2 and 3a^+a;-\-2 become equal to 92 and 
116 respectively, and have a common arithmetical factor 4; 
whereas the expressions have no algebraical common factor. 

It will thus often happen that the highest common factor of 
two expressions, and their numerical greatest common measure, 
when the letters have particular values, are not the same; foT 
this reason the term greatest common measure is inappropriate 
when applied to algebraical quantities. 

EXAMPLES XVm. b. 

Find the highest common factor of the following expressions : 

1. ^+2^2_13a?+10, ^+^-10^+8. 

2. ^-5a;2_ 99^+40, a^-6a!^-Sex-{-36. 

3. ar^+2a^-Sa;-ie, ^+3^-8;f-24. 

4. ^+4272_5^_20, a^+ea^-5a;-S0, 

5. ^-^-507-3, ^-4a72-lla:-6. 

6. ^+3^-807-24, ^+3^-3:f-9. 

7. a^-6a^a;+*7aa^-3a^, a^-3aa:^ + 2a^, 
S. a^-a^+a;+3y :F*+a73-3^-^+2. 

9. 2^-5^2+11^+7, 4ar»- 11^72 +25:1? + 7. 

10. 2a^+^a/^-1x-l4, 6^-10072-21^7+35. 

11. aF*-3a^-2a72-d7-l, 6a7*-3^-^-^-l. 

12. 247*-2a?3 + a72 + 3a7-6, 4^-2^73 + 3^7-9. 

13. 2x^-3aa^+2a^x-2a% Za!^+l2aa^+2a^a;+Sa^ 

14. 2^-9aa72+9a2a7-7a3, 4a73 - 200072 +20a2d?-16a». 

15. 2o73+7flW72+4a2a7-3a», 4ji* + 9aa!^-2a^x-a^ 

16. 6a3+13a2a7-9aa?2-10o;r8, 9a3+12a?a7-llaar2-10W7». 
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17. 24^+72^2-6^»-9apy*, Qx^^+lZa^y^-^xY-lba:^. 

18. 4a;*a«+10ar*a3-60a;'a*+54:c8a5, 24a;*aS+30a,%fi-126^a«. 

19. 4^+14r*+20a:S+7ar«, Sai^+28afi-Sx^-l2x*+b^. 

20. 72a^-12aa:«+72a«a:-420a3, 18jc8+42aa?8-282a2a?+270a?. 

*146. The statements of Art 141 may be proved as follows. 

I. If F divides A it will also divide mA, 

For suppose A^aF, then mA=maF. 
Thus i^ is a factor of mA. 

II. If F divides A and B, then it will divide mA ± nB. 

For suppose J[=ai^, J?=6jP, 
then mA ± nB=m>aF±nhF 

=F{7na±7kb\ 
■ Thus F divides mA ± nB, 

*147. "We may now enunciate and prove the rule for finding 
the highest common factor of any two compoimd algebraical 
expressions. 

We suppose that any simple factors are first removed. [See 
Example, Art. 142.] 

Let A and B be the two expressions after the simple factors 
have been removed. Let them be arranged in descending or 
ascending powers of some common letter; also let the highest 
power of that letter in ^ be not less than the highest power in A, 

Divide Bhj A; letjp be the quotient, and C the remainder. 
Suppose C to have a simjole factor m. Eemove this factor, and 
so ootain a new divisor D, Further, suppose that in order to 
make A divisible by /) it is necessary to multiply jil by a nmple 
factor n. Let q be the next quotient and JS the remainder. 
Finally, divide A by E; let r be the quotient, and suppose that 
there is no remainaer. Then F will be the H.C.F. required. 

The work will stand thus : 

A)B(p 
pA_ 

m)C 



D)nA{q 

E)D{r 
tE 
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First, to shew that j^ is a common factor of A and B, 

By examining the steps of the work, it is clear that E divides 
Df therefore also qD; therefore qD+E, therefore nA; therefore 
Ay since n is a simple factor. 

Again, JS divides i>, therefore mD^ that is, C, And since E 
divides A and C, it also divides pA + Cj that is, B, Hence £ 
divides both A and B. 

Secondly, to shew that E is the highest common factor. 

If not, let there be a factor X of higher dimensions than E, 

Then X divides A and B, therefore B — pA, that is, C; there- 
fore 1) (since m is a simple factor) ; therefore nA - qD, that is, E, 

Thus X divides E; which is impossible since, by hypothesis, 
X is of higher dimensions than E, 

Therefore E is the highest conmion factor. 

*148. The highest common factor of three expressions A, B, C 
may be obtained as follows. 

First determine E the highest conmion factor of A and B; 
next find G the highest common factor of E and C; then G will 
be the required highest common factor of A, B, C, 

For E contains evety factor which is common to A and B, 
and G is the highest common factor of E and C, Therefore G 
is the highest common factor of A, By C. 



CHAPTER XIX. 



Fractions, 



[On first reading the subject, the student may omit the general 
proofs of the rules given in this Chapter.] 

149. In Chapter xii. we discussed the simpler kinds of 
fractions, using the ordinary Arithmetical rules. We here propose 
to give proofs of those rules, and shew that they are applicable 
to Algebraical fractions. 

150. Definition. If a quantity x be divided into h equal 
parts, and a of these parts be taken, the result is called the 

frdctionrofj^ 

If X be the unit, the fraction ^ of ^ is called simply " the 

ct a 

fraction r " ; so that the fraction r represents a eqxial partSy b of 

which make up the unit. 



151. To prove that u = -t: > ^^here a, b, m are positive integers. 
By r we mean a equal parts, b of which mkke up the unit ... (1) ; 

^7^ ^ ^ (2). 

But b parts in (l)=^mb parts in (2) ; 

,'. 1 part =m 

/. a parts .... ==17^1 

., . . a ma 

that 18, T = — 1 . 

' o mb 

Conversely, ^ ~ A • 
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Hence we have the following rule : 

Rule I. The value of a fraction is not altered if we multiply 
or divide the numerator and denominator by the same quantity. 

An algebraical fraction may therefore be reduced to an equi- 
valent fraction by dividing numerator and denominator by any 
common factor; if this factor be the highest common factor, the 
resulting fraction is said to be in its lowest terms^ 



Example 1, Beduce to lowest terms 






24a'c%« 



ISa^x' - 12a'x^ 



2iah^x^ 
Qa^x^{Sa-2x) 

4tac* 
3a-2a;* 



6x^ — %xy 

Example 2. Beduce to lowest terms t 77^. 

^xy - 12t/2 

6a;^-&ry _ 2a;(aa?-4y) _ 2ar 
9ary - 12y3 " 3^ (3a; - 4y) " 3^ ' 

Note. The beginner should be careful not to begin cancelling 
until he has expressed both numerator and denominator in the most 
convenient form, by resolution into factors where necessary* 



EXAMPLES XIX. a. 

Reduce to lowest terms : 



1. 



4. 



7. 



10. -, 



13. 



15. 



3a^-6a5 
2a26 - 4ab^ ' 

100(a3_a25y 
J7(2a' — 3aa;) 

a^ — bx 



18. - 



a^—^ — b 
^-2j72_15' 



0078 +9aa; + 20a' 
H. A. 



2. 



5. 



8. 



11. 



16. 



19. 



ahx + hx^ 
OCX + cx^ ' 
4x^ - 9/ 
Ax^-\-Qxy* 
a^ — 1xy^ 



3. -i-; 



ax 



6. 



9. 



12. 



a'a;2 _ Q^ ' 
20 (^-/) 

(ay-3y2)a 

a^y^ - iif • 
5a36+10a262 



a^» + 4^ + 4 • **" 3a262 + 6a63 * 
3a*+9a36+6a262 
^** a*+a36-2a262 • 
j;2+^-2y2 2a72+17:F+21 

3.r2 + 2ar+14 



3a?2+41a7+26' 



20. 



3a;2+26a7+35' 
27o+a* 



ISa-ea-^+^aS" 
9 
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152. When the factors of the numerator and denominator 
cannot be determined by inspection, the fraction may be reduced 
to its lowest terms by dividing both numerator and denominator 
by the highest common factor, which inay be foimd by the rules 
given in Chap. xvin. 

^ , , 8x'-18j;* + 23x-21 

r.xav^U. Beduce to lowest terms ^^^3 _ ^^ _ 2^ + 21 ' 

First Method. The H.G.F. of nnmerator and denominator is 
305-7. 

Dividing numerator and denominator by 3a; -7, we obtain as 
respective quotients x^-2x + ^ and 5a;' - a; - 3. 

3x»-13^+23x- 21 _ (3a; - 7) (a;* - 2a;,+ 3) _ «^- 2:r + 3 
"* 16aH»-38a;2-2a; + 21~(3a;-7)(6x''-a;-3)~6a;2-a;-3* 

This is the simplest solution for the beginner ; but in this 
and similar cases we may often effect the reduction without 
actually going through the process of finding the highest common 
factor. 

Second Method. By Art. 141, the H.C.F. of numerator and 
denominator must be a factor of their sum 18^6^-510^+210;, that is, 
of 3a; (3o; - 7) (2fl! - 1). If there be a common divisor it must clearly 
be 3a;- 7; hence arranging numerator and denominator so as to shew 
3a; - 7 as a factor, 

the faction =:'!^I)-^<f-!)+8(f'-7) 

5a;3 (3a; - 7) - a; (3a; - 7) - 3 (3a; - 7) 

_ (3a;-7)(a;»-2x + 3) 

~ (3a; - 7) (6x5« - a; - 3) 

x3_2x + 3 



5x 



'-•-x-S* 



153. If either numerator or denominator can readily be re- 
solved into factors we may use the following method. 

x' + 3x' — 4x 
Example. Beduce to lowest terms -=-» — -^-s — -^ . 

7x*-18x3 + 6x + 6 

The numerator = x (x^ + 3x - 4) = x (x 4- 4) (x - 1). 

Of these factors the only one which can be a common divisor is 
X - 1. Hence, arranging the denominator, 

the fraction = --_^^+i)^^lI_-^_^ 
7a;2(x-l)-llx(x-l)-5(x-I) 

^ x(x+4)(x-l) _ x(x + 4) 

(x- 1) (7x»- llx-S) *" 7x«- llx- 5 • 
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1. 



EXAMPLES 

Reduce to lowest terms : 



!• b. 



3. 



6. 



7. 



9. 



11. 



13. 



15. 



a3+3a26 + 3a62+263'' 

a3+a2_l6a + 8 * 
4a3 + i2g26-a62-1563 
6a3+ 13a26 _ 4a62 ^ 15^ • 

:c2-2a7+l 
3a;3+7^~riO' 
4r3+ 300724.0^3 



16j^-72.r2a2+81g^ 
4a^*+12cM:+9a2 ' 

5: g3+2 : g2-15j;-6 
7^ -4^-210?+ 12* 

Za^ - 21cuv^ + 78^23? - 72a^ 
2x^ + 10cw?2 - 4a2a7 - 48a3 



2. 



6. 



8. 



10. 



12. 



14. T-: 



a'3-3:f+2 ' 
2^ + 5^y - 30^2 4. 27j^3 

4a;3 + 5d?y2_21/ ' 

JH^^^+^^3+2^ 

1+3^+2^+307*' 
3g3-3g26+a52_53 

4g2-5a6 + 62 ' 

43?3-10o72 + 4O7 + 2 

3o7*-2o7S-3o?+2 • 

60?3 + 0?2-5 j ;-2 

6a73 + 5o,'2-3o7-2* 
4o7*+lla;2+25 



16. 



4a7*-9oj2+30o;-25'' 
qo?3 - 5a2^ - 99ggo?+40a* 
or* - 60073 _ 86a2a;3 4. 35^3^; 



Multiplication and Division of Fractions. 

154. Rule II. To mvltiply a fraction hy an integer: multiply 
the numerator hy that integer; or, if the denominator he divisible 
by the integer^ divide the denominator hy it^ 

The nile may be proved as follows : 

(1) 7 represents a equal parts, h of which make up the imit ; 

-T- represents ac equal parts, h of which make up the unit ; 

and the number of parts taken in the second fraction is c times 
the number taken in the first; 



that is, 
(2) 



a _ctc 
h'''^~T' 

X c? = 5-^ , by the preceding case, 



hd 



hd 

a 

b' 



[Rule I, Art. 151.] 
9—2 
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155. Rule III. To divide a fraction by an integer: ditride 
the nwnerator, if it be divisible, by tne integer; or, if the numerator 
be not divisible, mvltiply the denominator by that ititeger. 

The rule may be proved as follows : 

ac 

(1) -T- represents ac equal parts, b of which make up the unit ; 

-r represents a equal parts, b of which make up the unit. 

The number of parts taken in the first fraction is c times the 
number taken in the second. Therefore the second fraction is 
the quotient of the first fraction divided by c; 

that IS, X A* 

(2) But if the numerator be not divisible by c, we have 

a _ac 

b~bS' 
a . _<w? . 
b be 

= r- , by the preceding case. 

a c 

156. To find the value ^/ i: ^ j • 

By definition, [Art. 150.] 
-rof-^ represents a equal parts, b of which make up ^ . 

Since b parts = -^ , 

c c 

one part=-^-^6= v-i. [RuleIII,Art. 155.] 

c (tc 

.'. a parts = r/ ^ <*= r^ > [Rulell, Art. 154.] 



•*• b''^d'~bd' 

ri* •! 1 c ^ a ca 

Sunilarly, :7of^ = :^. 



Therefore t of -5 = -, of r . 



d b db 
a . c c 
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157. RuLB IV. To multiply together two or morefractiorut: 
multiply the num^ators for a new numerator^ and the denominator 
for a new denominator. 

The definition of multiplication, in the strict sense of the 
word, supposes that a quantity is to be added to itself a certain 
number of times. But when the multiplier is a fraction this 
definition ceases to be intelligible ; the operation can therefore 
be only understood in some extended sense. To find a meaning 

for ^ X -^ , we may consider that to obtain -^ times t we must 

perform on r an operation similar to that we perform on the 

c c 

imit to obtain -% . In this case we take -i of 1 ; hence in the 

former we take -^ of r . 

a 

m. a c c »a 

Thus r X J = J of r 

d d b 

O/C 



^, [Art. 156.] 

Similarly, r ^ ^ >< >= ^i; ^^^ so for any number of fractions. 



ace ace 



158. Rule V. To divide one fraction by another: invert the 
divisor, and proceed a^ in multiplication. 

Since division is the inverse of multiplication, we may define 

a c 

the quotient a:, when t is divided by -i , to be such that 

c _a 
d b 

--,,,.,., rf , c d a d 

Multiplying by - , we have ^ ^ j^ ~ — -i^ ~ J 

_ad 
•'• ^~bi* 

TT a c a>d ad r*„L'.i.>»n 

Hence r-7-j=i— = tX-, [Art. 157.] 

b d be b c "^ •* 

which proves the rule. 
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■^^'^i'^^ 1. Simplify —^^^ X J2^ig . 

2a»+8a 4a'-6a _ a(2a + 3) 2a (2a -3) 
Ta» ^12a + 18~ 4a» ^ 6(2a+3) 

_2a-3 
"■'12a ' 

by cancelliiig those factors which are common to both numerator and 
denominator. 

T> J t% d' v^ 6x2-aaj-2a' x-a 2x + a 

ExampUi. Sunphfy ^_^. x g-^-^^^^^^^. 

rm. • 6a:*-aa:-2a* a; -a 3ax + 2a* 

The expression = , — x ^ « . ^ x -5-- 

ax -a* 9a;*-4a2 2a; + a 

_ ( 3a;-2a)(2a; + a) x-a a (3a; + 2a ) 

"" a(x-a) (3x + 2a)(3a;-2a) 2a;+a 

= 1, 

since all the factors cancel each other. 



EXAMPLES XIX. c. 

Simplify 

1 l^ay'-Y^ , 2^-1 a^b^ + Sa b , «6 + 3 

12^+24^ • ;p2+2^' 4a'«-r * 2a +1* 

a;8-4a8 2a 0^-121 , g+ll 

aa?+2a^ ^-2a* * a*— 4 * a+2 * 

16^-9ag ^-2 25ag-6« ^(3a + 2) 

^- a;2_4 ^4^_3a- ^- 9a^a;2-4^^ 6a+b ' 

„ ^+5^+6 a^-2af-S s^+3a:+2 ^+7j?+12 



9. 
10. 
11. 



^-4 2a^+9x+4' 

2^+2 a^ +15 ^ 2^+11^+5 
4^:8 _ 9 • 4a^»-l 



16. 
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2 ^-^-1 4;r2+^-14 h* ~ 276 46^-25 

•^^- 2^2+5^+2^ 16a?^-49 ' ^^' 262+66 ^ 262-116+15 * 

a^-ea^ + SQx ,. ^+2iay 
^^' a/^-49 ' 072-0?- 42' 

64;?2^2_;g4 ( 37-2)2 ^ ^_4 

■^^- ^2_4 ^ 8^^+22 • (^+2)2- 

j72-.^- 20 a^-x-2 , 07+1 
~^^'5~ ^ o?2+2o7-8 • o;2+5^- 
o ^^-l&r+80 o?2,e^_7 ^+5 
•^'* >-5o?-50 ^o^^-15o?+56^o?-l' 

^^- o;2_ 17^+72^ ^2_i • ^^_9^+8- 

19 4o?2+jy-i4 4o72 a? --2 ^ 2o?2+4r 

6o7y-14y o?2-4 4o7-7 * 3o;2_^_14 • 
on •^+07-2 o?2^5^^4 ^ /a 72.j,3^+2 ^+3\ 
^* or^-o?-20^ o;2_^ • Va72_2a?-15^ or2 ^ * 
4o;2_i6^+15 a^-ea;-*j 4x^-1 

' 20724.3^4.1 ^2o72-17o; + 21^4o;2_20o7+25* 

00 ^-8or 0^^+207+1 , o^^+2o:+4 

i^ — 40?-5 0?3— 072-207* 07 — 5 

23. -o- — i X , . ,0 ,» X ^y — ' 



24. 



a2+a6-ac (a+c)2-62 a6-62-6c* 
a2+2a6+62~c2 a2-2ac+c2-62 
a2-62-c2-26c ^62-26c+c2-a2' 



05 o;2-64 o;2+ 1207-64 ^ .«?^6^f+64 

^' 0:2+2407+128^ 073-64 * o:2+4o7+16 * 



CHAPTER XX. 

Lowest Common Multiple. 

159. In Chap, xi, we defined the lowest common multiple 
of two or more tdgebraical expressions to be the expression of 
lowest dimensions which is divisible by each of them without 
remainder. We there shewed how in the case of simple ex- 
pressions the lowest common multiple could be written down by 
inspection. 

The lowest common multiple of compound expressions which 
are given as the product of factors, or which can be easily 
resolved into factors, can be readily found by a similar method. 

Example 1. The lowest common multiple of 6a;* [a - x)\ 8a' (a - ar)' 
and 12ax (a - a?)' is 24a'a:* (a - x)^. 

For it consists of the product of 

(1) the numerical L. G. M. of the coefficients; 

(2) the lowest power of each factor which is divisible by every 
power of that factor occurring in the given expressions. 

Example 2. Find the lowest common multiple of 
3a2 + 9a6, 2a^-lSab\ a»+6a«6 + 9a6«. 

3a* + 9a6=3a(a + 36), 
2a» - 18a6« = 2a{a + 36) (a - 36), 
a» + 6a26 + 9a62=a (a + 36) (a + 36) 
= a (a + 36)2. 
Therefore the L. C. M. is 6a (a + 36)2 (^ _ 3^,) 

EXAMPLES XX. a. 

Find the lowest common multiple of 

1. ^, a^+x, 2. a^, x^-3x. 3. 3a^, 4^+ar. 

4. 2lx^,7a!^{.v+l). 5. a^-l, a^+x, 6. a^+ab, ab + b^ 
7. 4r^-y, 2x^ + x. 8. &f*-2jf, 9jf^-3^. 
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9. ^ + 207, ^+3^+2. 10. ^-3^+2, a^~\, 

11. j^+4r + 4, ipa+s^+e. 12. ^2_5<p4.4^ ^_6^+8. 

13. a?2-:F-6, ^+^-2, a;8_4^4.3. 

14. irS!+^_20, ^-10^ + 24, ^2-ar--30. 
16. 0,-2+^-42, ^-11^+30, ^+2:^7-35. 

16. 2a?2+3^+l, 2a?2+5^+2, ^24.3^+2. 

17. 3a;2+ii-p_|.6, 3^+8^+4, a^-\-bX'\-Q. 

18. 6078+1107 + 2, 6072+160? + 3, 072 + 507+6. 

19. 2o72+3o7-2, 2o72 + 1507-8, o;2+10o7+16. 

20. 3^2_^„i4^ 3o72-13o7+14, 072-4. 

21. 12o72+3o7-42, 12073 + 30o;2 + 12a;, 32072 - 40o7 - 28. 

22. 3o7*+ 26073 +35072, 6or2+ 3807-28, 27o73+27o?2-30o7. 

23. 60o7* + 5o;3-5o72, 60o7^ + 32o7y+4y, 400?^^ - 2o7^ - 20?^^. 

24. 8o?2-38o7y+35y2, 4o?2-o7y-5y2, 2072 - 6o7y - 7y2. 

25. 12072 -23o3<+l%2^ 4o72-9o7y+5y2, 3o72-5o7y+2y2. 

26. 60078 +7a2o72-3a3^, 3a2o72+14a3o7-5a*, 6o72 + 39ao7+15o2. 

27. 4007^^2 + 1 \axy2 _ ^^2^ g^^a _ 7^2y3 _ g <p^, 240072 - 22oo7 + 4a. 

160. When the given expressions are such that their factors 
cannot be determined by inspection, they must be resolved by 
iinding the highest common factor. 

Example. Find the lowest common multiple of 

2x* + x8 - 20x2 - 7a: + 24 and 207* + 3x5 - 13x« - 7o; + 15. 

The highest common factor is x* + 2x - 3. 

By division, we obtain 

2x* + x»-20x2-7x + 24 = (x2+2x-3)(2x2-3x-8). 
2x* + 8x»-13x2-7x + 16 = (x2 + 2x-3)(2x2-.x-6). 

Therefore the L. C. M. is (x^ + 2x - 8) (2x2 - 3x - 8) (2x2 - x - 5). 

*161. We may now give the proof of the rule for finding 
the lowest conmaon multiple of two compoimd algebraical ex- 
pressions. 

Let A and B be the two expressions, and F their highest 
common factor. Also suppose that a and b are the respective 
quotients when A and B are divided by F; then A=aF, B=bF. 
Therefore, since a and b have no common factor, the lowest 
common multiple of A and B is abF, by inspection. 
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*162. There is an important relation between the highest 
common factor and the lowest common multiple of two ex- 
pressions which it is desirable to notice. 

Let i^be the highest common factor, and X the lowest common 
multiple of A and A Then, as in the preceding Article, 

A^aF, B=hF, 
and X=ahF» 

Therefore the product AB^aF ,hF 

^F.abF 

=^FX (1). 

Hence the product of two expresswns is equal to the product of 
their highest common factor and lowest comnwn multiple^ 

Again, from (1) X=-y = yy.B = -py^A', 

hence the lowest comrrum multiple of two expressions may he 
found hy dividing their product by their highest common factor; 
or hy dvMina either of them hy their highest common factor ^ and 
m.ultiplying ike quotient hy the other. 

*163. The lowest common multiple of three expressions 
A^ByC m&y be obtained as follows. 

First, find X the L. C. M. of A and B. Next find F the 
L.C.M. of X and C; then Y will be the required L.C.M. of 
A, B, C. 

For T\a the expression of lowest dimensions which is divisible 
by X and (7, and X is the expression of lowest dimensions divisible 
by A and B. Therefore Y is the expression of lowest dimensions 
divisible by all three. 

EXAMPLES XZ. b. 

1. Find the highest common factor and the lowest common 
multiple of ^ — 5^+6, a^-A, a^-Zx-2, 

2. Find the lowest common multiple of 

ah{x^+\)+x{a^+h'^) and db{a^-\)-\-x{a^-l^). 

3. Find the lowest common multiple oi xy-hx, xy — ay, 
y^-3hy + 2b^y xy-2hx-ay'\'2ah, xy-hx-ay + ah. 
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4. Find the highest common factor and the lowest common 
multiple of 078 + 2a;8-3ar, 2^+5^-aa?. 

5. Find the lowest common multiple of 

1-^, (1-^)2, (l+x)3. 

6. Find the lowest common multiple of 

a^-l0a;+24y a?8-8a7+12, a^-ex + S. 

7. Find the highest common factor and the lowest common 
multiple of 6^+a?2-5^-2, 6x^+6x^-3a;-2, 

8. Find the lowest common multiple of 

{hc^-ahcf, b^{a^-a% aV+2ac3+c*. 

9. Find the lowest common multiple of 

Also find the highest common factor of the first three expressions. 

10. Find the highest common factor of 

&F2-13a?+6, 2a^+6a;-l2, 6^-a?-12. 

Also shew that the lowest common multiple is the product of 
the three quantities divided by the square of the highest common 
factor. 

11» Find the lowest common multiple of 

12. Find the highest common factor and the lowest common 
multiple of 3ar^-7a^+6an/^-i/^, a^+^^-Za^-f, 

13. Find the highest common factor of 

4r«-10a72 + 4^+2, 3;r*-2a:3_3^,^2. 

14. Find the lowest common multiple of 

15. Find the highest common factor and the lowest common 
multiple of {2a^-Za?)y+{2a^-Zy^)x, (2a2+3y2)^+(2ar2+3a2)y. 

16. Find the highest common factor and the lowest common 
multiple of ^ - 9j72 + 2&F - 24, ;i;3 _ 12^2 + 47^ _ go. 

17. Find the highest common factor of 

^'-15aa^«+48a2^+64a», a^-lOax^-lQa^ 

18. Find the lowest common multiple of 

21x {xy -f)% 35 {x*y^ - xY), 15y (x^ + xy)K 
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Addition and Subtraction op Fractions. 

164 Having explained the rules for finding the lowest 
common multiple of any given expressions, we now proceed to 
shew how the addition and subtraction of fractions may be 
effected. 

1 65. To 'prove t + ;> = — ^ — • 

We have t = r^j , and ^ = r^ [Rule I, Art. 151.] 

Thus in each case we divide the unit into hd equal parts, and 
we take first ad of these parts, and then he of them ; that is, we 
take ad+bc of the bd parts of the unit ; and this is expressed 

ad+bc 



bv the fraction 



hd 



a c ^ad-\-hc 

•'• h^d~"~hd~' 

^. ., , a c ad— he 

Similarly, g__ = _^. 

166. Here the fractions have been both expressed with a 

common denominator hd. But if h and d have a common factor, 

the product hd is not the lowest common denominator, and the 

odi^' he 
fraction — ^-^ — will not be in its lowest terms. To avoid work- 
hd 

ing with fractions which are not in their lowest terms, some 

modification of the above will be necessary. In practice it will 

be found advisable to take the lowest common denominator, which 

is the lowest common multiple of the denominators of the given 

fractions. 



ADDITION AND SUBTRACTION OF FRACTIONS. 141 

Rule I. To reduce fractions to their lowest common deno- 
minator : find the L,C.M, of the given denominators, and take it 
for the common denomimUoh; divide it hy the demmlinator of the 
first fraction, and multiply the numerator of this fraction hy the 
quotient so obtained; ana do the sarne mth all the other given 
fractions. 

Example, Express with lowest common denominator 

5x , 4a 

and 



2a{x-a) ^x{x^-ay 

The lowest common denominator is ^ctx (x - a) (x + a). 

We must therefore multiply the numerators by 3ar {x + a) and 2 
respectively. 

Hence the equivalent fractions are 

^ ' and 



6ax {x - a) (x + a) Qax(x-a){x + a)' 

167. We may now enunciate the rule for the addition or 
subtraction of fractions. 

BuLE II. To add or subtract fractions : reduce them to the^ 
lowest comm^on denominator; add or subtract the numerators^ and 
retain the common denominator. 

Example 1, Find the value of — - — ■{ ^ — . 

6a 9a 

The lowest common denominator is 9a, 

Therefore the expression = — — 

9a 

_ 6a? + 3a + 6a; - 4a _ lla? - a 

~ 9a ~ 9a ' 

ExampU 2. Find the value of ^:i?? + ^ILl^ + ^^'-^-^ . 

xy ay ax 

The lowest common denominator is axy. 

Thus the expresaion=^<^-^y>+^<^y-°)-i^<^^-^^ 

axy 

_ ax - 2ay + 3a;y -ax — Sxy + 2ay 

~~ axy 

=0, 

since the terms in the numerator destroy each other. 

Note. To ensure accuracy the beginner is recommended to use 
brackets as in the first line of work above. 
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EXAMPLES XZI. a. 

Find the value of 

„ 507-1 ar-2 a?-5 . 2^-3 a?+2 . 5^+8 

^' 8 7^4* *• . 9 6 ^ 12 

ar-7 07-9 ^+3 ^ 2x + 5 ^+3 27 

^* T5 '*""25~ 45 • • ®* ~:^ 2a; 8^' 

a — bb — cc — a ^ a— 2b a — 6b a+*7b 

ab be ca ' ' 2a 4a Sa 

Q 6 + c c-\-a a — b ^ a-x a+x c^ — aP' 

^- 2^'*"1F """3r- ^^' "IT'^'i 2^' 

x + 2 x-h x+2 2a^-b^ b^-c^ c^-a^ 

^^' \lx Mx "*" 5107 * ^^ a^ 62 c2 • 

13 ^-3 ^ 072-9 8-078 ^^ 2 3y2-072 ^ o?y+y» 

5o7 IO072 150!^ ' * xy xy^ xh/^ 

,_ 2.t:-3y . 3o7~22 5 ,^ a^-bc ac-l^ ctb-<^ 

lO, ^ -i 1- - . Id, — r ■ T — • 

xy xz X he OG ab 

Example &. Simplify ?^-?^:i^. 

x~2a x — a 

The lowest common denominator is (07 - 2a) {x - a). 

Hence, multiplying the numerators by 0; - a and a; - 2a respectively, 
we have 

., . (207 - 3a) (x - a) - (207 - a) lx-2a) 

the expression = ^ ^ rf-^r r-^ 

{x - 2a) (x - a) 

2x'-'5ax + Sa^-{2a^-5ax+2a^) 

~ (07 - 2a) [x - a) 

2x^-Sax+Sa^-2x^ + 5aX''2a^ 



{x - 2a) (0? - a) 



a2 



(x - 2a) (07 - a) " 

Note. In finding the value of such an expression as 

- (2o? - a) (x - 2a), 

the beginner should first express the product in brackets, and then 
remove the brackets, as we have done. After a little practice he will 
be able to take both steps together. 

The work will sometimes be shortened by first reducing the 
fractions to their lowest terms. 
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^...,.4. Simplify ^±^'-,^. 

The expre8sion= ^.^^^ - -j^ 

' _ g^ + 6xy - 4 y3 - y (g - 4y ) 
a;» - 16ya 
_ x* + 6a;y - 4y^ - ajy + 4^^ 

_ a;* + 4xy __ x 
~" ar* — 16y^ *" a; - 41/ ' 



EXAMPLES 2:XI. h. 

Find the value of 

1 J_ + JL 2 '-^ L. 3 _i L. 

^+2 a?+3' 07+3 a:+4* ""• a;-5 ^-4' 

.31 _a6 ^a6 

4. 7f ~7i • p. — ; TT • 0» H 



.r-6 ^ + 2* ' ;27+a 07+6* * x — a x — b' 

7 ^•+^ ^+1 Q a+07 a-j? 07+2 07-2 

47+4 07+2 a-07 a+07 07 — 2 07+2 

10 ^n^-fLi? 11 -55-: ?5!_ 12 -JL.JfL 

07 — 2 07 — 5 07-a ar — a^ 07-3 07^-9 

- « __1 x-\-y - ^ 37+a _ a^-V^a^ 

2o7-3y 407^-9/ ' 07-2a 072^4^2 • 

,^ 4a2+62 2a-6 ,^ 207^ 2o7 

15, -T-T> v., - ?; -i ' 16. 



4a^-62 2a-\-b' a^-y^ 07+y ' 

17. V^„-,_^„. 18. ^ ^ 



1-072 1+07*' • 3i!(x-y) y{x+y)' 

19 ^ I ^ 20 y I ^ 

^' 25o;2-y2^5o7+y' '^"' ^(oJ^-yS) ^y (;^-a+2/2) * 

^- a^-Aa^ x+4a ^ 072+o y+y2 a?2-;ry+y2 

o?2 — 2ao? 07+2a ^+y *'-y 

23 1 (a+2o7)2 24 «3+6« a^-^s 



a-2o? as-ars ' ^^ a^^ab + b^ a^+db+i^' 
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168, Some modification of the foregoing general methods 
may sometimes be used with advantage. The most useful 
artifices are explained in the examples which follow, but no 
general rules can be given which will apply to all cases. 

Example 1. Smiphfy — j ^ - « ia • 

Taking the first two fractions together, we have 

the expression = —. -rr, ^r^ - - o ig 

^ (a - 4) (a - 3) a*- 16 

7 8 



(a -4) (a -3) (a + 4)(a-4) 

^ 7(a+4)-8(a-3) 
~(a + 4)(a-4)(a-3) 

_ 52 -g 

"■(a + 4)(a-4)(o-3)' 

ExampU2. Si^Pli^y g^^j^n + 3x^ -hL + 1 ' 

The expression = (,^_i)(,^i) + (3x + lM:r-H) 

3a; + l + 2a:-l 



(2a;-l)(a: + l)(3a; + l) 
5x 



Example 3. Simplify 



(2x-l)(a; + l)(3a; + l)' 

1 1 2a; 4^8 



a-x a + x a^+x^ a'*-i,ar** 



Here it should be evident that the first two denominators give 
L. CM. a^-x^t which readily combines with a^+a^ to give L. C. M. 
a*-x*, which again combines with a*+x* to give L. G. M. a^-jfi. 
Hence it will be convenient to proceed as follows : 

_, . a + x— (a — x) 

The expression = ^ — ^ — - - - 



a'-x' 
2x 2x 



a^-x^ d^ + x^ 
4x» 4a^ 

a*-x* a^ + x^ 
8x7 

a^-x*' 



• • • • • 



I 

i 
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EXAMPLES ZXI* c« 

Find the value of 

1 1 2a? ^ I I 3r 

* ;p+y ^-y a^—y^* * 2a?+y 2a?— y 4a;2— y** 
5 3a? 4-13a? 



3. 



l + 2a? l-2a? l-4r* ' 



- 2a , 36 862 

4» o^ . OI. + 



5. 
7. 
8. 
9. 

11. 
12. 



2a+36^2a-36 Aa^-^l^^ 

10 2 1 g 5ar I I 

9-aa 3+a"*3-a* 6(a;8-l) 2(a?-l)"**3(a?+l>* 

1 1 h_ 

2(a-6) 2(a+6) a«-6^' 

2a 5 4 (3a + 2) 

2a-3 6a+9 3(4a2-9)* 

3 2 5a? -^ a? y , a^y+xy^ 

;i?-2'^3a?+6"*"a?8-4* "' a?»+y» a:»-y» a;«-y« * 



a?2-9a?+20^a;a-lla? + 30' 

1 1 

a;a-7a?+12 a^-5a? + 6* 



13, s-T^ T" o..^ o > 14. 



16. 
16. 



2a?a-a?-l 2ar*+ar-3' 2a:»-a?-l 6a,'*-a?-2' 

4 3 

4-7a-2a2 3-a-lOa** 

5 2 



5+a?-18a;« 2 + 5a?+2ar«* 

17 1 1 , ^ 

^'' ^+1 (a?+l)(a? + 2)^(a?+l)(a?+2)(a?+3)' 

5a? 15 (a? - 1) 9 (a?+3) 

^^* 2(a?+l)(a?-3) 16(a?-3) (a?-2) "" 16 (a?-t 1) (a?-2) * 

a+36 a4-26 a+h 

^^* 4(a+6)(a+26) "^ (a+6) (a+36) 4(a+26)(a+36)' 

2 2 1 

^' «a-3a?+2"*"a;a-a?-2"a;=»-l* 

ar 15 12 

^ ^+5a?+6"*"a?»+9a?+14 ^+10a?+2l* 



146 ALGEBRA. 

„ 3 . 4 . . 4.r + 2 

22. -o— T + ^i— r-,- + 



23. 



26. 



30. 



35. 
36. 



;r2-1^2^+1^2a;«+3^+l ' 

_5 (2 ^-3) *7x 12(ar+l) 

11(6078 + 0;- l)'^6a?«+7:F-3" Il(4r2+8o7+3)' 



^^ o?-3 ar-2 , 1 „- 07-3 07+4 

24. z-ni-ZT^ + r— T- 2p. 



07 + 2 07 + 3^07-1* ^' 07-4 07 + 3 072-16' 

l + 2a l-2a_ 8a 
r^2a ~ r+2a ~ (1 -2a)» ' 



• 24o7 _ 3+2o7 3-2 o7 
-^^ 9-12o7+4o73~3^2o7'^3 + 2S' . 

«o 1 1 207 nn 1 ■ 1 4^ 

28. X =- X— -o . 29. 



3-07 3+07 9+072* «•" 2a+3 2a-3 4a2+» 

4 (1 +07) ^ 4 (1 -07) ^ 2 (1 +072) • 



-.- 3 .1 a — x 

31. ;r-;^ r + 



8 (a -07) " 8 (a+A') 4 (a2+072) I 
32. 2^^ 1 1 _ 33_ 5 5 i. 



4+072 2-07 2+07* . 3-ar 3 + 6o7 2+8o?* * 

31 .-^ -„,-:?.-„+ ^ ■ 



2a-8o7 3a2 + 48o^^2a+8o7' 

11. a 

6a2 + 54"*"3a-9 3a2-27 " . 

1 1 07 07 



8-807 8 + 8o7^4 + 4o72 2 + 2o7** 



OT 1 1 1 18 



6a- 18 6a + 18 a2+9;a*+81' 

169. We have not yet attempted to explain in what sense a 
fraction may be regarded when its nimierator and denominfttor 
are not both positive. The definition of a fraction, Art. 150, is 
no longer applicable ; but it is not difficult to give an inter^ 
pretation which is intelligible, and in accordance with the 
principles already laid down. 

Since ^ x 6=a, the fraction v is the quantity which must be 

multiplied by h in order to obtain a \ so that the fraction ^ 

may he regarded as the quotient resulting from, the division of a 
hy\ 
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We may here remind the student that in division, when divisor 
and dividend are not both positive, we perform the division just 
as if they were positive, and afterwards prefix to the quotient 
the appropriate sign given by the rule of signs, 

170. To find a meaning for the symbol — t , we define it as 

the quotient resulting from the division of —a by - 6 ; and this 
is obtained by dividing a by b, and, by the rule of signs, pre- 
fixing +. 

Therefore ^J= + ?=? (i). 

Again, -^ is the quotient resulting from the division of — a 

by h ; and this is obtained by dividing a by 6, and, by the rule of 
signs, prefixing - . 

Therefore 'T^'l ^^^' 

Likewise — ^ is the quotient resulting from the division of 

a by - 6 ; and this is obtained by dividing a by 6, and, by the 
rule of signs, prefixing - 

Therefore A=-r (3). 

These results may be enunciated as follows : 

(1) // the signs of both numerator and denominator of a 
fraction he changed, the sign of the whole fraction will he un- 
changed, 

(2) If the sign of the numerator alone he changed, t/ie sign of 
the whole fraction wUl he changed. 

(3) If the sign of the denominator alone he changed, the sign 
of the whole fraction will he changed. 

The principles here involved are so useful in certain cases of 
reduction of n'actions that we quote them in another form, 
which will sometimes be found more easy of application. 

■ 1. . We may change the sign of, every term in the numerator 
and denomin/xtor of a fraction without altering its value, 

2. We may change the sign of a fraction hy simjply changing 
the sign of every term either in the numerator or denominator. 

10—2 
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Example 1, 



Example 2. 



Example 8. 



h-a - h + a a- h 



y-x 

89; 



-y+x «-y 
— aj + ar 9? — x 



2y 

So; 



2y 

3x 



4-*^" -4+«a «''-4' 
The intennediate step may uBoally be omitted. 



Example 4. Simplify 



a 



2x a (So; - a) 

+ + ^ 



x+a ' x-a ' a*-«* 

Here it is eyident that the lowest common denominator of the fir^t 
two jEractions is o^ - a^, therefore it will be oonvenient to alter the sign 
of the denominator in the third fraction, 

2x a [Sx " a) > 



Thns the expression = 



a 



x+a x-a 3^-a* 
_a (x-a) + 2x{x+a)-'a(9x-'a) 



x*-a^ 



oa; - a^ + 2a:" + 2fluc - Sax + a* 



a^-a^ 



Example 5, Simplify 
The expression = 



2g» 
5 



8a?-l 

+ :: y + 



3a;-3^1-x«^2aj+2' 
6 8a5-l 1 



"Zix-l) aj2-l"^2(aj+l) 
_ 10(g+l)--6(3a;-l) + 8(g-l) 
6(xa-l) 
10x + 10-18x+6 + 8«-8 



18~6a? 



6(a:«-l) 



L 



Simplify 

^i L.+JL 



EXAMPLES ZXI. d. 



5a 



1+a 1-flf a'-l* 



3. 



d?-2g 2(g^-4ga?) 3g 



i 



6. 



10. 
12. 
14. 
15. 



18. 
19. 



24. 
25. 
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J+a"^ a^-^ "^ x-a ^* 2^7+1 ■**ar-l "^ 1^4^' 

Zx _ _2 2_ 

1 —a^ X— 1 ^+1* 



- 2 - 5:c 3 + 37 2ar(2a? - 11) 

'* ;^+3' S-o?"^ ^-9 ' 

„ 3-2a? 207+3 .12 ' 6 3 . 11 

8. g>„ . .% — a. — TT, + "T"; — t;. • "• ^t . ^ — ti — i + 



2a7+3 3-2a?^4a7«-9* * 26 + 2 46-4^6-66»' 

_1_ _Jl 1_ - y' , ^^ 

6a+6^6-6a 3a»-3* ' a73-y3^y«-a;«' 

^-•y' ^-y' TO ^+y' . X y 

xy xy-x^ a^-y^ x+y y-x 

.r'+2a?+4 a:'-2a? + 4 

x+2 2-07 * 

1 . 3a .1 



2a+66 ^ 2562 - 4a^ ^ 2a - 66 ' 



1A 26 -g 3o7 (a-6) 6 - 2a 
^^* x-b b'-x^ "^ 6+07 • 
-_ cux^ + b 2(bx + aa^ ax^ — b 
^*' 2o7- 1 "^ l-4a;« 2^+l' 
a + c 6 + c 



(a - 6) (o7 - a) (6 — a) (o? - 6) * 
a—c 6-c 



(a - 6) (o7 - a) (6 - a) (6 - o?) ' 
2Q 2a+y a+b+y x+y-a 

{x-a)(a-b) (x-b){b-a) {x-a){x-by 

21. .. J,..... -H ' ' 



(a»-6>) («»+6») (6»-a»)(a;»+a») (*^+a«)(«»+6») 
22. -i- + -^,+ ^ ^ 



07 + a a^~a^ a—x a^-\-a^* 
23. 4---^ + -^+ ^ 



07+a o?+3a a-o; a7-3a* 

1 1.1 a* 



4a3(a+07) 4a^{x-ay2a\a^+a^) a^-afi' 
X y__ jfi+y^ xy 

x»-y^''j^+y'^y^-af^{x+y){xi+yy 
Oft 6 a a*+6* a* 

^* a(a«-6«)'^6(a« + 62)'*"a6(6*-a*)""6«-a8* 
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*171. Consider the expression 
1 .1 



{a-b){a-c) ' (b-c)(b-a)^ {c-a){c-b)* 

Here in finding the L.C.M. of the denominators it must be 
observed that there are not six different compound factors to be 
considered ; for three of them»differ from the other three only in 
sign. 

Thus (a-c)= -(o-a), 

(6 - a) = - (a - 6), 
(c-6) (b-c). 

Hence, replacing the second factor in each denominator by its 
equivalent; we may write the expression in the form 

_ _ J. 1 I (1) 

{a-b){c-a) (fi-'C){a-b) (c-a){b-c) ^ ^' ■ 

Now the L.C.M. is (b-c)(c- a) (a — b); 

and the expreasioa^ " y,)"(f_"„"j;i ^i" ^^ 

—b+c^c+a—a+b 
"" (6 — c)(c — a)(a— 6) 
= 0. 

♦IVS. There is a peculiarity in the arrangement of this ex- 
ample which it is desirable to notice. In the expression (1) the 
letters occur in what is known as Cyclic Order; that is, b 
follows a, a follows c. Thus if a, b, c are arranged round the 
circumference of a circle, as in the annexed 
diagram, if we start from any letter and move 
round in the direction of the arrows, the other 
letters follow in cyclic order, namely ahc, bcoy 
cab. 

The observance of this principle is espe- 
cially important in a large class of examples 
in which the differences of three letters are 
involved. Thus we are observing cyclic order 
when we write b-c,c — a,a—'b; whereas we are violating cvcllc 
order by the use of arrangements such as 6 - c, a-c, a-b, or 
a-c, b-a, b^c. It will always be found that the work is ren- 
dered shorter and easier by following cyclic order from the be- 
ginning, and adhering to it throughout the question. 

In the present chapter we shall confine our attention to a 
few of the simpler cases, resuming the subject in Chapter xxiz. 
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♦EXAMPLES ZZI. e. 



Find the value of 

\(i — o)\a — c) \p — c}\p^a} \c — a^ 

c , a 



2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 



a b e 

j 1 

a-6)(a-c) (6-c)(6-a) (c-a)(c— 6)' 



+■7 



a-b)(a-c) (b-c)(b-a) (c-a)(c-'b)* 



a?-y)(A'-2) {y-z){y-ai) {z-x){z-yy 

y + z z + x x+y 

P^-y){^-^) {y-z)(y-a:) \z-x){z-yy 
b-c c — a a — b 



a — 6)(a-c) (6-c)(6 — a) {c-a)(c-b)' 
a^yz y^zx z^xy 



^-y)i^-z) (y-z)(y-x) {z-x){z-yy 
\+a 1+5 1+c 



a — b){a-c) (6-c)(6-a) (c— a)(c-5)* 
p — a q — a r-a 

'T' 7~ _\~/ _ " \ "T* 



p-q){p-r) (s-r){q-p) (r-p){r-q)' 

p+q—r q + r—p r+p-q 

~ ^ I iry~ \ + 



P-'^){p-r) {q-r){q-p) (r-p){r--qy 

a» ftg c^ 

aa_i2)(a2_c2) + (62_o2)(6«-a2) "** {<^^a^) (c^-ft^) * 

x+y , x+y x+y 



P-2){P-^) (2'-0(2'-i>) ('•-!>)('•-?)' 

q+r r+p p+q 

^-y){^-z) {y-z)(jf^x) {z-x){Z'-yy 



CHAPTER XXIL 

• MlSCELLAHTEOUS EbAGTIONS. 

173. We now propose to consider some miscellaneous ques* 
tions involving fractions of a more complicated kind than those 
already discussed. 

In the previous Chapters on fractions, the numerator and 
denominator have been regaixied as integers ; but cases frequently 
occur in which the numerator or denominator of a fraction is 
itself fractionaL 

174. Definition. A fraction whose numerator and deno- 
minator are whole numbers is called a Simple Fraction. 

A fraction of which the numerator or denominator is itself a 
fraction is called a Complex FractioiL 

a a 

Thus r , - , - are Complex Fractions. 
x c 

€ d 

In the last of these tyx)es, the outside quantities, a and dy 
are sometimes referred to as the extrem/^y while the two middle 
quantities^ h and c, are called the Tnearis. 

*175. Definition. If we divide the unit into any number 
of equal parts, each part is called a Sub-unit. 

a 

*176. Consider the fraction - . 

c 

d 

If this is to obey the definition, it must represent r parts, 
-j of which make up the unit. 

Divide the unit into he sub-units. 

Thus -i parts make up the unit, and are therefore equivalent 
to ho sub-units. 
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Hence c parts are equivalent to ted sub-units ; 
1 part is 5g^ sub-units; 

«*• 7 parts is • ad sub-units; 

a 

that is the fraction — represents ad sub-units, bo of which make 

d 
up the unit ; but this, by definition, is the fraction t- • 

a 

b _ad 

c"" bo * 
d 

177. !From the |>receding Article we deduce an easy method 
of writing down the simplified form of a complex fraction. 

Mvltipl^ the extremes for a new numeraJtory and the means for a 
new denominator. 

a+x 

ah 
by cancelling common factors in nmnerator and denominator. 

178. We have proved that 

cb a d ad . . . 

- [Art 158.] 



and - = ^ ; [Art. 176.] 



I 


• d~ 

a 



d 
a 


ad 


e 

> 

1 


bo' 




b 


a 


c 




• 
• • 


~ 


■3^ 


5' 





We have previously shewn that, when the numerator and 
denominator are integers, a fraction may be regarded as re^- 
senting the quotient of the numerator by the denominator. We 
now see that a complex fraction may be regarded in the same 
sense. 
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179. The student should especially notice the following cases, 
and should be able to write down the results readily. 

I , a ^ b b 

a a a 



a 1 , , 

1 

b 

1 

a_l^l_l b^b 

l~ a ' b~^ a 1 a' 



. 180. We now proceed to shew how complex fractions can be 
reduced by the rules already given. 

a e 

^ , * b d /a e\ , fa e\ 

Example 1. --- = (^- + ^ j ^ (^^ - ^J 

b d 

ad-^-bc^ad — bc 
' " bd ~' bd~ 

ad + bc bd 



bd ad -be 
ad+bc 



ad-bc 

x + — 



a» 



Example 2. _^= (a; + J)- (4:-^) 



X--i 

3^ 



a? + a^ ^x^-a*' 

X ' Q^ 

a^ + a^ x^ 



X «* - a* 

_ j^ 

ga + ^a a«,&a 

Example 3. Simplify . , « 

a-b a+b 



The nmnerator 



MISCELLANEOUS FRACTIONS. 155 

.. (aa+5a)a-(aa-52)» 

4a262 



Similarly the denominator = 



(a2+6a)(a2-62)* 
4d& 



Hence the fraction = 



{a + b){a-b) 
4a^h^ 4ab 



{a^ + b^)(a^-b^) ' (a+b)(a-b) 

_ 4a8&g {a + b){ a-b) 

~(a^+V^){a^-ly')^ 4ab 

ab 

NoTB. To ensure accuracy and neatness, when the numerator 
and denominator are somewhat complicated, the beginner is advised 
to simplify each separately as in the above example. 

In the case of Contintted Fractions, we begin from the 
lowest fraction, and simplify step by step. 

Example 4. Simplify — — ^ 



.-1— ^ 



1- -^ 
4 + a; 



_ . 9x* - 64 

The expression = ■ , 

A + x-x 
•4+a; 

9x«-64 



- 4 + a? 

9a;«-64 9«»-64 



- 4x-4-(4 + a;) dx-S 
4 4 
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1. 



EXAMPLES XZn. ft. 

Find the value of 

m I 

n m 

a 11 

ffi n ^ y 



5. 



9. 



13. 



18. 
19. 
20. 



21. 



23. 



2. 



i + 1 

X 



3. 






1 + ^ 

X 



^ + 46 



a 

X 

,.6 8' 



6. 




7. 



10. 



X 

m 

X 

n 



11. 



a c 
-. + - 



8. 






12. 



--1 

X 



1 

a+ — 

1 
^ — 

£ 

X 



14. 



1_2 3 

X a^ a^ 

9 
— ^ 

X 



15. 



2^-^-6 



;f2 



-1 



(a^-ax+a^ a^-ha x + a^ , ot^ 






a+6 a-5 
a — h a+6 



1- 



aH6« ' 



22. 






1 ' 



1 1 



a^ ax a^ 



3a?-2 3a?+2 



24. 1 + 



.r 



»4 



1+0? + 



2^' 
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25. gi— — , 26, 



a -— 4^74 



a— 1 D—x 



27. —2—, 28. 






29. ^-\ , 30. -V-TT- 

a-l .11 

x — 2 X X 

181. Sometimes it is convenient to express a single fraction 
as a group of fractions. 

5j:ay-10a:y»+15y» _ 5xh/ lOxy^ 15y» 
^^^^V^* 10^5 10^ " i0^2 + io^a 

""2^ aj"^2aa' 

182. Since a fraction represents the quotient of the nume- 
rator by the denominator, we may often express a fraction in an 
equivalent form, partly inte^^al and partly nuctionaL 

Exam^lel. ^=^±^=1+-|^, 

X + 5 X + S X + O 85 + 6 

In some cases actual division may be advisable. 

Example 3, Shew that 5^^=2a5- 1 « • 

^ »-3 aB-3 

By division aj-3;2x2-7aj-l(,2aj-l 

2ar»-6a; 

- aj-1 

- a; + 3 

-4, 

Thus the quotient is 2a5 - 1, and the remainder - 4. 

Therefore r — =2a5-l- 



fc-3 «-3* 
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183. If the numerator be of lower dimensions than the 
denominator, we may still perform the division, and express the 
result in a form which is partly integral and partly fractional. 

Example. Prove tiaat r — ~^=2x-^+lSa:f^-:: — ^. 

By division " 1 + Bix^)2x (2a: - 6a? + iSa;' * 

2ig + 6ar^ 

— 6a? 
-6a?-18d? 



18a? 

18a? + 54g7 

-64x7 
whence thd result follows. 

Here the division may be carried on to any number of terms in 
the quotient, and we can stop at any tenn we please by taking for our 
remainder the fraction whose numerator is the remainder last found, 
and whose denominator is the divisor. 

Thus, if we carried on the quotient to four terms, we should have 



l+bx2 --' -T-*-' ^^^i + Q^' 

The terms in the quotient may be fractional ; thus if ^* 
is divided by ^-a^, the first four terms of the quotient are 

- + —i + -^ + -Tni and the remamder is —jr. 

m 

. 184. Miscellaneous examples in multiplication and division 
pccur which can be dealt with by the preceding rules for the 
reduction of fractions. 

Example. Multiply x-h2a-~ — „- by 2x-a . 

2a; + 3a x + a 

The product = f a; + 2a -i=-^-W- ) x (2x-a | 

^ V 2aj+3ay \ x + aj 

2ar2+7aa;-i-6a2-a2 2a^-^ax-a^-2a^ 
2a; + 3a a;+a 

- 2a? + 7aa; + 5a* 2a? + a a; -3a* 
~ 2a; + 3a x-\-a 

_ (2a; + 5a) (a; + a) (2a; -f 3a) (a; -a) 
*" 2x+3a aj+a 

s=(2«+ 6a) (a? -a). 
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EXAMPLES XXJL b. 

Express each of the following fractions as a group of simple 
fractions in lowest terms : 

Qxy ' ' I2aa; 

a*-3a^b+3aM + bl^ a+b+c ,'[ 

2ab ' ' abc 

_ hc+ca+ah . ^ a^bc — 3ab^c + 2abc . ] 

ohQ ' * 6a6c ' 

Perform the following divisions, giving the remainder after fbOr 
terms in the quotient : 

7. x-^(\+x). 8. a^{a-b). 9^ (l+^)4-(l-^). 

10. 1-^(1 -^+a;2). 11. ^-(^+3). 12. l-f(l-x)«. 

13. Shew that , rrQ=a+26+- ,. 

{a — b)t a-b 

14. Shew that a^-xy+y^- -^~ = ^^^ . 

15. Shew that , « . ^ ^-^ — = 12a: - 25 + - -„ . 

• 

16. Shew that 1 + — 3^5 ^^ ^ -^ 

• 

17. Dmde x+ ^-^ by x- 1 + --j. 

f 

18. MiUtiply a2-2aa:+4^-i|^ by3--^^^^-^. 

19. Divide 62+36-2-j^ by 36 + 6-^. 

20. Divide «' + 9^+-ir^2 ^y «+36 + -^r. 

a*-96* "^ a -36 

21. Multiply 4i:»+14x+^^::^ ^^ g " iav»+l&r+27 - 
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185. We add a Miscellaneous Exercise in which most of the 
processes connected with fractions will be illustrated. 



KYAMPT.FiS TnnrT. c. 

Simplify the following fractions : 

*• 36^"^=^ ' Lbc+bi ^ c8-2ca? + ^J * 

^ j;(j?+a)(j?+2a) af(a!+a)(2a;+a) 
^ 3a ea • 



3 IfJ: 1 \ 2 4 /^±yV-/^^I^^ 



-2.2 Ax 



;i?-l^a?+l ^-a?+l' 
^ / ^2 2^ \ . /4^+lV 

7 I 1 ?_ + _£_ 

*• l+2a:+2d;» + ^* ^* 3^-81^ + 162' 

"• V-2aa?+a2"^lF^J ^ ^+a» •Va""5y* 



3 



12, 

•^ 3a;«-iap«+ 16^-8* ^^ a*-y> 

4 

a 
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16. ,-,?±i^ + l. 



17. 



2a;*+9a? + 9 2 2x-3 9 

X ^ — • 

407 

2 2 



18 1'^^ ' V ^ I M 

***• (H-a^)^-(a + ^)2 • 2\l-a;^l+^y • 



21. 



^-3ar+2 • 4^ -21^:2+ 15^+20* 

2a .r — a .2 



^/_1_ _J_\ ^-y» , 1 
2 V-^^-y "^ ^+y) xhf-\-xy^ " x+y' 

4;+y * L2 \A*+y x-yj xh/ + xy^A 
25. ^3a?-5-?^ (^ + ^-|)-^(^"-|)- 

26. j?>JL+J_U(^_£i:f). 

(07 a + 0? a — x) \a-x a + xj 

, . a — b a — b 

b + T-. — r fit - 



29. l^r^ li^-Ufi-^-). 

(a- 6)6 i_^(^~"^) \^ ^/ 

30 -y ::^"^ 31 -i il + l 

"^^ 1^1 ^:i;3+2^- ^i. -——— + 2. 

H. A. 11 
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h—a x+y 

32. """g^. xi^^-i, 

1 + a6 1 — ^ 

a+6 a — 6 
Qo a — ha + h al^ — a^h 

a+6 a— 6 

(1-078) (1-0^ ^ ^ + ^ 

1 + 1 i 1 

36. -J2x ^ 



34. 



37. 



38. 



1 1 * 1 * 

— m2 + — m-lH — 
m m m 

y ^ X or 

yi y y X 

/3^aA2_ 9 33-^ 

\1 + 3^V . x^ 3^^+l 

^^-\ "• 3 2( 0^^ + 3 )' 

:F3-3a7 07^ (a^ — xY 

_\ 2_ 2 1_ 

^^* a2-2 a2-l'^a2 + i ^2+2* 

>in 1 13 



6»i - 2n 3w + 2?i (3m + 27i * 
., 3 3.1. x-\ 



4 (1 -^)2 "^ 8 (1-07) "^8(1+^) 4(1+^2) • 

42 4 . 5 1 _l 

^ 9(07-2) ■*^9(o;+l) 3(07+1)2 ^^^+1' 

07 
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«• {-,*?)(yh)- 



52. 



54. 



y X 



x^-{-xy xy-y 



— «2' 



^-(y-^)8 y^-{z-xY g^-(.r-y)2 

^-(y-ag)a y^-.{2z-xy^ Az^- {x-y)* 
^' • {^+xf-y^^\x+yY-4s?^\y+2zf-a^^ 

4g (^-3^)(y--g)+(y-g)(^-a:)+(g-^)(:c-y) 

(a-6)(a-c) (6-c)(6-a) (c-a)(c-6)* 
<;+« a + 6 5+c 



(a — ^)(a-c)'^(6-c)(6 — «)'^(c — a) (c — 6)' 

^' (3-2+a?)2-4y2 + (^ + 2y)«-922'^(2y+32)2-x*' 

9y2-(4g-2j?)2 16g2-(2:g-3y)2 4^a _ (3y ._ 4^)2 
^* (2:17 + 3^)2-1622+ (3y + 42;)2-4a:2""^(4? + 2a;)2-9y2- 

1 x + a 1 a; — a 



-- 0? a^+a^ . A" ^ + a2 
1 a-\-x 1 a — ^ 



a a2+^ a a^+x^ 

{x-\-a) {x+h) - (y+q)(y+ft) (:g- a) (.y - ft) - (^- 6) (y- a) 
x—y a-b 



Ko / ^^H--^ a — x \ , fa^+x^ a^ — x^ 



x-1 , ^-1 ^+3 ;g+3 



^ + 2 ^ + 2 • x-2 x-2' 
4 '^'07-3 3 '^X'-i 



11—2 



CHAPTER XXIII. 

Habdee Equations. 

186. In this chapter we propose to give a miscellaneous col- 
lection of equations. Some of these will serve as a useful exercise 
for revision of th§ methods already explained in previous chapters ; 
but we also add others presenting more difficulty, the solution of 
which will often be facilitated by some special artifice. 

The following examples worked in full will sufficiently illus- 
trate the most useful methods. 

ExampU 1. Solve ^-^ = —^. 

Multiplying up, we have 

(6j; - 3) (« + 6) = (3a; - 2) (2* + 7), 
6iB2 + 27aj-15=6a:2 + 17a5-14; 
.-. 10a;=l; 
_ 1 
•'• "^""lO'' 

KoTE. By a simple reduction many equations can be brought to 
the form in which the above equation is given. When this is the 
case, the necessary simplification is readily completed by multiplying 
up, or ** multiplying across"^ as it is sometimes called. 

7 o a 1 8a? + 23 5ar+2 2a; + 3 , 
Example 2. Solve — ^^r :; -. = — = 1. 

Multiply by 20, and we have 

3a; + 4 

T, 4^ u- 01 20(505+2) 

By transposition, 31 = -~ — j— ' • 

Multiplying across, 93a: + 124= 20 {5x+ 2), 

84=7a?; 
/. as=12. 
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When two or more fractions have the same denominator 
they should be taken together and simplified. 

16--a! 
Example %. Solye -^^^ +-^^^ =-^^j-3-+4. 

By transposition, we have 

•*• 4a; + 6 a;+3 * 
Multiplying across, we have 

7x»-?^+21a;-35 = 12a;+7ai3 + 16 + -^-, 

600 
•'•"^ — i87* 

£«.mp?e4 Solve ^^-j5 + ^-^=—^ + —g. 

This equation might be solved by clearing of fractions, but the 
work would be very laborious. The solution "mUl be much simplified 
by proceeding as follows: 

_ . ac-S x-B x-7 05-4 

Simplifying each side separately, we have 

(g-8)(g-7)-(g-5)(a;-10) ^ (g-7)(a;-6)-(a!-4)(g-9) . 
(aj-10)(«-7) (x-9){x-Q) ' 

. g^-lgge+56~(g«-15g+50) _ g^-l3g+42-(g»-13a;+36) 
(«-10)(a;-7) "" (a;-9)(»-6) ' 

6 6 



• • 






(x-10) (aj-7) ■" (aj-9) (a;-6); 

Hence, since the numerators are equal, the denominators must be 
equal; 

that is, («-10)(aj-7) = (aj-9)(a:-6), 

«»-17«+70=a:>-15«+64; 

••. 16=2x; 

••. x=Q, 
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The above eqoation may also be solved very neatly by the follow* 
ing artifice. 

The equation may be written in the form 

(a?- 10) + 2 (a?-6)-f2 _ (a;-7) + 2 (a;-9) + 2 
x-10 ■*■ «-6 jc-T x-9 * 



whence we have 



2 2 2 2 



a:-10 05-6 ar-7 05-9* 

whichgives __^^+ _=_ + _. 

Transposing, 



«-10 aj-7 x-9 08-6* 
3 8 



(a;-10)(«-7) (ar-9)(a:-6) 
and the solution may be completed as before. 

5X-64: 2x-ll 4a?-65 x-6 



Example 5. Solve 



x-lS x-6 "■ ir-14 ar-7* 



Wehave 6+^ - (2+^)=4+^,- (l+^-l^); 



•'a;-. 13 a;-6 x-U x-V 
Simplifying each side separately, we have 



(aj-i3)(a;-6) (a?-14)(x-7>* 
(ar-13) (a:-6) = (a?-14)(aj-7), 
«'-19aj+78=a;»- 21a;+98, 
2aj=20; 
••. a;=10. 

EXAMPLES ZZni. a. 

7-5a? ^ ll-15x 3(7+6:g)^ 35+4 ^ 

l+A- ~ 1 + 30? • *• 2+9a? 9+2J7 ' 

15 507-25"" 5* ^' 2o:+l "^+12""" 
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7 3x-l 4j?-2 1 x+25 &^+75 

'• 2J7-1 3^-l~"6' • Jb-5~2a7-15' 

''• ;ir+2'^:p+6 * •^"' 907+6 12 "^1207+8; 

^^' 5 ■*"2or-15"' 10 *• 



12. 



15. 
16. 



20. 
21. 
22. 
23. 



4 (a? + 3) _ 8o? + 37 _ 7^j-29 
9 ~ 18 6^-12 " 



(2o?-1)(3j?+8) 2£+5_2^1_ 

^^- 6a;(a;4-4) '"~''' ^*- 6a?+3 5or+2~"- 



4 2 5 2^ 



^+3 a?+l 2o?+6 207+2" 

_7 _60_ ^ lOj^ _8_ 

07-4 507-30 3a?-12""o7-6' 



17. 3 ^ 30 ^^^ 5 



4-2or "^8(1-07) 2-07 "^2-207 * 

25-- 

3 16o7+4 i 23 

^^- ■^+r"*"3^H^ ■"^■*■o7+'l• 
30+^O7 60+8^_ 48 



07+1 07 + 3 07+1' 

07 07+1 07-8 07 — 9 



07-2 07-1 07-6 07-7* 

07+5 07-6_.r-'4 07-15 

07 + 4 07-7~"07-5 07-16* 

07-7 07-9 _07-13 07-15 
07-9 ~07-ll~07-15 07-17* 

07 + 3 07+607 + 2 07 + 5 

07+6 o?+9~07+5 o?+8' 



07 + 2 07-7 07 + 3 ^ 07-6 
^- 07 "^07-5 07+1 07-4' 

407-17 10o7 - 13 807-30 6o7-4 
^' 'ITT'^ 207-3 ■" 207-7 "^ 07-1 • 
507-8 607-4 4 1007-8 ^07-8 
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29. -083 (a? - -625) = -dd (^ - -59375). 

30. (2a?+l-5)(3a7-2-25)=(2d7- 1-125) (3^+1-25). 

<J1 'Sar-l '5 + 1-23? 22 1-1'4^ _ *7(^-1) 

-5^- -4" 247-1 * -2 + 4; ~ •1--5X 

33. (•3^:^(;y-i) _i(.3,_,)^.^_,. 



Literal Equations. 

187. In the equations we have discussed hitherto the co- 
efficients have been numerical quantities, but equations often 
involve literal coefficients. [Art. 6.] These are supposed to be 
known, and will appear in the solution. 

Example 1. Solve (a; + a) (a; + 6) - c (a + c) = (a; - c) (a; + c) + a6. 

Multiplying out, we have 

x^-\rctx+hx+ah-ae-c^=x^-c*+db\ 
"Whence ax+hx=acj 

(a-\-'b)x=(ic; 
ac 

• * X — T" • 

a + h 
a h a-b 



Example 2. Solve - , _ , 

x-a x—b x-c 

Simplifying the left side, we have 

a{x-b)-~b (ac—a) _a-b 
{x-a)(x-b) x-c* 

(a-b)x a-b 
(x—ay{x^b)~x-c* 

X 1 

{x-a){x-b)^ x-c' 
Multiplying across, {x?-_cx=a^-ax-bx+aby 
ax+bx-cx=abf 
{a + b-c)x=ab; 
ab 
a+b-c 
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EXAMPLES XXm. b. 

3. ^+a2=(6-47)«. 4. (x-a)(^+6)=(a7-a+6)2. 

5. a(x-2)+2^=6 + a. 6. m2(m-:F)-?iirw7=n2(n+^). 

7. (a+^)(6+a7)=a?(a:-c). 8. {a-h){x-a) = {a-c){x-h), 

Q 2j?+3a _ 2(3j?+2a) 2 (:r-6) _ 2^+6 

x+a "" 3a:+a ' ' Zx-c ~'Z{x-cy 

U. i-i = i-i 12. ?p+l)=|(f-l). 

a X X o S\a J 4\a J 

^^ a , ,. h -. 9a 3^ 46 207 

13. _=c(a-6)+-. 14. -7--^ = . 

X ^ * X a a 

x-a ^x-h -^ x-a _ {x — h)^ 

18. {a+b)a^-a{bx+a^)— bx (x - a) H-cw? (a: - 6). 

19. b (a + x) -(a+x) {b-^x) = x^+ — . 

20. b{a-x)-^{b+xy+ab (~+iy=:^0. 

21. a;«+a(2a-^)-^=/^-^'\ +a«. 

22. {2x-a)(x+^\=^4x(^-x\-'^{a-4x)(2a+3x), 

Example 3. Solve aa+by=c (1), 

a'x+h'y=c' (2). 

The notation here first nsed is one that the student will frequently 
meet with in the coarse of his reading. In the first equation we 
choose certain letters as the coefficients of x and y^ and we choose 
corresponding letters with accents to denote corresponding quantities 
in the second equation. There is no necessary connection between 
the yalues of a and a', and they are as different as a and b ; but it is 
often oonvenient to use the same letter thus slightly varied to mark 
some common meaning of such letters, and thereby assist the 
memory. Thus a, a' have a common property as being coefficients 
of a;; 6, &' as being coefficients of y. 

Sometimes instead of accents letters are nsed with a sufflXt such as 
a^ a^ a^; h^, 6„ 6j, &o. 
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To return to the equations ax+by=c (1), 

.a'x+b'y=c' (2). 

Multiply (1) by h' and (2) by 5. Thus 

ab'x+hb'y = h'c, 

a'bx + bb'y = hc', 

by subtraction, (a6' - a'b) x=b'c- be' ; 

Vc - be' ,-, 

.-. x=-T-, -. (3). 

ab -^ab ^ 

As previously explained in Art. 104, we might obtain y by substi- 
tuting this value of x in either of the equations (1) or (2) ; but y is 
more conveniently found by eliminating x, as follows : 

Multiplying (1) by a! and (2) by a, we have 

aa'x + a'by =a'Cj 
aa'x + (ib^y=ae', 
by subtraction, {a'b - db') y=a'e- ac' ; 

_a'e-ac* 

or, changing signs in the terms of the denominator so as to have the 
same denominator as in (By, 

ac' - a'e , b'e - be' 

y=-n — Tit and aj=^T — jr. 
^ ab'-ab ah'" a'b 

Example 4^. Solve ^^ + ^^^r=l (1), 

^ c-a c-b' ^ '* 

?^ + l^« = ? (2). 

c a^b c 

From (1) by clearing of fractions, we have 

ac (c - &) - a (c - 6) + 2/ (c - a) - 6 (c - a) = (c - a) (c - 6), 
x{c-b)+y (c-a)=ac-a& + &c-a&+c*-a<;.-6c+a&, 

aj(c-6)+y(c-a)=c2-a6 (3). 

Again, from (2), we have 

a; (a - 5) + a (a - 6) +cy - ca=a (a - 6) 

fl!(a-6)+cys=ao (4). 

Multiply (3) by e and (4) by c ~ a and subtract, 

aj {c (c - 6) - (c - a) {a-b))=(^- abc - oc (c - a)» 
05 (c^ - ac + a' - a6) = c (c^ - a6 - ac + a*) ; 
.'. sB=c; 
and therefore from (4) y=b. 
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EXAMPLES ZZni. c. 

1. aa; + h^=l 2. la;+m^=n 3. ax— by 

ha;+ai/=m. pco-^-qy—r, hx+ay—c, 

4. ax+hy^a^ 5. x+ay^a' 6. px-qy=r 

hx-\-ay==h\ cuv+a'y^l, rx-py=q. 

'• M-^ «• M=« »■ f+l- 

X y _\ hx+ay=4ah. 9x 6y 

10. yar-»*=^(a-y) IL ^ + |>=1 



w wi 



12. px+qy^O 13. (a-6)a?=(a+6)3^ 
lx+iny=n^ x+y=e. 

14. (a-6)^+(a + 6)y=2a2-262 15. ^+f=l 
(a + 6)a7-(a-6)y=4o6. ^ y 2 

3a "^66 "^3' 

16. -+f-2 17. ^-1=1 
a a o 

X _y^ .".£2 = ? 

19. hx+cy=a + b 

'^\^n>''a + h)'^'^\h-a b+aj^a + y 

20. (a-6)a: + (a + 6)y=2(a«-6a) 

aa?-6y=a2+6^. 



CHAPTER XXIV. 

Harder Problems. 

188. In previous chapters we have given collections of 
problems which lead to simple equations. We add here a few 
examples of somewhat greater difficulty. 

Example 1. A grocer buys 15 lbs. of figs and 28 lbs. of currants 
for £1. Is. 8d.; by selling the figs at a loss of 10 per cent., and the 
currants at a gain of 30 per cent.« he clears 2«. 6d. on his outlay; how 
much per pound did he pay for each f 

Let Xf y denote the number of pence in the price of a pound of 
figs and currants respectively; then tiie outlay is 

15a; + 2Sy pence. 

Therefore 16a: + 28y = 260 (1). 

The loss upon the figs is ^t^ x 15fl; pence, and the gain upon the 

3 

currants is ^k ^ 2% pence ; therefore the total gain is 

4!2y Sx 
-^--pence; 

-f-¥=30 (2, 

From (1) and (2) we find that a; =8, and y=5; that is the figs 
cost 8(2. a pound, and the currants cost 5d. a pound. 

^ Example 2. At what time between 4 and 5 o'clock will the 
minute-hand of a watch be 13 minutes in advance of the hour-hand? 

Let X denote the required number of minutes after 4 o'clock; 
then, as the minute-hand travels twelve times as fast as the hour^ 

hand, the hour-hand will move over j^ minute divisions in x minutes. 

At 4 o'clock the minute-hand is 20 divisions behind the hour-hand, 
and finally the minute-hand is 13 divisions in advaoce; therefore the 
minute-hand moves over 20 + 13, or 33 divisions more than the hour- 
hand. 
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Hence a;=j2 + 33, 

11 «« 
12^=33; 

.-. 05=36. 

Thus the time is 36 minutes past 4. 

If the question be asked as follows ; *' At what times between 4 and 
6 o'clock will there be 13 minutes between the two hands?" we 
must also take into consideration the case when the minute-hand is 
13 divisions behind the hour-hand. In this case the minute-hand 
gains 20 - 13, or 7 divisions. 

Hence ^'^^■^'^' 

which gives x=7zpr. 

T 
Therefore the times are 7 ^r P&st 4, and 36' past 4. 

Example 3. Two persons A and B start simultaneously from 
two places, c miles apart, and walk in the same direction. A travels 
at the rate of p miles an hour, and B at the rate of q miles; how far 
will A have walked before he overtakes B2 

Suppose A has walked x miles, then B has walked x-c miles. 

X 

A walking at the rate of p miles an hour will travel z miles in - 

P 
X — c 
hours : and B will travel x-c miles in hours : these two times 

q 

being equal, we have 

X _^ x-c 

z, — ir~ » 

p q 
qx=px-pc; 

whence x = — — • 

p-q 

Therefore A has travelled -^ — nules. 

p-q 

Example 4. A train travelled a certain distance at a uniform rate* 
Had the speed been 6 miles an hour more, the journey would have 
occupied 4 hours less ; and had the speed been 6 miles an hour less, 
the journey would hav6 occupied 6 hours more. Find the distance. 

Let the speed of the train be x miles per hour, and let the time 
occupied be y hours; then the distance traversed will be represented 
by xy miles. 
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On the first supposition the speed per hour is oc + 6 miles, and the 
time taken is y-i hoars. In this case the distance traversed will be 
represented by {x+ 6) {y - 4) miles. 

On the second supposition the distance traversed will be repre- 
sented by fjB-6) (^ + 6) miles. 

All these expressions lor the distance must be equal; 

.-. «y=(a;+6)(y-4)=(a;-6)(y + 6). 

From these equations we have 

xy=xy+Gy-4x-2iy 

or 6y-4j;=24 (1) ; 

and xy=xy-6y-\-6x-S6, 

or 6aj-6y=36 (2). 

From {!) and (2) we obtain x=SO, y=24. 
Hence tne distance is 720 miles. 

Example 5. A person invests £3770, partly in 3 per Cent. Consols 
at £102, and partly in Bail way Stock at £84 which pays a dividend 
of 4^ per cent. : if his income from these investments is £136. 5«. per 
annum, what sum does he invest in each ? 

Let X denote the number of pounds invested in Consols, y the 
nxmiber of pounds invested in BaUway Stock; then 



a; + y = 3770 (1). 

3aj X 

102'°'% 



3aj X 

The income from Consols is £ :^j^ , or £^ ; and that from Bailway 

Stock is £^, or£?|. 

Therefore S"*"^^'^^^* (^^- 

HI 
From (2) «+282^=*632i; 

therefore by subtracting (1) 

iy=862J; 

whence y=2Sx 37i =1060 ; 

and from (1) aj=2720. 

Therefore he invests £2720 in Consols, and £1050 in Bailway 
Stock. 

EXAMPLES Z2IV. 

rr -:> '^ 
1. A sum of £10 is divided among a number of persons ; if the 
number had been increased by one-fourth each would have received a 
shilling less : find the number of persons. 
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2. I bought a certain nmnber of eggs at four a penny; I kept 
one-fifth of them, and sold the rest at three a penny, and gained a 
penny: how many did I buy? 

8. I bought a certain number of articles at five for sixpence ; if 
they had been eleven for one shilling, I should have spent sixpence 
less : how many did I buy? 

4. A man at whist wins twice as much as he had to begin with, 
and then loses 16<.; he then loses four-fifths of what remained, and 
afterwards wins as much as he had at first : how much had he ori- 
ginally^ if he leaves off with £4 ? 

6. I spend £14. 5». in buying 20 yards of calico and .30 yards of 
silk; the silk costs as many shillings per yard as the calico costs 
pence per yard: find the price of each. 

6. A number of two digits exceeds five times the sum of its 
digits by 9, and its ten-digit exceeds its unit-digit by 1: find the 
number. 

7. The sum of the digits of a number less than 100 is 6 ; if the 
digits be reversed the resulting number wiU be less by 18 than the 
original number : find it. 

8. A man being asked his age replied, ** If you take 2 years from 
my present age the result wUl be double my wife's age, and B years ago 
her age was one-third of what mine will be in 12 years." What were 
their ages? 

9. At what time between one and two o'clock are the hands of a 
watch first at right angles? 

10. At what time between 3 and 4 o'clock is the minute-hand one 
minute ahead of the hour-hand? 

11. When are the hands of a dock together between the hours of 
6 and 7? 

IS. It is between 2 and 3 o'clock, and in 10 minutes the minute- 
hand will be as much before the hour-hand as it is now behind it : 
what is the time? 

13. At an election the majority was 162, which was three-elevenths 
of the whole numbers of voters : what was the number of the votes on 
each side? 

14. A certain number of persons paid a bill ; if there had been 
ten more each would have paid 2«. less; if there had been 5 less each 
would have paid 2«. 6(2. more : find the number of persons, and what 
each had to pay. 

15. A man spends £5 in buying two kinds of silk at 4s. Qd, and 
4s. a yard ; by selling it all at 48. Bd. per yard he gains 2 per cent. : 
how much of each did he buy? 
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16. Ten years ago the sum of the ages of two sons was one-third 
of their father's age: one is two years older than the other, and the 
present sum of theur ages is fourteen years^less than their father's 
age : how old are they? 

17. A and B start from the same place walking at different rates ; 
when A has walked 15 miles B doubles his pace, and 6 hours later 
passes A: it A walks at the rate of 5 miles an hour, what is B'a rate 
at first? 

18. A basket of oranges is emptied by one person taking half of 
them and one more, a second, person taking half of the remainder 
and one more, and a third person taking half of the remainder and 
six more. How many did the basket contain at first? 

19. A person swimming in a stream which runs IJ miles per 
hour, finds that it takes him four times as long to swim a mile up the 
stream as it does to swim the same distance down: at what rate does 
he swim? 

20. At what times between 7 and 8 o'clock will the hands of a 
watch be at right angles to each other? When will they be in the 
same straight line? 

21. The denominator of a fraction exceeds the numerator by 4 ; 
and if 5 is taken from each, the sum of the reciprocal of the new 
fraction and four times the original fraction is 5: find the original 
fraction. 

22. Two persons start at noon from towns 60 miles apart. One 
walks at the rate of four miles an hour, but stops 2^ hours on the 
way; the other walks at the rate of 3 miles an hour without stopping: 
when and where will they meet? 

23. Af B, and C travel from the same place at the rates of 4, 5, 
and 6 miles an hour respectively; and B starts 2 hours after A. How 
long after B must C start in order that they may overtake A at the 
same instant? 

24. A dealer bought a horse, expecting to sell it again at a price 
that would have given him 10 per cent, profit on his purchase ; but 
he had to sell it for £50 less than he expected, and he then found 
that he had lost 15 per cent, on what it cost him : what did he pay for 
the horse? 

26. A man walking from a town, A^ to another, B, at the rate of 
4 miles an hour, starts one hour before a coach travelling 12 miles an 
hour, and is picked up by the coach. On arriving at B, he finds that 
his coach journey has lasted 2 hours : find the distance between A 
andB. 

26. "What is the property of a person whose income is £1140, 
when one-twelfth of it is invested at 2 per cent., one-half at 3 per 
cent., one-third at 4^ per cent., and the remainder pays him no 
dividend? 
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27. A person spends one-third of his income, saves one-fonrth, 
and pays away 5 per cent, on the whole as interest at 7^ per cent, on 
debts previously incurred, and then has £110 remaining: what was 
the amount of his debts? 

28. Two vessels contain mixtures of wine and water ; in one there 
is three times as much wine as water, in the other five times as much 
water as wine. Find how much must be drawn off from each to fill a 
third vessel which holds seven gallons, in order that its contents may 
be half wine and half water. 

29. There are two mixtures of wine and water, one of which con- 
tains twice as much water as wine, and the other three times as 
much wine as water. How much must there be taken from each 
to fill a pint cup, in which the water and the wine shall be equally 
mixed? 

80. Two men set out at the same time to walk, one from A to 
B, and the other from B to ^, a distance of a miles. The former 
walks at the rate of p miles, and the latter at the rate of q miles an 
hour: at what distance from A will they meet? 

81. A train on the North Western line passes from London to 
Birmingham in 3 hours; a train on the Great Western line which is 
15 miles longer, travelling at a speed which is less by 1 mile per hour, 
passes from one place to the other in 8^ hours: find the length of 
each line. 

82. Coffee is bought at Is, and chicory at Zd. per lb. ; in what pro- 
portion must they be mixed that 10 per cent, may be gained by selling 
the mixture at lid, per lb. ? 

83. A man has one kind of coffee at a pence per pound, and 
another at h pence per pound. How much of each must he take to 
form a mixture ot a-h lbs., which he can sell at c pence a pound 
without loss ? 

84. A man spends c half-crowns in buying two kinds of silk at a 
shillings and h shillings a yard respectively; he could have bought 
3 times as much of the first and half as much of the second for the 
same money: how many yards of each did he buy? 

80. A man rides one-third of the distance from ^ to B at the rate 
of a miles an hour, and the remainder at the rate of 25 miles an hour. 
If he had travelled at a uniform rate of 8c miles an hour, he could 
have ridden from A \o B and back again in the same time. Prove 

xv i. 2 11 

that - = - -I- - . 

cab 

86. A, Bf G are three towns forming a triangle. A man has to 
walk from one to the next, ride thence to the next, and drive thence 
to his starting point. He can walk, ride, and drive a mile in a, &, c 
minutes respectively. If he starts from B he takes a-\-c — b hours, if 
he starts from G he takes b + a-c hours, and if he starts from A he 
takes c + b-a hours. Find the length of the circuit. 

H. A. 12 



CHAPTER XXV. 



Quadratic Equations. 

189. Suppose the following problem were proposed for solu- 
tion: 

A dealer bought a number of horses for £280. If he had 
bought four less each would have cost £S more : how njany did 
he buy? 

We should proceed thus : 

280 
Let a?=the number of horses; then — = the number of 

pounds each cost. 

If he had bought 4 less he would have had ^ - 4 horses, and 

each would have cost pounds. 

„ 280 280 

.-. 8+ = :; ; 

a; ^-4 

whence ^(:i?-4)+35(^-4)=35j:; 

.-. 0^2-4^+35^-140=354?; 

Here we have an equation which involves the square of the 
imknown quantity; and in order to complete the solution 
of the problem we must discover a method of solving such 
equations. 

190. Definition. An equation which contains the square 
of the unknown quantity, but no higher power, is called a quad- 
ratic equation, or an equation of the second degree. 

If the equation contains both the square and the first power 
of the unknown it is called an adfected quadratic ; if it contains 
only the square of the unknown it is said to be a,jpure quadratic. 

Thus 2^72 - 5a; = 3 is an adfected quadratic, 
and 5a;2_20 is a pure quadratic. 
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191, A pure quadratic may be considered as a simple equa- 
tion in which the sqtiare of the unknown quantity is to be found. 

Example, Solve 



a;2-27 x^-W 
Multiplying up, 9x« - 99 = 25a;8 - 676 ; 

.-. 16a;«=576; 
.-. a?=36; 
and taking the square root of these equals, we have 

aj==t6. 

Note. We prefix the double sign to the number on the right-hand 
side for the reason given in Art. 117. 

192. In extracting the square root of the two sides of the 
equation a;^ = S6, it might seem that we ought to prefix the 
double sign to the quantities on both sides, and yrrite ±^7= ± 6. 
But an examination of the various cases shews this to be un- 
necessary. For ± ^= ±6 gives the four cases : 

+d;=+6, +^=-6, -^=+6, -^=-6, 

and these are all included in the two already given, namely 
.2?= 4-6, ^=—6. Hence, when we extract the square root of 
the two sides of an equation, it is sufficient to j)ut the double 
sign before the square root of one side. 

193. The equation a^=36 is an instance of the simplest 
form of quadratic equations. The equation (^ - 3)^ = 25 may be 
solved in a similar way; for taking the square root of both 
sides, we have two simple equations, 

a;-3= ±5. 

Taking the upper sign, ^ - 3 = + 5, whence a? = 8 ; 

taking the lower sign, ^ - 3 = - 5, whence a; =-2. 

.'. the solution is ^=8, or —2. 

Now the given equation (^-3)2=25 

may be written a;^-6a;+ (3)^ = 25, 

or ^-&a?=16. 

Hence, by retracing our steps, we learn that the equation 

jr?2_6;r=16 

can be solved by ^t adding (3)^ or 9 to each side, and then 
extracting the square root; and the reason why we add 9 to 
each side is that this quantity added to the left side makes it a 
'perfect square, 

12—2 
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Now whatever the quantity a may be, 

and ^ - 2<3w?+ a^= (a? - a)*; 

so that if a trinomial is a perfect square, and Ui highest power^ 
x2, ha9 unity for its coefficie^iit, we must always have the term 
without .17 equal to the square of half the coefi&cient of a;. If, 
therefore, the terms in a^ and ;r are given, the square may be 
completed by adding the square of half the coefficient of a?. 

Note. When an expression is a perfect square, the square terms 
are always positive, [Art. 114, Note.] Hence, if necessary, the ooeffi* 
cient of a^ must be made equal to + 1 before completing &e square. 

Example 1. Solve x' + 1^=32. 

The square of half 14 is (7)'. 

.-. a;*+14a; + (7)«=32+49; 
that is, (a; + 7)2=81; 

.-. x+7=±9; 
.-, a:=_7 + 9, or -7-9; 
.'. a: =2, or -16, 

Example 2, Solve 7x=a^-8, 

Transpose so as to have the terms involving x on one side, and 
the square term positive. 

Thus a?-7ar=8. 

(7\a 49 
-J =8 + -j-; 

that IS, V"2y ^T' 

7 ^9 
• * 2 2* 
7^9 
•••«'=2=*=2' 
.*. 05=8, or -1, 

Note. We do not work out (^ ) oil the left-hand side. 

EXAMPLES ZXV. a. 

1. 5(^2+5) = 6a72 2. ar2=4(^-4). 3. a^+22a!===75. 

4. A'2+24^=25. 5. ^=10a?-21. 6. (9+:F)(9-a7)=i7, 
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10. ^=07+72. 11. ^-341=200?. 12. 9a?-a^+220=0. 

13. 68-.r8=ia:p. 14. a?+156=^. 15. 18V=^+&f. 

16. 2aF=120+a:*. 17. 42+x^=-l3x. 18. 22^+23 -aja=0. 

19. ^-1^=32. 20. ^+4^=F- 21. ^~3a?-s=a 
o 15 5 6 2 

22. — a?=--a78. 
5 5 



23. |(;r+6)(^-2)=|(62A + i|?). 



194. We have shewn that the square may readily be com- 
pleted when the coefficient of a^ is unity. All cases may be 
reduced to this by dividing the equation throughout by the 
coefficient of a^. 

Example 1. Solve 32-8aj«=10a;, 

Transposing, 8x>+lQx=82. 

JDivide throughout by 8, so as to make the coefficient of a^ unity. 

m,. , 10 82 

Thus *^ + y*='3» 



oompletmg the square, ar+ ■^*+(Q)="Q" + "q"5 
that is, l^'^'a) ~ 



9 ' 
6_ 11 

.-. aj=-^±-g =2, or -6|. 



/10\" /6\' 
KoTE. We do not add ( -^ I hut f ^ j to the left-hand side. 

Example 2. Solve 6a;2+lla;=12. 

11 12 
Dividing by 6, ^'^'^~K^'^~K ' 

11 /11\* 12 121 
completing the square, ^^ + -^^-^\Tq) =y**i(5o' 

.1. X . / 11\* 861 

that IS, |^^+„^j=_; 

11 _ 19 

•'• *"^io"^Io* 

11 19 4 
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195. We see then that the following are the steps required 
for solving an adfected quadratic equation: 

(1) If necessary, simplify the equation so that the terms in 
3^ and X are on one side of the equation, and the term without 
X on the other. 

(2) Make the coefficient of a^ imity and positive by dividing 
throughout by the coefficient of x^, 

(3) Add to each side of the equation the square of half the 
coefficient of x. 

(4) Take the square root of each side. 

(5) Solve the resulting simple equations. 

196. In the examples which follow some preliminary reduction 
and simplification may be necessary. , 

BxamvUX, Solve - = — -,-2. 

'^ 2a:-3 a? + 4 

a- r*^- 3^-2 3a;-8 

Simphfymg, ^-_ = __5 

multiplying across, 8x' + lOx - 8 = 6a;« - 26a; + 24 ; 
that is, -3jc2+35a._32. 

Dividing by - 8, *' ~ "3 *~ ~ 3" ' 

, . . ^, , 36 /36\2 1226 82 
oompletmg the square, ^ y^+l-g") ""36 3"' 

^, ^ . / 36\« 841 

that IS, 



(-?)■ 



36 ' 
35_ 29 

.'. a5=10|, or 1. 

Example 2. Solve 7(x+2a)^+Sa^=5a{7x+2Sa). 
Simplifying, 7«»+28aaj+28<i2+3a2=36aa;+116a2, 
that is, 7x2-7005= Sia^. 

"Whence x^-ax=12a^; 

/a\2 a^ 

completing the square, a^-ax-{-l-\ = 12a'+ j- ; 

that IS, V~2y """4"' 

a la 
2 2' 
.•. a;=4a, or -8a. 
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197. In all the instances considered hitherto the quadratic 
equations have had two roots. Sometimes, however, there is 
only one solution. Thus if a;^ _ 2ar + 1 = 0, then {x - 1)^ =0, whence 
x—\ is the only solution. Nevertheless, in this and similar 
cases we find it convenient to say that the quadratic ha^ two 
eqital roots. 



EXAMPLES XZV. b. 

1. 5^72 + 14^7=55. 2. ar2+121=44a7. 3. 25^=6072+21. 
4. aj72+^=30. 5. 3072+35 = 2207. 6. 07+22-6a72=0. 
7. 15=l7o7+4o72. 8. 21+07=2072. 9. 9o72-143-6o7=0. 

10. 12072 =2907-14. 11. 200^=12-07. 

13. 21o72+22o7+6=0. 
15. 



12. 19o7=15-8o72. 

14. 50072- 15o7= 27. 

16. 5o72= 807+21. 

18. 21o72=2ao7+3a«. 



25. 
28. 
30. 
32. 
34. 



18072- 2707-26=0. 
17. 15072 -2ao7=a2. 

19. 6072=1U07+7R 

12072 - CO? -20c2=0. 



20. 12x2+23X'or+10it2=0. 2L 

22. 2(o7-3) = 3(o7+2)(o7-3). 23. (o7+l)(2o7+3)=4o72-22. 

24. (3o7-5)(2o7-5)=o^»+2o7-3. 



=3o7+2. 
6 



= 1- 



5o?+7 

07-1 
307-1 

407+7 

07 + 3 

207-7 07-3 

07+4 07-2 



26. 



5o7- 1 ^307 27 

07+1 2 ' 



07+7* 
207-1 ^ 

=0. 



07-4 07-3 

j4 5_ 

07-1 07+2 



3 

07 



29. 
31. 
33. 
35. 



3o7-8 ' 

07-2 
07-5 



5o7-^2 
^+5 * 



507-7 ^ 

7o7-5~2o7-13' 

_1 L_=_?. 

1+07 3-07 35' 
14 1 



3-07 

5 

07-2 



5 

4 

0? 



9-207* 
3 

07+6' 



198. From the preceding examples it appears that after 
suitable reduction and transposition every quadratic equation 
can be written in the form 

ao72+5o?+c=0, 

where a, 6, c may have any numerical values whatever. If there- 
fore we can solve this quadratic we can solve any. 
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Transposing, <u^+bx= -c; 

dividing 1>7 CE, ^"^a*'^~a* 



Completing the square by adding to each side f g- j , 

thatis, V^ + 2^j=-4S^' 

extracting the square root, 

■^~ 2a 

199. Instead of going through the process of completing the 
square in each particular example, we may now make use of this 
general formula, adapting it to the case in question by sub- 
stituting the values of a, by c. 

Example. Solve Sx' + ILb - 12 = 0. 

Here a=5, &=11, c=-12. 

. -l l=fcV(ll)«-4.5(-12) 
•' ^' 10 

_-ll±VB61 j-llilO 4 

- 10 -""icT" =5* '''"^' 

which agrees with the solution of Example 2, Art. 194, 

200. In the result a; = =^ ' , 

it must be remembered that the expression ,J(b^ — Aac) is the 
square root of the compound quantity l^ — 4ac, taken as a whole. 
We cannot simplify the solution unless we know the numerical 
values of a, b, c. It may sometimes happen that these values 
do not make b^ — Aac a perfect square. In such a case the exact 
numerical solution of the equation cannot be determined. 



QUADRATIC EQUATIONS. 185 

Example 1. Solve 5a;'-16a:+ll=0. 
We have .Jl±jft^EIIE^ 

25. O 

16±V6 

Now y'5=2*2S6 approximately. 

16 ±2-236 - „««^ ,««/,. 
.-. x= =^ =1'7236, or 1*2764. 

These solutions are correct only to four places of decimals, and 
neither of them will be found to exactly satisfy the equation. 

Unless the numerical values of the unknown quantity are required 
it is usual to leave the roots in the form 

15 + V5 15 -V5 

10 * 10 • 

Example 2. Solve a:'-3a5+5=0. 

We have ,^8=.^(-3)'-4.1.5 

_3±^/9^20 

2 

3±V3Il 

2 

But -11 has no square root exact or approximate [Art. 117]; so 
that no real value of x can be found to satisfy the equation. In such 
a case the loots are said to be imaginary or impossible. 

• 

201. There is still one method of obtaining the solution of a 
quadratic which will sometimes be found shorter than either 
of the methods already given. 

7 

Consider the equation a;® + - x = 2. 

o 

Clearing of fractions, Zxl^+*7a:-6=0 (1); 

by resolving the left-hand side into factors we have 

{3a;-2).{x+3)=0. 

Now if either of the factors 3^ — 2, x+3 be zero their product is 

zero. Hence the quadratic equation is satisfied by either of the 

suppositions 

3a?-2=0, or 07 + 3=0. 

2 
Thus the roots are ^ , - 3. 
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It appears from this that when a qtuzdrcUic equation has been 
simplifiea and hrought to the form of equation (1), its solution 
can always be readily obtained if the expression on the left-hand 
side can be resolved into factors. Each of these factors equated 
to zero gives a simple equation, and a corresponding root of the 
quadratic. 

Example 1. Solve' 2st^-(ix+2bx=ab. 

Transposing^ so as to have all the terms on one side of the equation ^ 
we have 

2a:^-ax + 2bx-ab=0, 

Now 2a^-aa; + 2bx-ab=x{2x~a) + b(2x-a) 

= {2x-a){x+b). 

Therefore (2x-a){x+b).=0; 

whence 2a;-a=0, ora;+6=0. 

a 
.'. iK=o» or —b. 

Example 2. Solve 2 (aj^ - 6) = 3 (a? - 4). 

We have 2a;a_i2=3a;-12; 

that is, 2x^=Sx (1). 

Transposing, 2sx?-Bx= 0,' 

a;(2a;-3)=0. 

.-. a;=0,or 2a; -3=0. 

3 
Thus the roots are 0, ^ . 

KoTE. In equation (1) above we might have divided both sides 

3 

by X and obtained the simple equation 2a; =3, whence x=^, which is 

one of the solutions of the given equation. But the student must be 
particularly careful to notice that whenever an a; is removed by division 
from every term of an equation it must not be neglected, since the 
equation is satisfied by a;=0, which is therefore one of the roots. 

202. There are some equations which are not really quad- 
ratics, but which may be solved by the methods explained in this 
chapter. 

Example I, Solve a;*-13ai'+36=0. 

By resolution into factors, {a? - 9) («' - 4) =0 ; 

.-.a;' -9=0, or a;«-4=:0; 
that is, a?,=9, or 4, 

and a;=±3, or db2. 
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20 

Example 2. Solve x^+Sx---^ — o""®' 
Write y for «' + Sai, then we have 

y — =8» 
^ y 

or y«-8y-20=0. 

From this quadratic 2^ = 10, or -2; 

/. aj«+3aj=10, or -2. 

Thus we have ttto quadratics to solve, and finally we obtain 
x= -6,2; or -1, -2. 



C. 

Solve by the aid of the formula in Art. 198 : 
1. Za/^^l6-4a:. 2. 2^-2+7^=15. 3. 2^+7-9a?=0. 

4. ^=307+5, 5. 5^+4+21^=0. 6. x^+ll^^la;, 

7. 80^^=0? + 7. 8. 5^=17^-10. 

9. 35 + 9^-2a;3=0. 10. 3a?2=^+l. 

11. 3^+5a?=2. 12. 2^+607-33=0. 

Solve by resolution into factors : 
13. ex^=1+a:. 14. 21+8^=26a?. 

15. 2&F-21 + lla^»=0. 16. 6a;8+26a7+24=0. 

17. 4:ra=^^+3. 18. a^»-2=f|a:. 

19. 7^=28 -9&F. 20. 96^=4a? + 15. 

21. 25a^=5a!+e, 22. 35-4a;=4a;a. 

23. 12078- ll(3w?=36a2. 24. 12a7a+36a2=43ao7. 

25. 3562= 9078 +6i>x. 26. 36a?a-3562=i2&F. 

27. a^-2cuv+4ab^2bA\ 28. 078-2007+807= 16a. 

29. 3o;8-2(io?-6o?=0. 30. ao?2+2o7=6o?. 

Solve as explained in Art. 202 : 

31. 4=5o,'8-o7*. 32. o7*+36=13o;a. 

33. o;«+7o7S=8. 34. 078- 19073=216. 

35. 16^072+^^=257. ,36. 072+^=02+52. 

37. o;»(19+075)=216. 38. (o;* + 2)2 + 198=29 (0^+ 2). 
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Simultaneous Quadratic Equations. 

203. We shall now consider some of the most useful methods 
of solving simultaneous equations, one or more of which may be 
of a degree higher than the first; but no fixed rules can be laid 
down which are applicable to all cases. 

Example 1. Solve x+y=15 (1), 

xy=S6 (2). 

From (1) by squaring, a^+2xy+y^=225; 
from (2) 4^=144; 

by subtraction, x* - 2xy + y' = 81 ; 

by taking the square root, x-y=:izd» 

Combining this with (1) we have to consider the two cases, 

x+y=15,) x+y= 16,) 
x-y= 9.» x-y=- 9.J 

from which we find ~ « ( ~io ( 

y= 3.) y=12,) 

Example 2. Solve x-y=12 (1), 

xy=Q5 (2). 

From(l) x^-2xy+y^=lU; 

from (2) 4xy=:SiO; 

by addition, x^ + 2xy + 2/2= 484 ; 

by taking the square root, x+y=db22. 

Combining this with (1) we have the two cases, 

x+y-22,) x+y=~22,) 
x-y=12,) x-y= 12.$ 
a;=17,( a?=- 6,) 



"Whence - 4 -iw 

y= .6.) y = -17. 
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204. These are the simplest cases that arise, but they are 
specially important since the solution in a large niunber of other 
cases is dependent upon them. 

As a rule our object is to solve the proposed equations sym- 
metricallt/y by finding the values of a?+y and ^-y. From the 
foregoing examples it will be seen that we can always do this as 
soon as we have obtained the product of the unknowns, and either 
their sum or their difference. 

Example 1. Solve x'+y'=74 (1), 

xy=S5 (2). 

Multiply (2) by 2 ; then by addition and subtraction we have 

a;' + 2a?y + j/*=144, 
x^-2xy + y^=i 4; 
Whence a;+t/=±12, 

a;-y=:=t 2. 
We have now four cases to consider; namely, 
x+y=12,) x+y= 12,) a;+y = -12,) x + y = ^12J 
x-y= 2.) x-y = - 2.) a?-y= 2.) a;-y = - 2.$ 
From which the values of x are 7, 6, - 6, - 7; 
and the corresponding values of y are 6, 7, - 7, - 5. 

Example 2. Solve a?+y'=186 (1), 

aj+y=17 (2). 

By subtracting (1) from the square of (2) we have 

2a^=104; 

.-. xy= 52 (3). 

Equations (2^ and (3) can now be solved by the method of Art. 203, 
Example 1 ; ana the solution is 

a;=13, or 4,) 

y= 4, or 13.) 

EXAMPLES XZVI. a. 

Solve the following equations : 

1. a?+j^=28, 2. A'+y=51, 3. a;+y=74, 

^=187. ^y=^518. xy-l\\:i, 

4. ^-y=5, 5. a?-y=8, 6. a?y=1075, 

47^=126. ^=513. x-y—lS. 

7, ^=923, 8. A'-y=~8, 9. ^-y=-22,. 

^4.y=84 :Fy = 1363. a?y=-3848. 
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10. a?y=-2193, 11. a?-y=-18, 12. ^=-1914, 
a7+y=-8. a?y=1363. a?+y=-65. 

13. ^+y2=89, 14. a:8+y2=i70, 15. 0^2+^2=74^ 
57^=40. xy=13. 07^=35. 

16. a?8+y2=i78, 17. ^*+y=15, 18. x-y=A, 
;r+y=16. ;r2+y2=i26. jt^ +2^2=106, 

19. ^+3^2=, 180, 20. ^+y2=i85^ 21. ^+y=13, 
a7-y=6. ^-y=3. a;2+y2 = 97. 

22. ;r+y=9, 23. ^-y=3, 24. ^-^+y2=76, 
^ + ^+y^=61. ^-ary+^2=_19. ;r+y=14. 

25. l(.-y) = l. 26. Ui=2, 27. i + i = 4, 

a;2-4^+y2 = 52. a7+y = 2. ^73^=12. 

28. 007+2^=2, 29. a^+pxy+y^=^p+^, 

205. Any pair of equations of the form 

a^±pxy-\-y^=a^ (1), 

a:±y^h (2), 

where p is any numerical quantity, can be reduced to one of the 
cases already considered ; for by squaring (2) and combining with 
(1), an equation to find xy is obtained; the solution can. then be 
completed by the aid of equation (2). 

ExampU 1. Solve a^-t/«=999 (1), 

x-y= 3. (2). 

By division, x^+xy+y^=SS3 , (3); 

from (2) a;2-2an/ + y2= 9; 

by subtraotion, 2xy = 324, 

a!y=108 (4). 

From (2) and (4) """^o' '''' "10 I 

^ ' ^ ' y = 9, or - 12. J 

Example 2. Solve x^+xhf^+y^=2QlS (1), 

x^+xy+y^= 67 (2). 

Dividing (1) by (2) n^-xy+y^^ 39 (3). 

From (2) and (3) by addition, a;2+y«=63; 
by subtraction, a^ = 9 ; 

whence ^=^J ^J^j [Art. 204, Ex. 1.] 
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Examples, Solve -^- = - i..(l), 

if 

1 16 

a;2"*"t/2-9 ^^^• 

From (1) by squaring, -^ - — + -2 == n J 



by subtraction, 



«* scy y* y 
- = -. 

adding to (2), -« + — + -,=1; 

x^ xy y^ 

.". - + -=±1. 
X y 

12 1 

Combining with (1), - = 5 » or - - , 

X O O 

11 2 

••• ^=2* or-3, 

3 

y = 3, or-g- 

EXAMPLES XXVI. b. 

1. a^+f=:401, 2. a;5+y3=637, 3. :r+y=23, 
a;+y=ll. A'+y=13. ^+y3=3473. 

4. ^-y3=2l8, 5. ^-y=4, 6. a^-f=2l97, 

x-y=% x^-f^9%%, a7-y=13. 

7. ^*+a;2^2+^=2128, 8. ^+^y+2^=2923, 

072 + 07^+^2 = 76. 072-^7+^ = 37. 

9. o7*+o:^2^^^92ii^ 10. .r4+^'y+y4=737l, 

.-172-073^+^2=61. .r2-07y+y2=63. 

11 1 + 2-481 12 i + 1-^. 13 ^ + 2-2* 

07*^^ 24* 

14. f + |=2M, 15. ^, = g, 16. .r3-y3=56, 

^^4=4. Z+Vs^ .^2+^+^2=28. 

17. 4(072+y2) = l7-j^^^ 18. 073+^3=126, 

07-y=6. .r2- 07^+^2=21. 
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206. The following method of solution may always be used 
when the equations are of the same degree arid homopeneotis, 

[See Art. 12.] 

Example. Solve a;« + a;y + 2y'=74 (1), 

2a;a + 2a;y + y«=73 (2). 

Put y=mx, and substitnte in both equations. Thus 

x*(l+m+2m2)=74 (3), 

and a;»(2 + 2wi+TO«)=73 (4). 

^ ,. . . l + m+2m» 74 

By division, ^ — ^ « = =jr ; 

•^ ' 2 + 2m+m* 73 

.-. 73 + 73jiH-146m3=148 + 148TO+74m«; 

.-. 72m«-76i»-75=0, 

or 24m* -26m -26=0; 

.-. (8m+6){3m-6)=0; 

6 6 

5 
(i) Take m=- ^ , and substitute in either (3) or (4). 



From (3) a:«^l-| + |?)=74; 



. • 



J 64x74 ^. 
a;a=-^— =64; 



.•. a;=±8; 

6 - 

o 



5 
(ii) Take m=:j; then from (3) 



, 74x9 - 

6 
.'. v = ?na;=5X= i6. 
o 
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207. When one of the equations is of the first degree and 
the other of a higher degree, we may from the simple equation 
find the value of one of the imknowns in terms of the other, and 
substitute in the second equation. 

Example, Solve 8a?-4y=6 (1), 

8«»-a?y-3y«=21 (2). 

54* 4t/ 
From (1) we have x= — ^ ; 

and substituting m (2), «J^' - yJ^ - V= 21 ; 

.-. 76+120y+48y«-16y-12ya-27y«=189; 
9y« + 106y- 114=0, 
8ya + 35y-38=0; 

. .-. (y-l)(8y + 38)=0; 

. 88 

.-. y=l, or -y; 

187 
and by snbstitntmg in(l), a; =8, or - -g- . 

208. The examples we have given will be su£Gicient as a 
general explanation of the methods to be employed ; but in some 
cases special artifices are necessary. 

Example 1. Solve x^+4xy + 3x=40-6y-4y^ (1), 

2xy-x*=3 (2). 

From (1) we have a:'+4a:y +4y'+8x + 6y=40; 
that is, (« + 2y)* + 3 (x + 2y) - 40=0, 

or (aj+2y + 8)(a; + 2y-6)=0; 

whence «+2y=-8, orS. 

(i) Combining x + 2y=5 with (2) we obtain 

2a;«-6a; + 8 = 0; 
whence x=l, oro! 

7 
and by substituting in a;+2y=5, y =2, or j . 

(ii) Ck)mbining x + 2^ = - 8 with (2) we obtain 

2x2+8x + 3=0; 

, -4±V10 , -12=fV10 
whence x=* ^ — ; and y = 7-^^ — . 

H. A. 13 
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Example 2. Solve a?V-'6a;=34-Sy (1), 

3xy+y=2(9+x) (2). 

From (1) a; V - 6^ + 3y = 34 ; 

from (2) 9xy-6a; + 3y = 64; 

by subtraction, x^y* - 9ary + 20 = 0, 

{xy-5){xy-'i)=0; 

.*. xy=i5, or 4. 

(i) Substituting ary = 5 in (2) gives y - 2x « 3. 

From these equations we obtain a; = 1, or - -, i 

y=5, or -2.< 
(ii) Substituting xy = 4 in (2) gives y - 2a? = 6. 

From these equations we obtain a;= ^ , 

and y=3±V17. 

EXAMPLES XXVX c. 

1. 5:p-y=17, 2. aT^+jpy^lS, 3. a?-j^ = 10, 

^^=12. y2+^^=10. jc2_2a^-3y2=84. 

4. 3iF+2y=16, 5. 3:F-y=ll, 6. a?-33^=l, 

:i2^=10. Sa;^-y^=47. a;8-2a;y+9y2==l7. 

7. ^+2y=9, 8. 0:2 _ ^^24, 9^ 5a7+y=3, 

10. :i;2+4^=,i33^ 11, 2.^2 + 3073^=26, 12. 0^2+^+^2=3^^ 
4o^+ 163^2^:228. 3y2+2o^=39. 2o72-3o^ + 2y2=2|. 

13. o72-ary+y2 + i=0, 14. 2o^- 502^+3^2=1, 

3o?2-a:3^+3y2=l3. 3o72-6ory+2j/2=4. 

15. r2-2o?y=21, 16. o^»+3o7=54, 17. a^+f=l62y 
oy+^2=i8, org^+4y2=ii5. 07^^+07/2=120. 

18. 073-y3=i27, 19. 0:3.^=208, 20. 07^2+5-^^=84^ 
072^- 07^2=42. 073^ (o:-y)=:48. A'+y=3. 

21. .^2 + 4^2+80=1507 + 30^, 22. 9072 +y2.-63o?-21y + 128=0, 

0^=6. 07^=4 



CHAPTER XXVII. 



Pboblehs leading to Quadratic Equations. 

209. We shall now discuss some problems which give rise 
to quadratic equations. 

Example 1. A train travels 300 miles at a nniform rate ; if the rate 
had been 5 miles an hour more, the journey would have taken two 
hours less : find the rate of the train. 

Suppose the train travels at the rate of x miles per hour, then the 
timeooonpiedis?°?hot». 

X 

300 
On the other supposition the time is — = hours; 

aj + 5 

300 300 „ ,-, 

= -r--2 (1); 



« + 6 X 

whence x* + 6x - 750 = 0, 

or (a? +80) (a;- 26) =0, 

.•. a; =25, or -30. 

Hence the train travels 25 miles per hour, the negative value 
being inadmissible. 

It will frequently happen that the algebraical statement of the 
question leads to a result which does not apply to the actual problem 
we are discussing. But such results can sometimes be explained by 
a suitable modification of the conditions of the question. In the 
present case we may explain the negative solution as follows. 

Since the values a; =25 and -30 satisfy the equation (1), if we 
write —xtot X the resulting equation, 

J0L_?09_2 (2). 

-.T + 5 -X ^ '* 

will be satisfied by the values a;= -25 and 30. Now, by changing 
signs throughout, equation (2) becomes — — ^ = — + 2; 

and this is the algebraical statement of the following question r 

A train travels 300 miles at a uniform rate ; if the rate had been 
5 miles an hour less^ the journey would have taken two hours m<yre : 
find the rate of the train. The rate is 80 miles an hour. v 

13—2 
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Example 8. A person selling a horse for £72 finds that his loss 
per cent, is one-eighth of the number of pounds that he paid for the 
horse: what was the cost price? 

Suppose that the cost price of the horse is x pounds; then the 
loss on £100 is £|. 



X x^ 



Hence the loss on £« is a; x r^ , or ^^ pounds; 

x^ 
.'. the selling price is a? - g^ pounds. 



x« 



Hence *~800~^^' 

or a;a-800a; + 67600=0; 

that is, (x-80)(«-720)=0; 

.-. a;=80, or 720; 

and each of these values will be found to satisfy the conditions of the 
problem. Thus the cost is either £30, or £720. 

Example 3. A cistern can be filled by two pipes in 88} minutes ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
cistern, find in what time it will be filled by each pipe singly. 

Suppose that the two pipes running singly would fill the cistern 
in X and x-lS minutes. When running together they will fill 

I - + — =-=, ) of the dstem in one minute. But they fill ^^ , or ,-^5= 
\x X — 10/ oo-^ lUO 

of the cistern in one minute ; 

TT 113 

^^*^ i + 7ri5'=100' 

100(2a?-16)=3a;(a?-16), 
8x»- 246a: + 1500=0, 
(a;-75)(3x-20)=0; 

.'. a: =76, or 6|. 
Thus the smaller pipe takes 75 minutes, the larger 60 minutes. 
The other solution 6| is inadmissible. 

Example 4. The small wheel of a bicycle makes 185 reyolutions 
more than the large wheel in a distance of 260 yards; if the circum- 
ference of each were one foot more, the small wheel would make 
27 revolutions more than the large wheel in a distance of 70 yards: 
find the droumference of each wheel. 
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Sappose the small wheel to be x feet, and the large wheel y feet in 
drcumferenoe. 

780 780 

In a distance of 260 yards the two wheels make — and — 

" X y 

revolutions respectively. 

_ 780 780 ,-^ 

Hence = 135, 

X y 

119 ... 

or = ^ (1). 

Similarly from the second condition, we obtain 

210 210 



a: + l y + \ 



=27. 



or r ^ ==x (2). 

x+l y + 1 70 ^ ' 

From(l) ar=J??y_; 

, . , 61^ + 52 

whence g+l= -^ ^, -- 

9y + 62 



Substituting in (2), 



9y+52 1 9 



61y+62 y + l""70' 
70x9y»=9(61y+62)(y + l), 
9y»-113y-52=0, 
(y-18)(9y+4)=0, 

.-. j^=lS, or -^, 

Putting y—\Z we find that or =4. The other value of y is inad- 
missible; hence the small wheel is 4 feet, the large wheel 13 feet in 
drcnmference. 

Example 5. On a river there are two towns 24 miles apart By 
rowing one half of the distance and walking the other half, a man 
performs the journey down stream in 5 hours, and up stream in 7 
hours. Had tiiere been no current, each journey would have taken 
5| hours : find the rate of his walking, and rowing, and the rate of the 
stream. 

Suppose that the man walks x miles per hour, rows y miles per 
hour, and that the stream fiows at the rate of z miles per hour. 

With the current the man rows y+z miles, and against the 
current y-z miles per hour. 
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Hence we have the follawing eqnationB : 

12 12 - ,-, 

T + iH^=^ ^^' 

y^-i^=7 (2). 

^ + ^=51 <8). 

From (l)and (3) by subtraction, — -^^ (4). 

^ ' ^ ' •' y y+« 18 ^ ' 

Similarly, from (2) and (3) -1- -1 = 1 (6). 

From (4) 18j2=y (y+x;) (6); 

andfrom(5) 9z=y(y-z) (7). 

From (6) and (7) by division, 2=^' ; 

whence y=8z; 

.*. from (4) z—\\\ and hence y=4i, a;=4. 

Thus the rates of walking and rowing are 4 miles and 4) miles 
per hour respectively; and the stream flows at the rate of 1) miles 
per hour. 



EXAMPLES ZZVn. 

1. Find a number whose square diminished by 119 is equal to 
ten times the excess of the number over 8. 

2. A man is five times as old as his son, and the sum of the 
squares of their ages is equal to 2106 : find their ages. 

8. The sum of the reciprocals of two consecutive numbers is 
^ ; find them. 

4. Find a number which when increased by 17 is equal to 60 
times the reciprocal of the number. 

5. Find two numbers whose sum is 9 times their difference, and 
the difference of whose squares is 81. 

6. The sum of a number and its square is nine times the next 
highest number ; find it. 

7. If a train travelled 5 miles an hour faster it would take one 
hour less to travel 210 mUes : what time does it ti^e ? 
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8. Find two numbers the som of whose squares is 74, and whose 
sum is 12. 

9. The perimeter of a rectangular field is 500 yards, and its area 
is 14400 square yards : find the length of the sides. 

10. The perimeter of one square exceeds that of another by 100 
feet ; and the area of the larger square exceeds three times the area of 
the smaller by 325 square feet : find the length of their sides. 

11. A cistern can be filled by two pipes running together in 
22) minutes : the larger pipe would fill the cistern in 24 minutes less 
than the smaller one : find the time taken by each. 

12. A man travels 108 miles, and finds that he could have made 
the journey in 4^ hours less had he travelled 2 miles an hour faster : 
at what rate did he travel ? 

13. I buy a number of cricket balls for £5 ; had they cost a 
shilling apiece less, I should have had five more for the money : find 
the cost of each. 

14. A boy was sent out for a shilling's worth of eggs. He broke 

3 on his way home, and his master therefore had to pay at the rate of 
a penny more than the market price for 5. How many did the master 
get for a shilling? 

15. What are eggs a dozen when two more in a shilling's worth 
lowers the price a penny per dozen ? 

16. A lawn 50 feet long and 34 feet broad has a path of uniform 
width round it ; if the area of the path is 540 square feet, find its 
width. 

17. A hall can be paved with 200 square tiles of a certain size; if 
each tile were one inch longer each way it would take 128 tiles : find 
the length of each tile. 

18. In the centre of a square garden is a square lawn ; outside 
this is a gravel walk 4 feet wide, and then a fiower border 6 feet wide. 
If the flower border and lawn together contain 721 square feet, find 
the area of the lawn. 

19. By lowering the price of apples and selling them one penny 
a dozen cheaper, an applewoman finds that she can seU 60 more 
than she used to do for 5«. At what price per dozen did she sell 
them at first ? 

20. Two rectangles contain the same area, 480 square yards. 
The difference of their lengths is 10 yards, and of their breadths 

4 yards ; find their sides. 

21. There is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 280; if the sum of the digits 
be midtiplied by the same digit the product is 55 : required the 
number. 
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22. A farmer having sold at 75«. a head, a flock of sheep whioh 
cost him X shillings a head, finds that he has realised x per cent, 
profit on his outlay : find P, 

28. A tradesman bought a number of yards of cloth for £5; he 
kept 5 yards and sold the rest at 2«. per yaid more than he gave, and 
got £1 more than he originally spent : how many yards did he buy ? 

24. If a carriage wheel 14} ft. in circumference takes one second 
more to revolve, the rate of the carriage per hour will be 2} miles less : 
how fast is the carriage travelling ? 

25. A broker bought as many railway shares as cost him £1875 ; 
he reserved 15, and sold the remainder for £1740, gaining £4 
a share on their cost price. How many shares did he buy ? 

26. A and B are two stations 800 miles apart. Two trains start 
simultaneously from A and £, each to the opposite station. The train 
from A reaches B nine hours, the train from B reaches ^ four hours 
after they meet : find the rate at which each train travels. 

27. A train A starts to go from P to Q, tWo stations 240 miles 
apart, and travels uniformly. An hour later another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previouidy. The pace of B is now increased by 5 
miles an hour, and it overtakes A just on entering Q. Find the rates 
at which they started. 

28. A cask P is filled with 50 gallons of water, and a cask Q with 
40 gallons of brandy ; x gallons are drawn from each cask, mixed and 
replaced ; and the same operation is repeated. Find a; when there are. 
8{ gallons of brandy in P after the second replacement. 

29. Two farmers A and B have 80 cows between them ; they sell 
at different prices, but each receives the same sum. If A had sold hia 
at P's price, he would have received £320 ; and if B had sold his at 
A*a price, he would have received £245. How niany had each ? 

30. A man arrives at the railway station nearest to his house 
1^ hours before the time at which he had ordered his carriage to meet 
hmi. He sets out at once to walk at the rate of 4 miles an hour, and, 
meeting his carriage when it had travelled 8 miles, reaches home 
exactly 1 hour earlier than he had originaJly expected. How far 
is his house from the station, and at what rate was his carriage' 
driven? 
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Harder Factors. 

210. In Chapter xvn. we have explained seVeral rules for 
resolving algebraical expressions into factbrs; in the present 
Chapter we shall continue the subject by discussing cases of 
greater difficulty. 

211. By a slight modification some expressions admit of 
being written in the form of the difference of two squares, and 
may then be resolved into factors by the method of Art. 133. 

Example 1. Besolve into factors x^+x^'+|^^ 

«* + a: V + y^ = (^* + 2a? V + y*) ~ ^ V 
= (x«+y«)»-(ajy)« 

=(a;3+y'+a;y) {a^+y^-xy) 
= (x^+xy+y*){x*-xy+y^. 

Example 2. Besolve into factors x* - ISx'y* + 9y*. 

X* - 16x'y* +9y*= (x* - 6x*y^ + V) - 9a;V 

= («> - 3y* + Zxy) {x^ - 3y« - Sxy), 

212. Expressions which can be put into the form ^±-ji 

may be separated into factors by the rules for resolving the sum 
or the difference of two cubes. [Art. 136.] 

Example 1. |3-276«=^^^ -(Sft^)* 

Example 2. Besolve a^x^ s ~ ^ + 1 ^^*^ ^^^^ faotors. 
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Example 8. Besolve a^ - 64a> - a* + 64 into six factors. 

The expression = a* (a« - 64) - (a« - 64) 
= (a«-64)(a»-l) 
= (a» + 8)(a8-8)(a»-l) 
= (a+2)(a2-2a+4)(a-2)(a2+2a+4)(a-l)(a2+a+l). 

Example 4. 
a(a-l)a:3-(a-6-l)a?y-6(6 + l)y»={aj;~(6 + l)y}{(a-l)a; + 6y}. 

Note. In examples of this Idnd the coefficients of x and y in the 
binomial factors can asually be guessed at once, and it only remains 
to verify the coefficient of the middle term. 

213. From Example 2, Art. 52, we see that the quotient of 

c^+b^+(^-3ahchja+h+ciaa^+b^+(^-bc-ca-db. 

Thus o3+53 + c3-3aft<j=(a+6+c)(a2+62+c8-6c-ca-a6)...(l). 

This result is important and should be carefully remembered. 
We may note that the expression on the left consists of the sum 
of the cubes of three quantities a, b, c, diminished by 3 times 
the product ahc. Whenever an expression admits of a similar 
arrangement, the above formula will enable us to resolve it 
into factors. 

Example 1. Besolve into factors a' - 6* + c' + 3a6c. 

a»-6«+c8 + 3a6c=aS + (-6)» + c»-8a(-6)c, 

— {a-h + c){a^'{-l^-\-c^-k-hc-ca-^-ah)f 
- 6 taking the place of 6 in formola (1). 

Example 2. 

;c8.gy8_27-18ary=a;5 + (-2t/)8 + (-8)8-3a;(-2y)(-3) 

= (a;-2y-3)(«H4ya+9-6y + 3a? + 2ary). 

EXAMPLES XXVJLIL a. 

Resolve into factors : 
1. ^+16a;2+266. 2. SlaHOa^fta+j*. 

6. 47*-&i?^2+y*. 6. 4^+9y*-93^y«. 

7. 4m*+9n*-24w2na. 8. Qa^^+Ay^+UxY- 
9. ;p*-19a?s^2+26y*. 10. 16a< + 6*-28a262. 
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12. 216a»-^. 


13. ,'^+f. 


15. ^+1000. 


^64 
"• 512 ^- 
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27 

11 — - -1 

• aS6s 

- . wW 

"• "729 "^' 

Besolve into two or more factors: 

17. a;2y+3^2_3^_^^ 18. 4mn^-20n^+45nm^-9mK 

19. o6(ic2+l)+:p(a2+62). 20. /«2(^_i)+^(^_^). 

21. a5+(a+5)a.r+ft^. 22. pn{m^+l)-m{p^+n^, 

23. 66.t?(a2+l)-a(4a;2+962). 21 (2a2+V)^+(2^+3a2)y. 

25. (2^ - 3a2)y + (2a2 _ 3^2) ^. 

26. o(a-l)a72+(2a2-l)^+a(a+l). 

27. aca-(4a+26)4?+a2+2a6. 

28. Sa^o^ - 2 (36 - 4c) (6 - c)y2 + aft^y. 

29. (a2_3a+2)^+(2a2-4a+l)jp+a(a-l). 

31. h^ + (A^i^2bc, 32. as+scs + l-e^c. 

33. cfi + h^+Sc^-eahc, 34. a3-2763+c»+9a6<?. 

35. a8-63-c3-3aftc. 36. Sa^+ZW+c^-lSabc, 

37. Resolve ^+81dr* + 6561 into three factors. 

38. Resolve (a* - 2a262 _ 54)2 _ 4^42^4 into four factors. 

39. Resolve 4{ab+cd)^-{a^ + b^-<^- <Pf into four factors. 

40. Resolve sfi - ^-=^ into four factors. 

41. Resolve ^*®-y into five factors. 

42. Resolve x^^ -y^^ into six factors. 



Resolve into four factors : 
43. -j-8a?-a8+8a?s. 44. ^+^-&cV_ 

45. a'»+:f«+64^+64. 46. 4a-96 + ^-^. 

a* b* 

Resolve into five factors : 
49. a?'+.i?*-iac3-16. 50. 16a?7-81a^-16a;*+81. 
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214. The actual processes of multiplication and division can 
often be partially or wholly avoided by a skilful use of factors. 

It should be observed that the formulsB which the student 
has seen exemplified in the preceding pages are just as useful in 
their converse as in their direct application. Thus the formula 
for resolving liito factors the difference of two squares is equally 
useful as enabling us to write down at once the product of the 
sum and the difference of two quantities. 

Example 1. Multiply 2a + 36-c by 2a-36 + c. 

These expressionB may be arranged thus : 

2a+{9b-c) and 2a-(3&~e). 

Hence the product = {2a + (36 - c)} {2a - (36 - c)} 

= (2a)» - (36 - c)« [Art. 183.J 

= 4a»-(962-66c+c2) 

=4a«-96a+66c-c«. 

Examplc2, Multiply (a'+a+l)a? -a- 1 by (a-l)a?-o'+a-l. 
Theproduct={(a»+a+l)a:--(a + l)} {(a-l)a;-(a>-a+l)} 

= (a»-l)a:>-{(a*+a« + l) + (a«-l)}x + (a» + l) 

= (a«-l)a:«-(a* + 2a«)aj+a» + l 

= {a^-l)x^-a^{a^+2)x+a^ + l. 

Note. The product of a* + a + 1 and a^-a+1 is o* + a« + 1 and 
should be written down without actual multiplication. 

Examples. Multiply (3+x-2j:«)»-(3-a?+2a;*)« (1), 

by (3+a;+2x«)«-(3-x-2«*)« (2). 

The expression (1) 

= (3+x-2x2 + 3"X + 2a?«)(3+a;-2x2-3 + a;-2ar«) 

, =6(2a;-4a;«) 
= 12a?(l-2j:). 

The expression (2) 

= (3 + a; + 2a;2 + 3-x-2a;«)(3 + a; + 2a;«-8 + x + 2ar«) 

=6(2a; + 4x») 

=:12a:(l+2x). 

Therefore the product = 12a? (1 - 2jf) x 12a: (1 + 2x) 

= 144«3(l-4a;«). . 



HARDER FACTORS. 205 

Example 4. Divide the produot of 2;r*+iB-6, and 6x*-5a;+l 
by 3x*+6«-2. 

Denoting the division by means of a fraotion, the required 
,. ^ (2x»+aj-6)(6x«-6a;+l) 

^^'^*^^* = 8^+5^-2 

_ (2a;- 3) (x+2) (3a;- 1) (2g-l) 
" (3»-l)(x + 2) 

= (2a;-8)(2aj-l). 

Example 5. Shew that {2x+3y-z)^+{Sx + ly+z)* is divisible 
by 6(4?+2y). 

The given expression is of the form A^+B^, and therefore has a 
divisor of the form A+B. 

Therefore (2x+8y-z)»+(8a:+7y+«)» 

is divisible by (2a? + 3y - z) + (3a; + 7y + «), 

that is, by 6a; +10y, 

or by 6(a;+2y). 

Example 6. Find the quotient when a' + 8 - 56 (256' - 6a) 
is divided by a-5& + 2. 

The expression = a> + 8 - 12563 + SOah 

=a»+(-66)«+(2)»-3.a(-56)(2) 

= (a-56+2)(a»+266«+4+106-2a + 5a6). 

[Art. 213.] 
•*. the quotient is a> + 256* + 4 + 10& - 2a + 5ab. 

Example 7. If a; + y = a, and x-y=b shew that 
4(a:*-6a;V+y*)=6a26a-a*-6*. 

x4-6a;V+y*=(^-2a;V+y*)-4a;V 

= (a;»-yi)i -1(4^)8 

= {(«+y)(«-y)P-3{(*+y)»-(«-i/)»}' 



=(a6)»-i(a«-6V; 



.'. 4(a;*-6aJ»ya+y<)=4a«6»-(aa-6a)« 

=6a»6a-a*-l>*. 
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EXAMPLES ZXViil. b. 

Find the product of 

1. 2a?-7y+a? and 2a?+7y-a?. 

2. 3a?»-4ty+7y2 and 3a;*+4a;y+7y*. 

3. 5^+5a?y-9y* and 5jc* - 5ar^ - 9y*. 

4. 74?*-ar;y+3y2 and 7a;*+ary-3y«- 

5. a;5+2a;^+2a?5r*+y' and a;' -2^+ 24:3^* -y». 

6. (ar+y)2+2(^+y)+4 and (a7+y)*-2(a7+y)+4. 

7. (l+a?+2^)«-(l-a7-2ira)2 and (l+^-ar»)«-(l-ar+2^». 
a (a2+3a-l)2-(a2-3a-l)« and (a«+a+l)«-(a8-a+l)«. 
9. a;3_4p2+8^_8 and a^+4x^+Sx+8. 

10. a^-6aa;«+18a2^-27a8 and d;5+6aa:«+18a«a?+27a». 

11. a?-a- and a? + aH . 

a a: ax 

12. (2^+ac+l)2-(2a;2-ar-l)2and(a;8+ea:-2)2-(;i^-6ar+2)». 
Find the continued product of 

13. a^ + €uc+a^y a^-cuc+a^, af^-a^a^ + a*, 

14. l-a;+a^, l+a;+x^, l-a^+a;*, l-a^-^-x^, 

15. (a-^)', (a+^)^ (a2+a;*)3. 

16. (1 - 07)2, (1 +^)2^ (1 +^)2^ (1 +^)2. 

17. a;8+4j?+3, ^+^-2, ^-5ar+6. 

18. :r«+2ar-3, ^-5a?+6, a;24-3a:+2. 

19. ^+2, ic«+2ar+4, ^-2, a;«-2a7+4. 

20. Multiply the square of a + 36 by a* - 6ab + 96*. 

21. Multiply l(a-6)2+|(6_c)2+i(c-a)2 by a+6+c 

22. Divide (4ar+3y-2?)8-(3a7-2y+3?)2 by ar+S^^-S^. 

23. Divide ^ + 16a*a:* + 256a8 by a;* + 2flwr + 4a«. 

24. Divide (aF+4y-2f)2-.(2ar + 3y-4?)2 by d?+y+2;j. 

25. Divide the product of a;* + 7^ + 10 and ;f+ 3 by ic* + 5:r + 6. 
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26. Divide 2a:(a,'«-l)(ar+2) by a^ + x-Z, 

27. Divide 5x{x-n){x^-x-l66) by :p»+a?»-132ar. 

28. Divide ^ + 19a;»-216 by (a;«-3jr? + 9)(^-2). 

29. Divide (5a^ - 3a? - 6)« - (2a?* - 7ar + 9)« by the product of 

3a?- 5 anda?+3. 

30. Divide o» - &• by the product ofa^+ab + l^ and cfi+a^b^+l^, 

31. Divide (a?»-ac^)«-(3a?y«-y3)a by (a?-y)». 

32. Divide {a^-i/zY + St/^s^ by a^+yz. 

33. Divide 18^3^ + l+27a?8-8y3 by l + 3a?-2y. 

34. Divide (2a;a+3ar-l)2-(ar8+4a?+5)« by the product of ar+4 

and a? + 2. 

35. Divide the product of 6a2-23a+20 and 22a2-81a+14 by 

33a«-50a+8. 

36. Divide the product of a?*+ (a - 6)a? - a6 and a^-{a- h)x - ab 

by »x^'\'{a + h)x + ah, 

37. Divide a8-8y3- 9a? (3a:2+2ay) by a-3ar-2y. 

38. Divide 27 - 8a?s - 64/ - 72a?y by 3-2(x+2y). 

.39. Shew that (2a? - 3y + 1)» - (1 - 3a? + 2y)» is divisible by 

5(a?-y). 

40. Shew that the square of a? + 1 exactly divides 

(a?»+;i;«+4)' - (a;» - 2a?+3)3. 

41. Shew that 26 + 2tf? is a factor of the expression 

{a^-h + c^ctf-ia-h+c-df. 

42. Shew that (aa:«-7a?+2)3-(a?2-8a? + 8)3 is divisible by 2a?-3 

and by 4?+ 2. 

43. Shew that (7^ + 3a? - 3)^ + (5a;2 - 4^ - 3)3 is divisible by 4a? - 3 

andby 3a?+2. 

44. Shew that the sum of the cubes of 2a:* - 5a? - 9 and a?* + 6a? - 5 

is divisible by the product of 3a: + 7 and a?— 2. 

45. If x+y—m and a?— y =n, express x^+y^ in terms of m and n. 

46. If x+y=^m and x-y^n^ shew that 

16 (a?* - 7a?2y2 +y*) = (Sm* - n«) (5n« - m?). 

47. Find the value of a?*+a?^*+y* when a7+y=2a, x-y=2b, 

48. If 0? +y = 2a and a? - ^ = 25 prove that 

or* - 23a?2y2 +y*= {7a^ - 35*) (76* - 30*). 

49. Find the value of a?*-47a?^*+y* in terms of p and q when 

x+y=p and x-y=q. 

50. Find the value of x^-2a^y+2xy^-y^ when a? = a + 6 and 
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MiSCELLANBOnS THEOREMS AND EXAMPLES. 

215. Questions upon the simple rules, e. g. Division, Hightet 
Common Factor, Evolution &c., frequently occur which cannot 
be neatly and concisely worked without a ready use of factors and 
compoimd expressions. These we have hitherto excluded as unsuit- 
able for the student imtil he has gained confidence and power by 
practice. We propose in the present chapter to bring together 
a miscellaneous collection of examples, for the most part not 
new in princi{)le, but requiring some skill for their solution. 
The chapter will be found useful as a revision of the earlier 
chapters. 

Example, Divide 

ax* - {ap - b)^ + {aq -hp-e) x*+{hq + ep) x-eqhj aafl-\-bx - e. 



oac* + bx-c 



aa^ - {ap -h) a? + {aq -bp - c) a^ + (hq+cp) x- cqjx^ - px + q 

- op** + (ag - 6p) sc^ + {hq + cp)x 
-apa?-bpx^ +cpx 



aqx^ + bqx - cq 

aqa^ + bqx - cq 



Note. When the ooeffioients in divisor or dividend are compoimd 
quantities it is best to retain them in brackets throughout the work. 

216. In the process of finding the highest common factor, 
by the rules explained in Chap, xviii., every remainder that 
occurs in the course of the work contains the factor we are 
seeking. Hence when any one of the remainders admits of being 
resolv^ into factors, we may often shorten the work. 

Examplel. FindtheH.C.F. of 2x>- (4a- 3c) ai>+ 6(5- ac)«+d6c 
and 2«» + (2a + 3c) ai* + (3ac - 46) a; - 66c. 

2a:»-(4a-3c)««+6(6-ac)x+96c 2«« + (2a+3c)a:*+(3ac-46)«-66c|l 

2jr» - (4a - 8c)a;«+ (66 - 6ac)«+9W 



eax* + {9ac - 106) x - 156e 
Now the remainder = 6aa5?+ 9aca5 - lOftoc - 166c 

= Sox (2x + 3c) - 56 (2^+ 8c) 
S3 (2«+ 3c) (3008 -66). 
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Of these factors, Sax- 5b may dearljr be rejected; therefore if 
there is a common factor it must be 2a; + 8c. And by division, or by 
the method explained in Art. 152, we iind l^t 2x + dc is a factor of 
each expression. 

Hence the H. G. F. is 2fl; + dc. 

Example 2. Find the H. C. F. of (a* - 2a) «• + 2 (2a - 1) a? - a» + 1 
and (a* - a - 2) a;'+ (4a+ 1) a; - o* - a. 

Each of these expressions can be resolved into factors as explained 
in Art. 212, Ex. 4. Thus 

(a2-2a)«2 + 2(2a-l)aj-a«+l=a(a-2)aj« + 2(2a-l)«-(a + l)(a-l) 

= {(a-2)a; + (a+l)} {aa:-(a-l)}. 

(a«-a-2)a;*+(4a + l)«-a2-a=(a-2)(a+l)a;2 + (4a+l)a;-a(a+l) 

= {(a-2)a; + {a + l)} {(a + l)a:-a}. 

Hence the H. C. F. is (a-2)a;+a+l. 

EXAMPLES XXIX. a. 

Divide 

1. a^+{a+b+c)a^+{bc+ca+ab)a:+dbc by a^+{a+h)a;+ah. 

2. a*-{6 + a)x^+{4+5a-hb)a^-(4a+bb)a;+4b hja:^-5a:-\-4. 

3. a^-la-b)a^-{ab+2b^)a;+2ab^hy x-b. 

4. a^-lp^+3q^a;+2p^q-2f by x+p+q. 

6. a(a-l)a;2+(2a2-l)^+a(a+l) by {a-l)x + a. 

7. a?* + (a+6)ar» + (a2+a6+62)^.+ (a3+63)ar+a262bya78+aa?+6». 

8. 2Pa^ - 2 (3m - An) (m - »)y2 + iman/ by ^+ 2 (w - w)y. 

9. {a^+a-2)a^-{2a+l)a:y-{a^+a)i/^ by (a-l)x-ay. " 

10. a^-(a-b-2)a^-{ab+2a-2b)a;-2ab by (ar-a)(^+2). 

11. (^+l)« + 4(:r+l)«+6(a;+l)* + 4(:p+l)2+l by 572 + 20? + 2. 

12. (m+l){ba:+an)b^a^-(n+l)(mbx+a)a^ by bx-a, 

FindtheH.C.F. of 

13. (w2-3m+2)a;2+(2wi2-4m+l)^+w(w-l) and 

m{m-V)a^-\-{27n?-\)x+mim±\), 

14. wpa;3+(7W3'-np)^-(wir+w^):r+7ir and 

wflWT^ - (wic+ wa) 4;2 _ (/71ft - nc) ^+7i6. 

15. 2ap3 + (3a - 2b)x^q + (a - 36)/?ja - 6j3 ^^ 

:^af - (a + 36) j5«g' + (2a + 6)^^ - 2bf, 

16. acr' + (6c+aci?)^+(6fl?+a<;)d7+6<j and 

2aaF* + (26c - orf) a;* - (3ac + W) a? - 3ft<x 

H. A. 14 
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17. 2a2j;3-(46+3) aic«+2(36-ac)x+3(j and 

2a^jfi+{2b-S)aa^-(4ac+3b)x+ec. 

18. %iJ^+(4a^ - 1) ha^-{2ah^+Sc) x-6abc and 

flu?S-{3-2a2) 6^+(2c-6a6«)a7+4a6c. 

Find the L. CM. of 

19. a;*-pa^+(q-l)a^+pa;-q and a^'-qjs^+(j}-l)a^+qx—jK 

20. ;?(p+ 1)^+07-^(^-1) and^(^+2):i?2+2;r-^+l. 

21. (a2-5a+6)a:*+2(a-l)^-a(a+l) and 

a(a-3)x2+12a?-(a+l)(a+4). 

217. We add some miscellaneous questions in Brolution. 

The fourth root of an expression is obtained bj extracting 
the square root of the square root of the expresdon. 

Similarly by successive applications of the fule for finding the 
square root, we may find the eiakth, sixteenth... root. The sixth 
root of an expression is found by taking the cube root of the 
square root, or the square root of the cube root. 

Similarly by combining the two processes for extraction of 
cube and square roots, certain other higher roots may be ob- 
tained. 

Example 1. Find the fourth root of 

Sla:^ - 216ar'»y + 2l6ar2y« _ 96ag^ + 16y*. 

Extracting the square root by the rule we obtain Da;'- 12a;y+4]^3. 
and by inspection, the square root of this is dx - 2y, 

which is the required fourth root. 
Example 2. Find the sixth root of 

(._.)-.e(.4) (.-!)«(.-!)•. 

By inspection, the square root of this is 

(.-■).3(.-l). 

3 1 
which may be written a? - 3aj+ — -z\ 

and the cube root of this is or - - , 

X 

which is the required sixth root. 

218. In Chap. vi. we have given examples of inexact division. 
In a similar manner when an expression is not an exact square 
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or cube, we may perform the process of evolution, and obtain as 
many terms of the root as we please. 

Example, To find four terms of the square root of 1 + 2a; - 2aB^, 







l + 2aj-2aj2fl+a;-|a2 + |«^' 



2+aJ 



2+2aj-s»' 



2+2aj-3a?+|ic» 



2a;-2sB« 

2x+ a^ 



-3«a 



9 



4 



4 

!fi 4 



3 3 
Thus the required result is 1 +a; - - x*+ ^roc?, 

*219. In Art. 124 we pointed out the similarity between the 
arithmetical and algebraical methods of extracting square and 
cube roots. We shall now shew that in extracting either the 
square or the cube root of anv number, when a certain number 
of figures have been obtained by the common rule, that number 
may be nearly doubled by ordinary division, 

*220. If the square root of a number coruists of 2n + l figures, 
when the first n + 1 of these have been obtained oy the ordinary 
method, the remaining n may be obtained by division. 

Let iT denote the given number ; a the part of the square 
root already found, that is the first n+1 figiures found by the 
common rule, with n ciphers annexed ; a: the remaining part of 
the root. 

Then »JN=a+x\ 

JV'=a2+2flW7+^; 



2a 



^2a 



.(1). 



Now N-a^ is the remainder after n+1 figures of the root, 
represented by a, have been found; and 2a is the divisor at the 

14—2 
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same stage of the w<a'k. We see from (1) that ^- a^ divided by 

2a gives a?, the rest of the quotient required, increased by ^ . 

c^ . 

We shall shew that — is 9^ 'proper fraction^ so that by neglecting 

the remainder arisin?from the division, we obtain ., the rest of 

the root. 

For X contains n figures, and therefore s^ contains 2n figures 

at most ; also a is a nimiber of 2n+ 1 figures (the last n of whicb 

are ciphers) and thus 2a contains 2n+l figures at least; and 

a^ 
therefore «" ^s a proper fraction. 

From the above investigation, by putting ?i=l, we see that 
two at least of the figures of a square root must have been ob- 
i:ained in order that the method of division, which is employed to 
obtain the next figure of the square root, may give that figure 
correctly. 

'Example, Find the s^iiare rpot of 290 to five places of decimals. 



296(17-02 
1 



27 
d40d 



190 
189 



10000 
6804 



3196 



Hero w« have obtained four figures in the square root by the 
ordinary method. Three more may be obtained by division only, 
using 2 X 1702, that is 3404, for divisor, and 3196 as remainder. Thus 

3404)31960(938 
30636 

13240 
10212 

30280 
27232 

3048 
And therefore to five places of decimals ^290 = 17*02938. 

When the divisor consists of several digits, the method of con^ 
tracted division may be employed with advantage^ 

Again, it may be noticed that in obtaining the second figure of 
the root, the division of 190 by 20 gives 9 for the next figure; this is 
too great, and the figure 7 has to be obtained tentatively. This is 
one of the modifications of the algebraical rule to which we referred 
in Art. 124. 
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*221. If the cube root of a number eonsiits o/ 2n+2 fhures, 
when the first n+2 of these have been, obtained by the ordinary 
method^ the remaining n may be obtained by division, 

Let N denote the given number ; a the part of the cube root 
already found, that is the first n+2 figures found bj the common 
rule, with n ciphers axmexed ; x the remaining part of the root. 

Then ifN=a'\-x\ 

K^a^-^-Za^x+Zajfi+x^'y 

N-a^ . ^ . ^ /TV 

••• -3^=*+a+^ (^>- 

Now JV-a' is the remainder after 7i+2 figures of the root, 
represented by a, have been found ; and 3a* is the divisor at the 
same stage of the work. We see from (1) that JV— a* divided by 
Sa* gives x, the rest of the quotient required, increaaed by 
a^ a^ ' . . . 

— h «-2 . We shall shew that this expression is a proper frac^ 

tion, so that by neglecting the remainder arising from the division, 
we obtain x, the rest of the root. 

By supposition, ^ is < 10*, and a is > 102»+i ; 

a^ . 10** ^, ^ , 1 

a^ 1 Ate 1 

and is therefore a proper fraction* 



EXAMPLES XnX. b. 

Find the fourth roots of the following expressions 
1. x*-2Sx^ + 29^--13l2x + U0l. 

m m^ m^ m* 

3. a*+8a*^ + 16a?* + 32cM?'4-24aV. 

4. l+4^+2^-aF»-6^+8^+2^-4sp»+«8. 

p. l-»-ai?+20a;8 + arS-26.r*-8:p«+20a;«-8:F'^+a;«. 
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Find the sixth roots of the following expressions : 

6. l+ar+15^+20a?»+15ar*+6««-»-^. 

7. afi-l2ax^-\-240a*a:^- 192aSj? + 60a2^-160aV+64a«. 

8. cfi- 18a«ar + 135aV - 540a»a:» + I2l6a^a^ - I458cuv^ + 729a^. 

Find the eighth roots of the following expressions : 

Find to four terms the square root of 

11. 1+^. 12, 1-2^. 13. 4+2ar. 14. 1-^-^. 

15. a^-x. 16. a^+a^. 17. a^-^p^. 18. 9a^+12aa;. 

Find to three terms the cube root of 
19. ;F»-a». 20. 8 + 07. 21. \+9x. 

22. l-exi-2la^. 23. 27afi-27a!^-lSa!^. 24. 64-48a?+9a:8. 

Identities and Transformations. 

^22. Definition. An identity is an algebraical statement 
which is true for all values of the letters involved in it. 

Examples, a' + 6* = (a + 6) {a* - a6 + &'). 

*223. An identity asserts that two expressions are always 
equal ; and the proof of this equality is called " proving the 
identity." The method of procedure is to choose one of the 
expressions given, and to shew by successive transformations 
that it can be made to assmne the form of the other. 

Example 1. To prove that 

6c (6 - c) + ca (c - a) + oft (a - 6) = - (6 - c) (c - a) (a - 6). 
The first side =&c (6 -c) + c*a-ca*+a«6-a62 

= 6c(6-c) + a«(&-c)-a(6»-c«) 

= {b -c) {bc + a* - a {b + c)] 

= {b - c) {bc + a^ - ab - ac} 

=:{b-c){a{a-b)-c{a-b)} 

= (6-c)(a-6)(a-c) 

= - (6 - c) (c - o) (a - 6), 

changing the signs of the factor a - c, so as to preserve cydic order. 

[Art. 172.] 
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The expression on the left-hand side can be readily put in the 
following forms: 

a>(6-c) + 6*(c-a) + c»(a-6); 

-{a(62-c«)+6(c>-a2)+c(a*-&»)}. 
Hence we have the following results: 

6c (6 - c) + ca (c - a) + a6 (a - 6) = - (6 - c) (c - a) (a - 6) ; 
a»(6-c) + 62(c-a)+c»(a-6)=-(6-c){c-a)(a-6); 
a{lf^-<^) + b{c^-a^) + e{d^-h^) = {b-c){c-a){a-b). 

These identities are of such frequent occurrence that they should 
be carefully noticed and remembered. 

Example 2. If 2«=a+&+c prove that 

1111 ahc 

+ — i + 



s-a 8-b s-c 8 8{8-a){8-b)(8-cy 

The first side = f-"^- + -^) + (— - -) 

\«-a 8 -by \8-c 8] 

__ «-6+«-a <-«+c 

"" (« - a) (a - 6) « (« - c) 

_ 28-a-b c 

'~(a-a)(«-6) «(«-c) 

_ c c 

"" (« -- a) (« - 6) « (a - c) 

! a (a - c) + (a - a) (a - 6)) 
a (a - a) (a -6) (a -c) i 
_c {a' - ca+ a^ - oa - 6a + ab} 
*" a (a -a) (a- 6) (a— c) 
_ c {2a'-a (a+b + c) + db} 
~ a (a - a) (a - 6) (a - c) 

= -? w — irr? \» fora(a+6 + c)=a.2a=2a». 

a (a - a) (a - 6) (a - c) ' ^ ' 

KoUB. Here 2a is a convenient abbreviation of a + b+c; and the 
reduction is much simplified by working in terms of a instead of sub- 
stituting its value at once« In examples of this kind, as a rule, the 
student should avoid substituting as long as the work can be carried 
on in terms of the symbol of abbreviation. 

Example 8. If «' + tt'= 2 (xy + yz + au - y» - z^) 
prove that x=y=z=u^ 

By transposing, we have 

«*-2xy+y2+ya-2yz +«'+«« -22M+u«=0, 
or (aj-y)*+(y-«)* + (2!-w)«=0. 
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Now Binoe the square of any quantity is always positive, each of 
the expressions (x - yy, {y - z)\ (z - u)* is positive. Hence their gam. 
cannot be zero unless eaeh of them be separately equal to zero. 

. .•. a;-y=0, y-«=sO, «-«=0; . 

or x=y=z=sfi, 

NoTit The student should be eareftil to notice the difference 
between ;the conclusions to be drawn from the two statements 

(x-a)«+(y- 6)8=0 (1), 

and (x-a)(y-6)=0 (2). 

From (1) we infer that both x-a=0 and y-b^O iimtUtaneously,. 
while from (2) we infer that either x-a=Oory - 6=0. 

♦EXAMPLES XXIX. c. 

Prove the following identities : 
1. 5(:F3+o3)+<M?(a;«-a2)+a»(a?+a)=(a + 6)(r+a)(A'a-<Mf+a*). 

3. (d?+y)" + 3(a?+y)*2+3(4;+y);p2+2? 

4. (a+6 + c)(a5+6c+ca)-afcc=(a+6)(6+c)(c+a). 

5. {a + h-^cf-a(b-\-c--a)--h{a + c — h)-c{a-\-h — c) 

=2(a2+62+c8). 

6. (a?-y)»+(;r+y)3+3(a7-y)«(^+y) + 3(a?+y)«(a?-y) = ap3. 

7. a^{y-z)'{-y^{z-x)'\-!^{x-y)-\-{y-z){z-x)\x'-y)=^0. ' 

8. a%b-c)+b^{c-a)+<^{a-b)= -(6-c)(c-a)(a-6)(a+6 + c). 

9. If x+y+z=0, prove that a?+y^+s^=Zxyz, 

10. Prove that (6-c)3+((j-a)3+(a-6)3=3(6-c)(c-a)(a-6). 
If 2«=a4-6+c, shew that 

11. («-a)2+(«-i^)2 + («-c)2+«2=a2 + 62+c2. 

12. («-a)3+(»-6)3+(«-c)3+3a5<j=«3. 

14. 2(«-a)(«-5)(<-c)+a(«-6)(«-c)+6(«-c)(«-tf) 

If a + 6 + c=0, shew that 

15. (2a- 6)3+(26- c)3+(2c-a)3=3 (2a-6) (25-c) (2c-a). 

^^' 2a2+?c'*"262+ca'*"2c«+a6"'^* 

17. Prove that 

(^+y+if)H(^+y-«)»+(jt?-y+«)s+(a?-y-«)s=:4a7(d;8+3y2+302). 
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18. If a+6+c=«, prove that 
(«-3a)3+(«-36)8+(«-3c)3-3(«-3a)(«-36)(«-3c)=0. 

19. If X=&+c-2a, T=c+a-^, ^«a+6-2<;, find the value 

of jr«+r3-»-z»-3zrz. 

20. Find the value of a(a2+6c)+6(6Hac)-c(c2-a5) when 

a=-7, 5 =-08, c='78. 

21. Prove that (a - hf + (6 - cY + (c - a)2 

= 2(c-h)(c-a)+2(J>-a)(b-c) +2(a-h){a-c). 

22. Prove that a^ {b^-<^)+l^ ((^-a^y+c^ (a^-fes) 

= (a — 6) (6-c)(c — a) (a64-6c+ca) 
=a2 (6-c)3+62 (c_a)»+c2 (a-6)» 
= -[a262(a-ft) + 62c-2(6-tf)+c2a2(c-a)]. 

23. If {a+bY+{b+cf + (c^df=4{ah + bc+cd) 

prove that a=6=c=fl?. 

24. If ^=«a+rf, y^b-^-d, z^c+d, prove that 

a^ + y^ +z^ - yz^ za; - icy ^a^-i-h^+c^ — be - ca - ab. 

25. If a + 6+c=0, provethat 

52+c2-a2^c2+a2-5«^a2+62-ca 

26. If a+6+c=0, simplify 

27. Prove that the equation 

is equivalent to the equation 

{ax+by-l)^+{ba:-at/)*=0 ; 
hence shew that the only possible values of x and y are 

« b 

28. If 2 (^+a8-<u?) (y2 + 62_5y) = -p2g^2 + a252^ shew that 

(jr-a)2 (y-6)«+(6ar-ay)«=0, 
and therefore that x=a,y=b are the only possible solutions. 

*224. We shall now give some further examples of fractions 
to illustrate the advantage of arranging expressions with regard 
to cyclic order. [Art. 172.] 



=0. 
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Example, Find tfie value of 

^ . ^ I- ^ 

(a-6)(a-c)(a;-o) (6-c)(6-a)(x-6)^(c-a)(c-6)(x-c)* 

Changing the sign of one factor in each denominator, so as to 
preserve cyclic order, we get for the lowest common denominator, 

(a -b)(b- c) [c - a) {x -a) (x -h){x- c). 

The whole expression has for its nmnerator 

- [a (6 - c) (x - 6) (x - c) + . . . . + . . . .] 

or -[a{p-c) {a^-{h+c)x+he} + + . . . .]. 

Arrange it according to powers of x; thus 

coefficient of x'= - {a (6 - c) + 6 (c - a) +c (a - h)} 

=0; 
coefficient of x = {a (6> - c-) + 6 (c» - a*) + c (a^ - &»)} 

= (6-c)(c-a)(a-6); [Art. 223.] 
terms which do not contain x 

= - {ahc (h~c) + a'bc {c-CL^-^-ahe (a-h)) 

= -dbc{b-c+c-a+a-b} 

=0. 

TT xu ^ -,• (^ - c) (<J -o)(a-b)x 

Hence the expression = ~ — w ./ ,w ^ ,/ ,,, : 

{b-c){c-a){a-b){x-a){x-b){x-c) 

X 



{x -a){x- b) (x-c)* 

Note. In examples of this kind the work will be much facilitated 
if the student accastoms himself to readily writing down the following 
equivalents: 

(6-c) + (c-a) + (a-6)=0. 

a{b-c) + b{c-a) + c{a-b)=0. 

fl«(6-c) + 6>(c-a)+c2(a-6)=-(a-6)(6-c)(c-a). 

be (6 - c) + ca {c-a)+ab{a-b)= -{a- b) (b -c){c-a). 

o(6*-c«) + 6(c»-a«) + c(a»-62) = (a-6)(6-c)(c-o). 

Some of the identities in xxix. c. may also be remembered with 
advantage. 

♦EXAMPLES XXIX. d. 

1 ? + ^ + ? 

^' {fl-h){a-cy {h-c){f>-ay {c-a){c-h)' 

^ be ca . ah 

2. 7 tN/„ .x + 



(a - 6)(a - c) (b - c) (6 - a) (c - a) (c - 6) * 



J 
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S a^ V^ ^ 

^' {a-b)(a-cy {b-cXb-ay (c-a){c-b) 
gS y c3 

Ja^Yia^) ■*" (6-c)(6-a) "*" (<;-a)(c-6) ' 



4. 



- a( 6 +c) 5(a+c) c(a+b) 

®* (a-6)(c-a)'^{a-6)(6-c)"*"(c-a)(6-<;)* 

6. ^ 1 ^ . 1 . 

a{a—b){a—c) b{b — c){b-a) c(«— a)(c— 6) 

_ ftc ca a6 



a(a2-62)(a2-c2) "^ 6(6a-c2)(62-a2) "^ c(c2-a2)(c8-62) • 
-. {x—b)(x-c) (3?~c)(a?-«) (ar-a)(a?-6) 
*• (a-6)(a-c)'^(6-c)(6-a)"*"(c-a)(o-6) " 

^ bc{a+d) ca(b+d) ab{c-\-d) 

^' {a-b){a-cy{b^{b^y {c-a){c-b)' 

^^' (a - 6)(a - cXx - a) "^ (6 - c)(6 - a){x - 5) "^ (c^=^"^)(^ - c)" 

(a - 6)(a - c){x + a) ^ (6 - c)(6 - a)(^ + 6) ^ (c - a)(c - b){a; + c) * 

"' ^ (a-6)(a-c)"*''^(6-cy(6-a)"*"'^(c-a)(c-6)- 

^- (5_c)3+(c-a)3+(a-6)3 * 

a^b-c)+b^(c-a)+c^{a-b )+2 {a-b){b-'C)(c-a) 
^^ (b-cf+ic-af+ia-bf 

a^b-c) + l^(c-a)+c^(a-b) 
^' a2(6-c)+6«(c-a)+c2(a-6) * 



16. 



17. 



18. 



ai{b-c)^+b^{c-'aY+c^(a-bf 
(a-b){b-c){c-a) 

\{b-c)+l{c-a)+j{a-b) 
a\l^~?)'^b\^''ay'^c\a^''by 

bo\o bj ca\a e/ ab \b a) 
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♦225. To find when x*+pi*+qx+r (1), 

uditnsible hy x*+ax+b (2). 

Divide (1) by (2) in the ordinary way; thua 



^ {{q-h)-'a(p-a)}x+r-b{p-a) (3). 

NoW if the remainder be z^ro the division ia exact. This Is 
the case when 

or ar=* — ^- — J- ;. 

q-o-a{p — a) 

Hence when x has this value, (1) is divisible by (2). 

But if in (3), j-6-o(p~a)»=0, 

and also r-6(p-a)=0, 

c 

the remainder is equal to zero whatever value x may have. Thus 
a^-^pa^+qx-^-h is divisible by x^+ax-^-h for aU rahies of a?, pro- 
vided that 

and r-6(p-a)«=0. 

*226. ^ To find tlie condition that x^+px+q may he a perfepL 
tqware. 

It must be evident that any such genered expression cannot 
be a perfect square unless some parUcolar relation subsists 
between the coefficients 'p and q. To find the necessary con- 
nection between^ and q is the oBject of the prssent question. 

Using the ordinary rule for square root, wa have 

^Q^-Vpx^-qyx-^-^ 



2*+f 



px-\rq 
^4- 



( 
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If therefore a^-^px+q be a perfect square, the remainder, 
g' - -^ , must be zero. 

Hence l? - "j^O, or ^=4j, is the condition required. 
*227. To prove thai x* + px' + qx^ +rx + s if a perfect eqyoflre if 

The square root must clearly be a trinomial expression of the 
form a^+lx+m; if therefore we put 

sff^+pa^+qsi^+r4;+ss>B(di^+lx-{-m)\ 

we have, on expanding the right-hand side, 

dr*-fpA'»-fg'^+raf+*=*^+2ia:»+a?*(^4-2w)4-2?WM?+w*. 

Since this is to be true for all values of x, we may assume that 
the coefficients of the liJce powers ofz. are the earns; hence 

21'^p, P+2m«=g', 

2;m=r, m^=s. 

From these equations, by eliminating the unknown quantities 
I and m, we shall obtain the necessary relations between p, q, r, 
and s. 

Thus we have g'— ^=2m=2V«, 

and r^2lm =p*Js ; 



.•. (s'-^ ) *='4« and r^^p^s. 



NoTS. The method of Art. 226 might have been used here. Also 
the method of the present article may be used to establish the results 
of Arts. 225 and 226. 

*228. The proposition in the preceding article has been 
given to illustrate a usei^l method, which admits of very wide 
application. In the course of the proof we assume the truth of 
an important principle; namely, 

If two earpressions involving x are ide^itioaUy equal, the co- 
efficietits of like powers in the two compressions are eqitm. 

The demonstration of this principle belongs to a more 
advanced part of the subject, ana could not be discussed eom- 
pletely here. 
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*229. We shall now give general proofe of the statements 
made in Art 55. We suppose n to be positive and integral 

L To prove thai j^—j^U always divisible by x—j. 

Divide i^^-y^byj^-ytilla remainder is obtained which does 
not involve x. 

Let Q be the quotient, and R the remainder ; then 

ar-y*^Q{x-y)+R 

Since R does not contain x, it will remain unaltered whatever 
value we give to x. 

Put a7=y, then y»-y«=§xO+22; 

.*. R=0; that is, since there is no remainder, ^— y* is divisible 
hj x-y, 

11. To prove that x"+y* is divisible by x+y when n is odd^ 
but not when n is even. 

With the same notation as before, 

af+y^=Q{x+y)+R, 

Now since R does not involve or, it will remain imaltered what- 
ever value we give to x. 

Put a?= -y, then 

that is, i2=( -y)*+y». 

(1) if n is odd, (— y)*+y*= -y"4-y*=0; 

(2) if »i is even, (-y)*+y*= y*+y*=2y*; 

hence there is a remainder when n is even, but none when n is 
odd ; which proves the proposition. 

In like manner it may be proved that :B*-y» is divisible by 
x+y when n is even ; and af^+y* is never divisible hj x—y. 

By going through a few steps of the division, the form of the 
quotient in each case is easily determined. The results of the 
present article may be conveniently stated as follows : 

(i) For all values of n, 
(ii) When n is odd, 
(iii) When n is even. 
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*230. If any algebraical expression 

1)6 divided by x — a., the remainder will he 

a" + Pia»-i+P2a»-2+P3a»-3+ +Pn-ia + p;. 

Divide the given expression by ^ - a till a remainder is ob- 
tained which does not involve x. Let Q be the quotient, and R 
the remainder ; then 

ar-\-pyaf^^'\-p^xf^^+ ■\-Pn-iSS+Pn—Q{pi!-a)-\-R. 

Since R does not contain x, it will remain unaltered whatever 
value we give to x. 

Put a:=a, then 

a'»+^ia«-i+jp2a*^2+ +i'K-i^+i>»= § x O+JB, 

i2=a*+^ia"-iH-^2a'»-2+ ■\-Pn-i<^+Pn\ 

which proves the proposition. 

From this it appears that when an algebraical expression is 
divided by ^ - a, the remainder can be obtained at once by writ- 
ing a in the place of x in the given expression. 

Again, the remainder is zero when the given expression is 
exactly divisible by ^ - a ; hence we deduce the important pro- 
position : 

If any algebraical expression involving x become eqical to 
when a is vyntten for x, it will contain x — a cw a factor. 

Example 1. The remainder when x^-23^+x-l is divided by 
« + 2 is 

(_2)*-2(-2)»+(-2)-7; 

that is, 16 + 16 - 2 - 7, or 23. 

Or the remainder may be found more shortly by substituting a; = - 2 
in[{(4?-2)a;}a; + l]a;-7. 

Example 2. Besolve into factors x^ + 3a;' - 13x - 15. 

By trial we find that this expression vanishes when x=^\ hence 
0; - 3 is a factor. 

.'. ««+3a;2-18j;-16=a;2(x-8) + 6a;(j;-8) + 6(x-3) 

=(x-3)(xa+6x+5) 
= (a;-3)(x + l)(a: + 6). 

Note. The only numerical values that need be substituted for x 
are the factors of the last term of the expression. Thus, in the present 
case, by matdng trial of - 5, we should have detected the factor x + 5. 
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♦EXAMPLES ZXIX. e. 

Find the values of x which will make each of the following 
expressions a perfect square : 

6. a:*+2flw?3+3aV+ca?+rf. 

7. Find the conditions that cc^-cufi+ha^-cx+l may be a 
perfect square for all values of x. 

Find the values of x which will make each of the following 
expressions a perfect cube : 

8. 8^-3&F«+5ar-39. 9. ^ -^+4a*j;a-28a« 

227 o 

10. m^ofi - 9mhia^ + Sdmn^jfi - 5ln\ 

11. Find the relation between h and c in order that 

x^+^aa^+bx+c 
may be a perfect cube for all values of x. 

12. Find the conditions that 
x^+Zax^+^x^+a{eb-6a^)x^ + 3b{b-a^)x^+3cx+d 

may be a perfect cube for all values of x, 

13. What number must be added to x^+2a^ in order that the 
expression may be divisible by :p+4. . 

14. If x+a be a common factor of x^+px+q and x^+lx+nty 

shew that a=^ — ^ . 

l-p 

Resolve into factors : 

15. x^-ex^+llx-e. 16. x»-bx^-2x+24. 
17. x^+9x^+26x+24, 18. x^-x^-4lx+l0o. 
19. ^-3^39^+70. 20. :c3-84;2~31a;-22. 
21. 64;3+7^-^-2. 22. ex^+x^-l9x+G. 

Write down the quotient in the following cases : 

23. ^. 24. ^^. 26. ^^. 26. ^^^. 

^+y ar+y x-y x-y 
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Find the square root of 

27. ^+(2a-4)4;3+(a2-2a + 4)^+(2a2-4a).r+a«. 

28. (a+l)2^+(2a2+2a)a;»+(3a«-4a-6):ca 

+ (2a*-6a)47+a«-6a+9. 

29. Find what values of m make Zmx^ + (6m - 12) i? + 8 a perfect 

square. 

30. If 4a?*+ 12ar^+Pa?^« + Qxy^+y^ is a perfect square, find P. 

Without actual division shew that 

31. 32a;io - 33a?^+ 1 is divisible hj x-l. 

32. aF*+6a;3^iai;*- 20^+4 ^-4. 

33. jF* + 4pS-&c*-3eflf-36 ^-^-6. 

Without actual division find the remainder when 

34. a^—bx^ + b is divided by ^—6. 

35. ^-7^a+8^a?+15a3 x+2a. 

36. If a^ -hx+c and dLifi -hx+c have a common factor, then 

37. If » be any positive integer, prove that 6**-l is always 

divisible by 24. 

38. Shew that l-47-^+a;**^is exactly divisible by 

l-2a7 + a;«. 

39. If a^^-px-^-r and 3a?*+/> "have a common fkctor, prove that 

•^ 4- — = 
27^4 "• 

40. Shew that \ia^^p^'\'qsf^ is exactly divisible by 

^ - («y '\-hz)x+ ahyz^ 

then ^ + ?-+l=0. 
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CHAPTER XXX. 

The Theory of Indices. 

231. Hitherto all tHe definitions and rules with regard to 
indices have been based upon the supposition that they were 
positive integers ; for instance 

(1) a^^=^a,a.a to fourteen fectors. 

(2) ai*xa3=ai*+3=ai7. 

(3) al*-^a3=al4-s =«!!;' 

(4) (aM)3 = aM«3=«42. 

The object of the present chapter is twofold : first, to give 
general proofs which shall establisn the laws of combination in. 
the case of all positive integral indices ; secondly, to explain 
how, in strict accordance with these laws, intelligible meanings 
may be given to symbols whose indices are fractional, zero, or 
negative. 

We shall begin by proving, directly from the definition of a 
positive integral index, three important propositions. 

232. Definition. When w is a positive integer, a*» stands 
for the product of m factors each equal to a. 

233. Prop. I. To prove that a"xa"=a°»+°, when m and n 
are positive integers. 

By definition, «**=« ,a,a to m factors; 

tt*=a.a.a to 9i factors; 

.•. a'**xa*=(a.a.a... to m factors) x (a. a^a,,. to n factors) 

«=a.a.a... to m+n factors 

=««»+» by definition. 

CoR, If p is also a positive integer, then 

a'*xa'*xa^=a'»+*+^; 
and so for any n\miber of factors. 
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234. Prop. II. To prove that a"'-fa'^=a'*-", when m and n 
are positive integers, and m>n. 

_ ^ a™ a. a. a... torn factors 
a^ a. a. a... to n factors 
s=a . a. a ... to m— 91 factors 

235. Prop. III. To prove that (a")''=a"", when m amd n are 
positive integers, 

(a»)*=a^ . a** . a** ... to n factors 

^(a.a.a... tomfactors)(a.a.a... torn factors) 

the bracket being repeated n times, 

Bsa . a . a ... to tnn feustors 

236. These are the fundamental laws of combination of 
indices, and they are proved directly from a definition which is 
intelligible only on the supposition that the indices are positive 
and integral. 

£ut it is found convenient to use fractional and negative 

i £ 

indices, such as a*, a~^; or, more generally, ««, a~"; and these 
have at present no intelligible meaning. For it is plain that the 
definition of a**, [Art. 232] upon which we based the three pro- 
positions just proved, is no longer applicable when mi&fractionaly 
or negative. 

Now it is important that all indices, whether positive or 
negative, integral or fractional, should be governed by the same 
laws. We therefore determine meanings for symbols such as 

a*, a~", in the following way: we assume that they conform to 
the fundamental law, a** x a*=a**'''", and accept the meaning to 
which this assumption leads us. It will be found that the 
symbols so interpreted will also obey the other laws enunciated 
in Props. IL and m, 

p 

237. To find a meaning for a*, p and q being positive 
integers^ 

Since a** x a^^a^"^^ is to be true for all values of m and n, 
by replacing each of the indices m and n by ^ , we have 

aixa^f^a^ «=a«» 

15—2 
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It t P *P P ^j.? *P 

Similarly, a^xa^xa^^a^ xa^=a^ «=a». 

Proceeding in this way for 4^ 5, , q factors, we have 

p p V fp 

a^xa^xa^ ...... to q^ factors=a« ; 

' p 
that is, (a«)?=a^. 

Therefore, by taking the g'*^ root, 

p 
or, in words, €fi is equal to "the g'*** root of o^," 

6 

Examples, (1) x^= JJx', 
(2) a^=*Ja. 

S 8 2 5 8 

(4) a*Ko'=a' •=«*. 

a 2 OS 8a+4 

(5) h^xk^=k^ '^=^k 3 . 

2 1 18 2 1 15 5 4 

S38. Tafind a meaning for a^. 

Since a?*» x a*«srt^+» is to be true for aU values of m and «, 
by Kplacing the index m by 0, we have 

Henoe any j^t^n^y with zero index is eq[uivalent to 1. 

[See Art 47.] 
Example. a?*"*xa^**=a;*-«+«-*==iBO=l. 

339. Tofimd, a meaning for a"^ 

Since cC^xa!^= cC"^ is to be true for aU values of m and n, by 
replaciog the indQ3^ w by -n^wehave . 

-1. 
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1 



ni 



Hence n'^ ^, 

and ii*= — =. 

Thus we see that any quantity inav be i^enloved from the 
numerator to the denominator, or vice-yers^, by merely changing 
the sign of the index. 

Examples, (1) x~*=^. 

(2) -i5=y«=Vy. 
y a 

(3) Sr - !~»/(27)«*4/3«'"3«"9* 

240. iTo j»r<we that a"-7- a" = a"*"" for nil valttes of m and tl 

=«"•■*•, by the fundamental law. 



Examples, ' (1) a'^a»iBa*-*=a~**=±-|« 



a' 

? i-i.? ?? 
(2) c-5-tJ 5=c*+»-,c«. 

. (3) a<»-i^x^-Cz=x*-^-^<^-^==ts»-K 

241. The method of finding a meaning for a symbol, as ex- 
plained in the preceding articles, deserves carefiil attention.- The 
usual algebraical process is to make choice of symbols, give them 
meanings, and then prove the rules for their combination. Here 
the p)x)cess is reversed; the symbols are gi^en, and the law' to 
whicn they are to conform, and fix)m this the meanings of the 
symbols are determined. 

242. The following examples will illustrate the different prin- 
ciples we have establii3ied. 

Examples, (1) 5^1^ = 5^.-. 

1 t r . 

,^, 6a5xa»x6a"» 4 J+H+M ^ -1 * 

i2i — sr - a* • • * ■== — a *A — . 

yv 5 ». -8» . -3». sa 

9a »xa» 
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3 61 !l 6 

1 » 

1 

EXAMPLES XXX. a. 

Express with positive indices : 

1 9 

1. 2^"*, 2. Sa"*, 3. 4^2a^ t S-^a-^. 

1 1 3^^^ « . ^r' 

5a; ' 



1 » 

9. 2x*xSar\ 10. l-^2a'^ U, ary^x^i, 12. ar^ar^'^^. 

^^- :753- 1^ 4Tf^Z' 15. ;^, 16. -^. 

17. a-«a?"« -5-0-8. 18. i/ar^-^i/a, 19. ifa-^-^l^af. 
Express with radical signs and positive indices : 

20. 4?^. 21. a"2, 22. 5a?"2, 23. 2a"*. 

1 

24. ^. 25, -\. 26, ^\ 27. -^ , 

11 _2 1 1 

28. a"»x2a"». 29. a? »-^2a'2, 30. 7a"8x3a-i. 

31 ^ 32. ^ 33 ^' M ^"^ 

35. ila?yiil<^. . 36. ifcr^-^i/a-^, 37, Va?x^^. 

38. ;/X'^X/^. 39. ya'-f<!^a«. 40. 4^a» x ya*-f5yafi». 
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Find the value of 
41, 16*. 42. 4"s. 43, 125^ 44, 8"». 45, se'K 

46. -L.. 47. 243I. 48. (I) •. 49. (§)'. 50. (H)"' 

243. To prove that (a")" = a"" is universaRy true for all values 
ofmandiu 

Case I. Let n he a. positive integer. 
Now, whatever he the value ofm, 

(««>)»»= a«». a»». a**... to rj factors 

_.^jm+m+m+»»» to n termt. 

Case II, Let m be unrestricted as before, and let 7^ be a 

positive firaetion. Replacing n by *- , where p and 5^ are positive 

p 
integers, we have (a**)* = (a**)*. 

I? £ 

Now the gih power of («"»)«= {(«»»)«}« 

=(a«)^*% [CaseL] 

=a"v. [Case I.] 

Hence by taking the ^h root of these equals, 

tnp 

=a«, [Art 237.] 

Case III. Let m be unrestricted as before, and let n be a^y 
negative qvmUiiy^ Replacing » by — r, where r is positive, we 
have , - . 

(am)n=.(«m)-r^^^ [Art. 239.] 

1 



fj^mri 



[Case II.] 



= a-^^s^a' 



Hence Prop, in., Art, 236, (flt»»)*=a"« has been shewn to be 
universally true. 
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2 6 2 ff 4 

Efximples. (1) (6»)7=6s'*7=&7. 



(2)^ {(a;-V}-*=(x-«)-*««". 



1 ^_^ J_ 
.(3) (««-•) . z^x^-c""^ ""'=;«• 



j^-<ji _i_x(a«-(!«) .^.g 



244. jTo jprcwe fAo^ (ab)"^a"b°, whatever he the value of n; 
a anc? b ^'tz^ any qv/arUities whatever. 

Case I. Let n be a.pontive mteger. 

Now (a6)*= a6 . a6 . a6... to n factors 

= (a . a . a... to n factors) (^ . 6 . 6.. . to n factors) 

Case H. Let n be a positive fra^ion, Keplacing « by — , 

p 
wbere j[> and q are poeUive inteffers, we have (a5)* = (a6) «. 

Now the gth power of (ab) « = {(a5)«}« 

= (a6)P, [Art. 243.] 

p p 
=(a«6«)«. [CaseL] 

Taking the qth root, (a6)«=a« 6«. 

Case III. Let n have any negative vcUrte, Eepladng n by 
—r, where r is positive, 

Hence the proposition is jffoved universally. 

The result we have gust proved may be expressed in a verbal 
form by saying that the index of a product may be distrihuted 
oyer itA factors, c 

Note. An index is not distributive over the termt of an expres- 
11 1 

si on. T hus (fl^+ }^)^ is not equal to a+&. Again (a* +6*)* is equal to 
^a^+b^f and cannot be further simplified. - . 
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Examples. (1) (y«)«-«(«af)«(«y)-«=y«"<' «•"««* a* «~«y~«, 

(2) {{&-6)*}-»x{(a+6)-»}»=(a*6)-*x(d+6)-« 

= {(a -6) (a +&)}-«, 
= (a2-62)-«. 

245. It should be observed that m the proof of Art. 244 the 
quantities a and b are wholly unrestricted^ and may themselves 
involve indices, 

114 _1*14 41 

Examples. (1) (xay"a)»-^(ar>y-i) »=a;»y~»-^a;''»y» 

4 

4 S 

4 1 » 

= (o»6"«-^ab"^)• 

1 . 
=(a»)«=a«. 



BXAMPLES XXX. b. 

Simplify and express with positive indices : 

10. (^-f^o;)*^ 11, (4? X ;^ar"»)^. 12., (-yJ;^-^*y^)l==^. 

13. 'Ja^xifoF'^ 14. ilah-^<r^ x (arH-^c^yl. 
s 

15. 'ya**a;«x(a»^^)-^/ 16. ilP^-^^J^^x. 
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r 1 1 

17. {a*ifa;)-^ x '^ar^^ar*. 18. ya-+*6*^* -f (a* h ">. 

3 

19. ■y(^+^x(a+6)'*. 20. {(«-y)-^"-5-{(«+y)"}'. 

1 

23. (a'Uv cw?"V;r») • 24. /V(a+ft)*x(«*-^r*- 



25. ( V 

^6 »c' 



29. (a^»)»*i + ^. 30. (*»+i)-*-i+5^. 



_1_ 



2« + l 4n + l 



(2»»)»»-i • (2*"^)"+i* 



2*x(2^-^)^ 1 
**>• 2'»+ix2*-i 4-** 

246. Since the index-laws are universally true, all the 
ordinary operations of multiplication, division, involution and 
evolution are applicable to expressions which contain fractional 
and negative indices, 

247. In Art. 121, we pointed out that the descending powers 
of 0? are 

^' ^' ^' ^» i' ^' J3> • 

A. reason for this may be seen if we write these terms in the form 

mA 4*2 ^1 <»«0 ij"^"! «. — 8 4"^~3 
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_1 J 1 . 

Example 1. Multiply 8a? *^x + ^afihy afi-^. 

Arrange in desoending powers of x, 

a 1 

x + 2s^+Zx~* 
1 
ai3-2 



.sfi+2x + Z 

s 1 

4 2. i~" 



Example 2. Divide IGa"* - 6a"« + 5a"i + 6 by 1 + 2a-^. 

2a-i+l)16a-»- 6a-«+ 6a-i+6(8a-«-7a-i+6 
16a-* + 8a-' 

-14a-2+ 6a-i 
-14a-a^ 7a-i 



12a-i+6 
12a-i + 6. 

Example 8. Find the square root of 

y"* 

Getting rid of the radical signs and negative indioes, and then 
ananging in descending powers of y we have 

I. ■ ■ ' 



|.^.H^-2.-^.^Y|U.?. 



y 

1 



y 



y \2 



1 s" 






-m 

1 s 



B 

« 4x« 4a;2 
-20? J- + — 

- y 

n 

„ 4a;a 4x« 
-2a? J- + — , 

1 y 
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BTT AMPLES XKX. c. 

1 111 

1. Multiply 3a;*-5+8a?"» by 4^+aa7"». 

s 1 1 11 s 

2. Multiply 3c^-4a»-a » by 3a^+a'»-6a ». 

3. Find the product of c* + 2<r« - "7 and 6 - 3c-«+ 2c*. 

4. Find the product of 6 + 2j^+3ar^ and 4a;«-3ar-«. 

i 1 1 

6. Divide 2lx+a^+a^+l by 3a^+l. 

11 » 

6. Divide 15a-3a»-2a »+8a-i by 5<j^+4. 

7. Divide 16a-8 + 6a-H5a-i-6 by 2o-i-l. 

8. Divide 56»-6«^-46"*^46~»-6 by 5«"-26"«. 

9. Divide 21a8* + 20-27a*-26a** by 3a* -6. 

10. Divide 8c-"-8<^+B<j8»-3<S-*» by 5<f»-3c-» 

Find the square root of 
1 1 

11. 9^- 12.«»+.10-4^"*H-«?^^ 

4 It 

12. 25fl^+16-30a'-24<j^+49c^. 

13. 4ic*+ 9a?-"+ 28 -24a:"*- 1647*. 

14. 12a«+4-6a«*+a*«+Ba««. 

8 ^9 1 1 ' 8 1 1 

16. Multiply a^-Sa *+4a'>-2a« by 4a"*+(^+4a'«. 

1 

16. Multiply 1 - 2^4? - 24^ by 1 -;^x. 

17. Multiply 2 V¥- a* - ? by 2a - 3 //- - a"l 

a \ a 

18. Divide /y^+24;3_ ig^'s^ 3? , ^^ ^-^ 4 

19. Divide 1-V« — ^+2a« by l-a«. 

20. Divide 4Va?2-84?-6+-s^ + ar » by 2a?^-!J^a?--^- 
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Find the square root of 

21. 9a?-*-iac-Vy+^-6 

22. 4V«»-124^(xi^)+26Vy-24//^^+lte"V- 

23. 8l(^+l)+36^(Jy-i-l)-168^. 

248. The following examples will illustrate the formulas of 
earlier chapters when applied to ezpresdons involving fractional 
and negative indices, 

h P _h j ** h jP *_P f P 

Example 1. (a*- 69)(a~*+ 6'«)=a*"*-a~*6tf+a*6'«-&«~« 

» p h _p 

Example 2. Multiply Sa;*^ - xi* + 8 by 2x«p +xP-B. 

The product ={2x!»>-{xP-3)}{2x^+{xP-3)} 
= (2a:«>)»-(xP-3)« 

1 _i 

Example 8< The square of 3x^-2- x'^ 

1 11 1 

=;9a:+4+a:-i-2.8a;a.2-2.aca.« «+2.2.«"« 

1 1 

=s9aj + 4+a;-i-12a;«-6+4»"a 

1 1 

:» 9fl? - 12«« - 2 + 4a;"»+ ori, 

by collecting like terms and rearranging. 

Example 4. Divide a^+a « byoa+a"*. 
Thequotfent =a(a«+a"«)^(aa + a"«) 

M M 11 It 

s«a*-l+a-*. 
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EXAMPLES ZXZ. cL 

* 

Write oU/wn the value of 
1 1 

1. (a^'-7)(^"+3). 2. (4^-5ari)(4a?+3ari). 

3. (7^-9y-i)(7^+dy-i). 4. {sf^-^){ar^+y-^). 

5. (a*-2a-«)2. 6. (a«+a')2. 7. (^-2^"*)*' 

/I i -1\* 
9, f 3 a» - a » ) . 10. (3a;«y-* + 5ary ) (3^ - Sor'^-*). 



13. {(a+6)^+(a-W 

TTn^e d<yum the quotient of 
1 1 
15. x-^a by a^ + Sa^. 

17. a2*-16 by a*-4. 

19. c*«-c-« by c*-c'«. 
21. a**-a^ by a^-^-x^. 

6 1 

23. a^-1 by s^-l. 
Find the value of 



12. (^-«?"«+ar)2. 

14. {(a+ft)'»-(a-6fV. 



16. ^-27 by ^-3. 

18. a^+S by ic«+2. 

20. l-8a-s by l-2a-i. 

22. ar-*-l by a?-i + l. 

24. a:*»+32 by a;* + 2. 



25. (a:+a:«-4)(4:+jca + 4). 26. (2^+4+3a?"^(2a:8+4-3a:'«). 

I 1 

27. (2-a^+^)(2+:c*+a?). 28. (a«+7+3a-«)(a«-7-3a-*). 



29. 



4 1 



31. 



a»+2^a6+4^ 

a^~4{^J7-« 

■ ■ I . 

9 



32. 






CHAPTER XXXI. 

Elementary Sueds. 

249. Definition. If the root of a quantity cannot be exactly 
obtained the root is called a surd. 

Thus ^/2, ilb,ija\ Vo^+P are surds. 

By reference to the preceding chapter it will be seen that 
these are only cases of fractional indices; for the above quanti- 
ties might be written 

lis 1 

2^, b\ a«, {a^+l^\ 

Since surds may always be expressed as quantities with frac- 
tional indices they are subject to the same laws of combination 
as other algebraical symbols. 

250. A quantity may be expressed in a surd form without 

6 

really being a surd. Thus i/sfi or s^, though apparently a surd, 
can be expressed in the equivalent form a^. 

251. A surd is sometimes called an irrational qnantity; 
and quantities which are not surds are, for the sake of distinction, 
termed rational gnantities. 

252. In the case of niunerical surds such as ,J2, ^6, ..., 
although the exact value can never be found, it can be deter- 
mined to any degree of accuracy by carrying thd process of 
evolution far enough* 

Thus V5=2-236068 ; 

that is mJ6 lies between 2*23606 and 2*23607 ; and therefore the 
error in using either of these quantities instead of a/5 is less than 
•00001. By taking the root to a greater number of decimal 
places we can approximate still nearer to the true value. 

It thus appears that it will never be ah^oLvZdy necessaiy to 
introduce surds into numerical work, which can always be carried 
on to a certain degree of accuracy ; but we shall in the present 
chapter prove laws for combination of surd quantities which 
will enable us to work with symbols such as ^2, ffb, iff a, ... with 
absolute accuracy so long as the symbols are kept in their surd 
form. Moreover it will be found that even where approximate 
numerical results are required, the work is considerably simpli- 
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fied and shortened by operating with surd symbols, and after- 
wards substituting numerical values, if necessary. 

253. The order of a surd is indicated by the root symbol, or 
surd index. Thus i/x^ ^a are respectively surds of the third 
and n^ orders. 

The surds of the most frequent occurrence are those of the 
second or der; t hey are sometimes called quadratic SHrds. Thus 

V3, >Ja, »Jx+y are quadratic surds. 

254. It will frequently be found convenient to express a 
rational (quantity in a surd form. 

A rational quantity may be expressed in the form of a surd of 
any required order by raising it to the power whose root the surd 
expresses, and prefixing the radical sign. Thus 

6=V25=-yi25=4^625 = ;:^5*; 

a +a?«« V(a + ^)* « V(a + d?)* = >/ (a + :r)*. 

255. A surd of any order may be transformed into a surd of 
a different (»der. 

1 4 

Exafitt^lee, (1) i5/2=^:= 2^=5^2*. 

(2) f/a^^aP^at^^l^af. 

256. Surds of different orders may be transformed into surds 
of the same order. This order may be any conmion multiple of 
each of the given orders, but it is usually most convenient to 
choose the leaet common multiple^ 

Example, Express i/a\ i/h\ 4/a' as surds of the same lowest 
order. 

The least common multiple of 4, 8, 6 is 1:2 ; and expressing the 
given surds as surds of the twelfth order they become ^a^, ^bfit \/a^^, 

257. Surds of different orders may be arranged according to 
magnitude by transforming them into surds of the same order. 

Example, Arrange «y8» j/6, 4/10 aooording to magnitude. 

The least common multiple of 2, 3, 4 is 12 ; and, expressing the 
given surds as surds of the twelfth order, we have 

V3 =iy3« =iy729, 

4'io=9'io»=]5'iooo. 

Hence arranged in descending order of magnitude the surds are 

^/6, yiO, 4/3. 









1 




/ 


8. 


^. 


9. 


1 


10. 


V 

1 


12. 


1 


13. 




14. 
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EXAMPLES XXXI. a. 

Express as surds of the twelfth order with positive indices : 

1 1 

1. s^. 2. a-i^a"2. 3. i!aa?y.ya-^or\ 

A J- v^ _i_ A yi 

a * 
Express as surds of the n*^ order with positive indices : 

7. ^^2. 

11- VTl 

Express as surds of the same lowest order : 
15. Va, yaK 16. 4^a^ ^a. 17. 4^^, ^^, S^^. 

18. 5^^, S^^pio. 19. Sy^, ^^ 20. V^, v'as^. 

21. V5, ^11, 4^13. 22. 4^8, V3, 4^6. 23. 4/2, 4'8, ^4. 

258. The root of any expression is equal to the product of 
the roots of the separate factors of the expression. 

1 

For ^ah={ahY 

1 1 
= a«6", [Art. 244.] 

Similarly, Vabc=^Zfa . J^b , H^fc; 

and so for any number of factors. 

Examples. (1) ^/IS = 4/3 . ^o. 

(2) ljM=ila^ .ilh = a^^h. 

(3) ^50 =^25. s/2 = 5V2. 

Hence it appears that a surd may sometimes be expressed as 
the product of a rational quantity and a surd ; when so reduced 
the surd is said to be in its simplest form. 

Thus the simplest form of >v/ 128 is 8 ,J2, 

Conversely, the coefficient of a surd may be brought under 
the radical sign by first reducing it to the form of a surd, and 
then multiplying the surds together. 

H. A. 16 
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Examples, (1) 7/^5= ^^49 . sJ6=z ^245. 
(2) a^h = ]jaP ,ijh = ^a%. 
When so reduced a surd is said to be an entire surd, 

259. When surds have, or can be reduced to have, the same 
irrational factor, they are said to be like; otherwise, they are 
said to be unlike. Thus 

5 V3, 2 JZ, - V3 are like surds. 

But 3 /v/2 and 2 >/3 are unhke surds. 

Again, 3 a/20, 4/^/5, /- are like surds; 

for 3 V20 = 3 V4 . ^/5 = 3 . 2 ^5 = 6 ^b; 

260. In finding the sum of a number of like surds we reduce 
them to their simplest form, and prefix to their common irrational 
part the sum of the coefficients. 

Example 1. The sum of 3/^20, 4,^5, -j^ 

= 6;v^5 + 4Vo + iv5 

Example 2. The sum of x ^Sa^a +yij - y^a - z ^z^a 

=x,2x^a + y(-y)^a-z.z^a i 

= (2x^-y^-z^)^a, 

261. Unlike surds cannot be collected. 

Thus the sum of 5^2, -2^3 and »JQ is 5^2-2^3 + ^/6, 
and cannot be further simplified. 

EXAMPLES XXXI. b. 

Express in the simplest form : 

1. V288. 2. V147. 3. ^256. 4. -^432. 

5. 3^150. 6. 2V720. 7. 5^245. 8. 4^1029- 

9. 4/3125. 10. '^^^^2187. 11. \^36^. 12. ^27^m 
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13. -y-lOSorV^. 14. ^a^^^^K 15. Kl^c^^, 

16. 'Ja^ + 2M^-ah\ 17. ^^x^y - ^^^'^ + 24a;y ^ 8^. 

Express as entire surds : 
18. 11 V2. 19. 14^5. 20. 6 4^4. 21. 5 4^6. 

4/77 23 ?^,/2^ 24 3^ /^ 

^^ a /3^ „^ 2a V^T^ 0-7 2a V"6^ 

Find the value of 

33. 3V45-x/20+7V5. 34. 4^/63+5^7-8^28. 

35. V44-5V176 + 2V99. 36. 2^/363-5^243+^192. 

37. 2 4^189 + 3^/875-74/56. 38. 6 4/81-74^192+44^648. 

39. 3^162 -7 4^32 + -^'1250. 40. 5*5^^^54-2 4^^^ + 44/686. 

41. 4V128 + 4V75-5V162. 42. 5^24-2^54-^6. 

43. ^252-^294-48^^. 44. 3^147 - | ^i - ^^ . 

262. To mvltiply two surds of the same order: multiply sepa- 
rately the rational factors and the irrational factors. 

1 I 
For a!;/xxh!^y=aa^xby^ 

1 1 
=a6^y* 
1 
=ab{a:y)^ 

=^ab>/anf. 

Examples. (1) 5^/3x3^7=15^21. 

(2) 2^xx3/^x=6a;. 

(3) i/a + bx^a^= ^{a + b) (a-h)=ija?-h^. 

16—2 
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263. If the surds are not in their simplest form, it will save 
labour to reduce them to this form before multiplication. 

Example. The product of 6^32, ^48, 2^64 
= 5. 4^2x4^3 X 2. 3^6=480. V2.V3.V6=480x 6=2880. 

264. To multiply »urds which are not of the same order: 
reduce th&m to equivcUerU surds of the same order ^ arid proceed as 
before. 

Example, Multiply 6 >J/2 by 2^5. 

The product = 6 ,^22 x 2 J^S^ = 10 ^2''x63= 10 4/500. 

265. Suppose it is required to find the nxmierical value of 
the quotient when ^^5 is divided by »J7, 

At first sight it would seem that we must find the square 
root of 5, which is 2*236..., and then the square root of 7, which 
is 2*645..., and finally divide 2*236... by 2*645... ; three trouble- 
some operations. 

But we may avoid much of this labour by multiplying both 
numerator and denominator by /^T, so as to make the denomi- 
nator a rational quantity. Thus 

x/5_V5 V7 _ V5 X 7 _ V35 
V7~V7^V7~ 7 ~ 7 • 
Now ^35 = 5*916... 

V5_ 5*916... _.Q^^ 

V7 7 

266. The great utility of this artifice in calculating the 
numerical value of surd fractions suggests its convenience in the 
case of all surd fractions, even where numerical values are not 

required. Thus it is usual to simplify — y- as follows : 

a^/b _ as/b x a/c _ a\bc 
ijc mJcx^c c ' 

The process by which surds are removed from the denomi- 
nator of any fraction is known as rationalisiiig the denomi- 
nator. It is efiected by multiplying both numerator and 
denominator by any factor which renders the denominator 
rational. We shall retui^i to this point in Art. 270. 
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267. The quotient of one surd by another may be found bjr 
expressing the result as a fraction, and rationalising the denonu- 
nator. 

Example 1. Divide 4^76 by 25/^56. 

The qnotient= l^^= ^^^n{^ = 1^ 
^ 26^66 26x2^14 5^U 

_ 2V3xV14 _ 2V42 ^42 
5^Ux^U 6x14" 86" * 

Example 2 _^^il^2lJ/l^^/E-^^ 

EXAMPLES XXXI. c. 

Find the value of 

1. 2^14x^21. 2. 3^8x^6. 3. b^ax2^Z. 

4, 2^/15x3^/5. 5. 8^12x3^24. 6. ^^+2x4^^^. 

7. 21^384-=- 8^98. 8. 5^27-^3^24. 9. - 13^125 -^ 5^65. 

10. *yi68x 4^147. 11. 5-^128x2^432. 12. 6^14 -r 2^21. 

io /MM/ -iA Vll 5 ,- •3x/48 . 6^84 

13. aV^^xftVo. 14. 2^-7;^. ^5' 57112^7392' 

Ifi ^ A^^ /^ 3 7 207 . / 18a;3 

Given V2 = l-41421, V3 = l*73205, V5=2-23607, ^6=2-44949, 
^^7 =2*64575 : find to four places of decimals the numerical value 

^J|. 19.^. ».^. a^. 

22. ^. 23. 1444-^6. 24. V2+Va 25. g^. 

26. 1. 27. -^„. 28.-^. 29. ^^^ 



/256 
V 1575 



V500' '• V243' '^^ V252* * V 1^75 * 

268. Hitherto we h ave c onfined our attention to simple 
snrds, such as 4/5, Ha, »Jx+y, An expression involving two or 
more simple surds is called a compound SUrd; thus 2^a-3y/b ; 
i/a+i/baxQ compound surds. 
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269. The multiplication of comj^ound surds is performed 
like the multiplication of compound algebraical expressions. 

Example 1. Multiply 2Jx - 6 by B^x. 
The product = S^x {2Jx - 6) 
= 6x-15^x. 

Example 2. MultijJly 2^5 + 3^a; by ^5 - ^x. 
The product = (2^5 + SJx) (J5 - ^x) 

= 2^5,^5 + 3^5. Jx-2>,/5.^x-B^x.^x 
= 10-Sx + j5x. 

Example 3. Find the square of 2^x-\- Jl^^Ix. 

{2^x+ sjT^f = (2^xf+ {Jl^ ^f + 4:J x . ,Jl^^ 

=4a; + 7 - 4a; + 4 Jlx-^'^ 
= l + ^lx~ix\ 



EXAMPLES XXXI. d. 

Find the value of 

1. (3^/^-5) X 2 V^. 2. (V^-Va)x2V^. 

3. {^a+^h)x>Jah. 4. (V^+y"- 1) x \/^+y. 

5. (2V3 + 3^2)2. 6. (V7 + 5V3)(2V7-4V3). 

7. (3V5-4^2)(2V5 + 3V2). 8. (3^/a-2Va:)(2Vc»+3V^). 

9, (V-«^+\/^^)xV.i^l. 10. {slx+a-^x~a)x'slx+a. 

11. {>Ja+x~2s/a^ 12. (2Va-Vr+4^)2. 

13. {^a+x-^a-xf. 14. (Va+^-2)(V^+J~l). 

15. (V2+V3-V5)(n/2+V3+V5). 

16. (V5 + 3V2+V7)(V5 + 3V2-V7). 

Write down the square of 

17. ^2x-\-a~*J'2x-a, 18. V^ - 2y2 + V^ + 2y\ 
19. Jm+n+iJm-n. 20. B'Ja^+ly^-2'Ja^-b^. 
21. aFV2-3V^r2^. 22. V^+1-V4a;2-1. 
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270. One case of the multiplication of compound surds 
deserves careful attention. For if we multiply together the simi 
and the difference of any two quadratic surds we obtain a rational 
product. 

Examples. (1) {^a + Jb) (J a - ^h) = (J of -{^hf=a-h. 

(2) (3^5 + V3) (3n/5 - V3) = (3^5)2 - (4^^f = 45 - 48 = - 3. 

Similarly, (4 - Va+^) (4 + s/a+h) = (4)2 - (^^TF&p^ 16 -a-h. 

271. Definition. When two binomial quadratic surds diflfer 
only in the sign which connects their terms they are said to be 
conjugate. 

Thus 3x/7 + 5/v/ll is conjugate to 3^7-5^11. 

Similarly, a — sia^ — x^ is conjugate to a + v a^ — xK 

The product of two conjugate surds is rational. [Art. 270.] 

Example, (%,Ja + ^x - 9a) {^Ja - Jx - 9a) 

= (3Va)2 - ( Jx-^ay= 9a - (a; - 9a) = 18a - j:. 

272. The only case of the division of compound surds which 
we shall here consider is that in which the divisor is a binomial 
quadratic surd. If we express the division by means of a frac- 
tion, we can always rationalise the denominator by multiplying 
numerator and denominator by the surd which is conjugate to 
the divisor. 

Example 1. Divide 4 + 3^2 by 6 - 3 ^2. 

The quotient =-^-±^ = i±^ x ^ + ^f 
^ 5-3^2 5-3^2 5+3^2 

20 + 18 + 12^2 + 15^/2 ^ 38 + 27^2 
"" 25-18 7 • 

Example 2. Eationalise the denominator of 



s/a^-\-b^ + a' 



&2 ^a^^b^.a 

The expression = -^=^ x — . — 

^/a^ + 62 + a Ja^ + b^-a 

=^/^+62-a. 
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ExampUZ. Dmde ^^±^^ by ^^| . 
The quotient ^^l^2L^ ^ ^1^1 

14-12 + 8^/3-7^3 
1 

"2+^3 

=2-^3, on rationalising. 

87 
Example 4. Given ^5 = 2-236068, find the value of . . 

Rationalising the denominator, 

87 _ 87 (7 + 2^5) 

7-2^6 49-20 

=3(7 + 2^5) 

= 34-416408. 

It will be seen that by rationalising the denominator we have 
avoided the use of a divisor consisting of 7 figures. 

EXAMPLES XXXI. e. 

Find the value of 

1. (9V2~7)(9V2 + 7). 2. (3 +5^7) (3 -5^7). 

3. (5V8-2V7)(5x/8+2V7). 4. (2^/11 + 5V2)(2Vll- 5^2). 

5. (Va+2V6)(Va-2V6). 6. (3c-2V^)(3c+2^/a?). 

7. (>/a + x- mJo) (Va +^+>/a). 

8. (V2p+^-2^/y)(V2^o+3^+2V2'). 

9. {"Ja+x+fJa - a;) (Va +x-\la-x). 

10. (5Va;8__3ya4.7a)(5-/r«-33^2_7cj). 

11. 29-i-(ll + 3^^7). 12. 17^(3^7 + 2^3). 

13. (3^/2-l)-r(3V2 + l). 14. (2V3+7V2)H-(6V3-4V2> 

15. (2a7-V^)-r-(2V^-y). 16. (3+V5)(V5-2)-h(5-V5). 

Va , ^a+slx 2V15+8 . 8^3-6^5 

^'' ^a-^x' ^x ' "• 5 + V15 • 6^3-3^5 • 

Rationalise the denominator of 
25^3-4^2 10 ^6 -2^7 «, ^7+^2 

^^- 7^3-5^2' ^"- 3x/6 + 2V7 • 9+2^14* 
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22. a^^t4^^ 23. -Ji=.. 24. — ^ 



Vl+^-Vl-^ • 2\/aT6+37a^ 

27. ^!±g-^ 28. ^+^^ 



V9+^+3- 573-2712-732+750' 

Given 72 = 1-41421, 73 = 1-73205, 75=2-23607: find to four 
places of decimals the value of 

oq 1 on ^+^^ ^1 75+73 «„ 75-2 

^- 2+73* "^^ 75^2- '*^" 4+715- '^^^ 9=475- 
33. ^^5±15x^^ 34. (2-73)(7-473)+(373-5). 

273. The square root of a rational qtumtity cannot he partly 
rational and partly a quadratic surd. 

If possible let Jn = a + tjm ; 

then by squaring, n=a^+m-\-2a ^Jm ; 

, n — a^ — m 

•■• ^"* — 2^— 

that is a surd is equal to a rational quantity; which is im- 
possible. 

274. If x+Vy=a+7b, then wUl x=a and y=b. 
For if 07 is not equal to a, let x=^a+m ; then 

a+m+»Ji/=a+<s/b; 
that is, iJb^m-\-,Jy\ 

which is impossible. [Art. 273.] 

Therefore a7=a, 

and consequently, y = ^j 

If therefore x + ,Jy==a+ ^b, 

we must also have x—»Jy—a—,Jb. 

275. It appears from the preceding article that in any 
equation of the form 

x+7r=^+7^ (1), 

we may equate the rational parts on each side, and also the 
irrational parts ; so that the equation (1) is really equivalent to 
two independent equations, X=^Ay and Y=B, 
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276. If Va+\/b = \^x + Vj thm will Va - Vb = Vx - Vy- 
For by squaring, we obtain 

a=^+y, V6=2n/^. [Art. 275.] 

Hence a- ^h^x-^'J xy+y, 

and sla-slh^sl^-s/y- 

277. To find the square root of a+V^. 
Suppose *s/a + ^b=^x + >Jy'y 

then as in the last article, 

x-\-y=a * (^/> 

2^=^b (2). 

.-. (a7-y)2=(^+y)2-4ry 

=a2-6 from (1) and (2). 

x—y=\a^ — b. 

Combining this with (1) we find 

a+sla^-h J a-^a^-h 
x= , and y= ^ 

278. From the values just found for x and y, it appears that 
each of them is itself a compound surd unless a^ _ 5 is a perfect 
square. Hence the method of Art. 277 for finding the square root of 
a + V^is of no practical utDity except when a^ - 6is a perfect square. 

Example, Find the square root of 16 + 2 /^55. 
Assume ,^16 + 2^/56 = Jx-¥ s/y- 

Then 16 + 2s/55=x + 2jxy + y] 

... x + y = U (1)» 

2x/^=2V65 (2). 

.-. (x-y)^=(x+y)^-4:xy 

= 162-4x55 by (1) and (2). 

=4x9. 
.*. x-y==io& (3). 

From (1) and (3) we obtain 

a; = ll, or 5, and t/=5, or 11, 
That is, the required square root is ^ll+fJ5, 
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In the same way we may shew that 

^16- 2^55=^11-^5. 

NoTB. Since every quantity has two square roots, equal in 
magnitude hut opposite in sign, strictly speaking we should have 

the square root of 16 + 2,^55= ±(^11 + ^^5), 

16-2^55= ±(V11-V6). 

However it is usually sufficient to take the positive value of the 

square root, so that in assuming J a - ,Jb = sjx - Jy it is understood 
that X is greater than y. With this proviso it will be unnecessary in 
any numerical example to use the double sign at the stage of work 
corresponding to equation (3) of the last example. 

279. When the binomial whose square root we are seeking 
consists of two quadratic surds, we proceed as explained in the 
following example. 

Example. Find the square root of JVJb - ^JIH. 

Since ^175 - ^Ul=Jl {J25 - ^21)=^? (5 - ^21). 

.-. V;7l75^^7Ii7= 4/7 V5'^"2T. 
Andy proceeding as in the last Article, 

^/5-372l=^I-^|; 

••• n/V175-V147= V7 (y/^ - y^|) • 

280. The square root of a binomial surd may often be found 
by inspection. 

Example 1. Find the square root of ll+2/,y30. 

We have only to find two quantities whose sum is 11, and whose 
product is 30; thus 

ll + 2V30=6 + 6 + 2V6l<6 

.-. ^/ll + 2V30=<^6+^/5. 

Example 2. Find the square root of 53 - 12^^10. 

First write the binomial so that the surd part has a coefficient 2 ; 

thus 63 - 12 ^10 = 53 - 2 V360. 

We have now to find two quantities whose sum is 53 and whose 
product is 360; these are 45 and 8; 
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hence 53-12^/10=46 + 8-2^/45x8 

=W46-n/8)^; 

= 3^5-2^2. 

EXAMPLES XZXI. f. 

Find the square root of each of the following binomial 
surds: 

1. 7-2^10. 2. 13+2^30. 3. 8-2^7. 

4. 5+2^6. 5. 75 + 12^21. 6. 18-8^5. 

7. 41-24^2. 8. 83+12^35. 9. 47-4^33. 

10. 2i+^6, 11. 4J-|V3. 12. 16 + 5 V7. 

13. V27 + 2v'6. 14. V32-V24. 15. 3^5+^40. 

Find the fourth roots of the following binomial surds : 

16. 17 + 12^/2. 17. 56+24^5. 18. 1^5+3^. 

19. 14+8V3. 20. 49-20^A6. 21. 248+32./60. 

Find, by inspection, the value of 

22. V3-2V2. 23. ^4+2^3. 24. ^6^=^275. 

25. Vl9+8x/3. 26. ^8+2^15. 27. «/9 - 2 ^14. 

28. V11+4V6. 29. Vl5-4V14. 30. ^29+6^22. 

Equations involving Surds. 

281. Sometimes equations are proposed in which the un- 
known quantity appears under the radical sign. Such equations 
are very varied in character and often require special artifices for 
their solution. Here we shall only consider a few of the simpler 
cases, which can generally be solved by the following method. 
Bring to one side of the equation a single radical term by itself : 
on squaring both sides this radical will disappear. By repeat- 
ing this process any remaining radicals can in turn be removed. 
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Example 1. Solve 2^x-fj4x-ll = l, 

Transposing, 2jx-l= ^4x - 11 . 

Square both sides ; then 4a; - ^^Jx + 1 = 4a; - 11, 

4^0; =12, 

^/a; = 3•; 

Example 2. Solve 2+4^a;-5 = 13. 

Transposing, i/x^^=ll. 

Here we must cube both sides ; thus x-5= 1331 ; 
whence a? =1336. 

Example 3. Solve Jx + 5+ J3x + 4l= Jl2x + 1. 

Squaring both sides, 

a; + 6 + 3a; + 4 + 2^(a; + 6)(3a; + 4) = 12x + l. 

Transposing and dividing by 2, 

^/(a; + 6){3x + 4) = 4a;-4 (1). 

Squaring, (a; + 6) (3x + 4) = 16a;a - 32a; + 16, 

or 13a;* -61a; -4=0, 

(x-4)(13a; + l)=0; 

. 1 

.-. a;=4, or- — . 

If we proceed to verify the solution by substituting these values in 
the original equation, it will be found that it is satisfied by a; =4, but 

not by a;=-r^. But this latter value will be found on trial to 
xo 

satisfy the given equation if we alter the sign of the second radical ; 

thus Jx + 5-^JSx + ^=Jl2x + l, 

On squaring this and reducing, we obtain 

-s/(x + 5){Sx + 4:) = 4x-4: (2). 

and a comparison of (1) and (2) shews that in the next stage of the 
work the same quadratic equation is obtained in each case, the roots 

of which are 4 and - ^-r » as already found. 

From this it appears that when the solution of an equation 
requires that both sides should be squared, we cannot be certain 
without trial which of the values found for the unknown quantity 
will satisfy the original equation. 
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In order that all the values found by the Bolhtion of the equation 
may be applicable it -will be necessary to take into account both signs 
of the radical in the given equation. 

EXAMPLES XXXT. g. 

1. \/:f-5=3. 2. 4'4^-7 = 5. 

3. 7-Vi^=a 4. 13--y5;r^=7. 

5. V 5^- 1 = 2^07+3. 6. 2^3 - 7j;- 3 VSo;- 12=0. 

7. 2'y5j:-35 = 54^2^-7. 8. V9a;2- 11^7-5 = 3^-2. 

9. -^2^:+ 11=^5. 10. V4:F2-7:p+l = 2^-lf. 

11. Vx+25 = 1+n/j7. 12. Var+33-3=2V2jt;. 

13. \^^+3+V^=5. 14. 10-\/25 + 9Jc=3V^. 

15. Vi^+3=\/^+ll. 16. V9^-8 = 3V2?+4-2. 

17. \/4^+5-V^=V^+3. 18. V25j; - 29 - ^4^ -11=3 V^. 

19. VarTl7 - V2^= V2.t7 + 9. 

20. v/3a?-ll+V3^=\^12^-2"3. 

21. \/l2:p-5 + \^3a7-l=V27^-2. 

22. Va; + 3 + ^^4-8-^4^+21=0. 

23. \/^+2 + V4r+l-V9^ + 7=0. 

24. \/^ + 4a6=2a+V^. 

25. x/^+V4a + 07=2^6 + ^. 

282. When radicals appear in a fractional form in an equa- 
tion, we must clear of fractions in the ordinary way, combining 
the irrational factors by the rules already explained in this 
chapter. 

Example 1. Solve -^^^-^ — = —7 ^ . 

OfiJX njx + o 

Multiplying across, 6a; + 2bfjx - 66 = 6x + ^^Jx^ 

2^Jx-^Jx=m, 
22^x = 66, 
N/a;=3, 
a: = 9. 
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Example 2. Solve ^/9 + 2x - J2x = , . 

^ v/9T2i 

Clearing of fractions, 

9 + 2a?-^2a;(9 + 2a;) = 5, 

4: + 2x=j2x{d + 2x). 
Squaring, 16 + 16a; + 4a;2 = 18a; + 4a;2, 

16 = 2a;, 
a; = 8. 

EXAMPLES XXXI. h. 

1 6y^--21 ^ 8V^-ll 9V^-23 _ 6V.r-17 

• 3V^-14 4V^-13* ^- 3V^-8~2V^-6* 
3 \/^+3^ 3V^-5 Q x/^+3 _V^+9 

• Va7-2 3V^-13* *• "^ V'^ + 2~V^+7' 

g 2V^-1 ^07-2 6V^-7 7x/^-26' 

«j 3 

4Va^-4| -^ , 2* 8. Vl+a7+V^= 



9. V.r^ + x/^=-T-, 10. V^-\/J^= -p£^. 

11. Va;+5 + V^= -7-. 12. 2V^-\/4^^==-— L^ 

^•^ V4^-3* 

8 



''• '^^=V^rM+^^«-32. 14. V-7=-^^. 

15. (V^+ll)(V.i?- 11)4-110=0. 16. 2V^=-„~'>'^. 

17- V-l = 3-;^,+6. 18. ^ = 3+^ 

21. -^Z^=2Vjri2-l. 22. .^ , + 3 * 



\^a7-2 + I ' * x-^-\-slx V^-2 V^'+3' 



CHAPTER XXXII. 



Ratio, Pbopobtion, and Variation. 



283. Definition. Batio is the relation which one quantity 
bears to another of the same kind, the comparison being made 
by considering what multiple, part, or parts, one quantity is of 
the other. 

The ratio of J. to 5 is usually written A : B, The quantities 
A and B are called the terms of the ratio. The first term is 
called the antecedent, the second term the consequent. 

284. To find what multiple or part -4 is of ^ we divide A 
by B ; hence the ratio A : B may be measured by the fraction 

-^, and we shall usually find it convenient to adopt this notation. 

In order to compare two quantities they must be expressed 
in terms of the same imit. Thus the ratio of £2 to 15«. is 

measured by the fraction or - . 

Note. Since a ratio expresses the number of times that one 
quantity contains another, every ratio is an abstract quantity. 

285. By Art. 151, F = ^' 

and thus the ratio a :b is equal to the ratio ma : mb; that is, 
the value of a ratio remains unaltered if the antecedent and the 
consequent are multiplied or divided by the same quantity. 

286. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus suppose 

6 1 , I • -XT ^ Atf ^ OS ox • 

and x : y are two ratios. Now r = i » a^^d - = y- ; hence 
^ h hy' y by' 

the ratio a : 6 is greater than, equal to, or less than the ratio 

X '. y according as ay is greater than, equal to, or less than bx. 
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287. The ratio of two fractions can be expressed as a ratio of 

a 

T 

two integers; Thus the ratio ^ : -^ is measured by the fraction •, 
or -J- ; and is therefore equivalent to the ratio ad : he, 

288. If either, or both, of the terms of a ratio be a Qurd 
quantity, then no two integers can be found which will exactly 
measure their ratio. Thus the ratio ^2 : 1 cannot be exactly 
expressed by any two integers. . 

289. Definition. If the ratio of any two quantities can 
be expressed exactly by the ratio of two integers the quantities 
are said to be commensurable; otherwise, they are said to be 
incommensurable. 

Although we cannot find two integers which will exactly 
mea^mre the ratio of two incommensurable quantities, we can 
always find two integers whose ratio diflfers from that required 
by as small a quantity as we please. 

m, \/5 2-236068... ^^^^^ 

Thus V = -A = •569(>17... 

4 4 

, ^, - V5 . 55901 , 55902 

and therefore - — is > and < • 

4 100000 100000' 

and it is evident that by carrying the decimals further, any 
degree of approximation may be arrived at. 

290. Definition. Ratios are compounded by multiplying 
together the ft-actions which denote tnem; or by multiplying 
together the antecedents for a new antecedent, and the conse- 
quents for a new consequent. 

Example. The ratio compounded of the three ratios 

2a : Sb, 6ab : 5c^ e : a 

is 2a X 6a& xc:Bbx5(^xa, 

or 4a : 5c. 

291. Definition. When the ratio a : 6 is compounded with 

itself the resulting ratio is a^ : &^, and is called tne duplicate 

ratio of a : 6. Similarly a^ : h^ ia called the triplicate ratio 

11 

of a : 5. Also a^ :l^ia called the subduplicate ratio of a : 6. 
H. A. 17 
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Examples, (1) The daplioate ratio of 2a : 85 is 4a' : 96'. 
(2) The snbduplicate ratio of 49 : 25 is 7 : 5. 
(8) The triplicate ratio of 2a; : 1 is Sx* : 1. 

292. Definition. A ratio is said to be a ratio of grecUer 
ineqtuility, of less inequality, or of equality, according as the 
antecedent is greater than, less than, or eqtuUto the consequent. 

298. If to each term of the ratio 8 : 3 we add 4, a new ratio 
12 : 7 is obtained, and we see that it is less than the former 

because -=- is clearly less than - « 

This is A particular case of a more general proposition which 
we shall now prove. 

A ratio of ^ater inequality is diminished, and a ratio of less 
inequality is increased, By adding the same quantity to both its 
terms, 

ft ft _i_ /p 

Let T be the ratio, and let ? be the new ratio formed by 

adding x to both its terms. 

«j a a-\-x ^ax—hx 

•^^^ h''TVx~"b{h^x) 

_ x{a — h) 

''hih+xy 

and a - 6 is positive or negative according as a is greater or 
less than b, 

-TT •*• T ^» a-^x 

Hence if a is > 6, X ^® ^ » ; 

and if a IS < 6, y is < -r-, — • 

b b-\-x 

which proves the proposition. 

Similarly it can be proved that a ratio of greater inequality 
is increased, and a ratio of less inequality is diminished, by taking 
the same quantity from both its terms. 

294. When two or m<»« ratios are «qual, many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 

The proof of the following important theorem will illustrate 
the method of procedure. 
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1 
eachofth^r<Uw* = (g±Sj;±^±iil)*, 

where p, q, r, n are any quantities whatever, 

T J. ace J 

Let Y = -i = :>=... =*; 

d f 

then a=hk, c=dky c=/t,...; 

whence pal^^pb^h^y qd^ = qd^h^y re* = rf^i^y , . . ; 

.*. pa* + g'c^ + re* +...=ife*(p6'*+2'o?* 4- »/*+...)> 

j5a*4-g'c*+re*+... _7^. 

^6*+2'fl^*+«/*+... ~ * 

1 

By giving different values to p, q, r, n many particular cases 
of tms general proposition may be deduced; or they may be 
proved independently by using the same method. For instance, 



.- ^ ^ ^ x^ jfxr. X' a+c-\-e 

u ■=- = -^ = - each of these ratios = , . , . ^ ; 

h d f^ b+d+f* 

a result which will frequently be found useful. 

•C 3 53? ^ 3t/ 
Example 1, If - = y find the value of = 25^ , 

6x - 3y __ y 4 3 

7^+2"y~7^^2-21 -29- 

y 4 

Example 2. Two numbers are in the ratio of 5 : 8. If 9 be 
added to each they are in the ratio of 8 : 11. Find the numbers. 

Let the numbers be denoted by 5x and Sx, 

^««- 8^T9 = n' 

.*. x=B, 
Hence the numbers are 15 and 24. 
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Example 3. If ^ : B be in the dnplicate ratio ot A+x : B + x, 
prove that a^=AB. 

By the given condition, ( — ) = 7; ; 

\ii-\-xJ if 

.\.B{A+x)^=A(B-\-x)^, 

A^B + 2ABX'hBx^=AB^ + 2ABx + Aa^, 

x^{A-B)=AB{A-B); 

••. x^=AB. 

Since ^ - B is, by supposition, not zero. 
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Find the ratio Gompounded of 

1. The duplicate ratio of 4 : 3, and the ratio 27 : 8. 

2. The ratio 32 : 27, and the triplicate ratio of 3 : 4. 

3. The subduplicate ratio of 25 : 36, and the ratio G : 25. 

4. The ratio 169 : 200, and the duplicate ratio of '15 : 26. 

5. The triplicate ratio of x : y, and the ratio 2^^ : ^x^. 

6. The ratio 3a : 4b, and the subduplicate ratio of 6^ : a*. 

7. If JF : y = 5* : 7, find the value oix+y \y-x, 

8. If -=3J, find the value of #—?/-. 

y ■ 2x — by 

9. If 6 : a=2 : 5, find the value of 2a-36 : 36-a. 

10, If 5- = T > aiid - = ^ , find the value of -n =-^ . 

6 4' y i Ahy — lax 

11, If 1x-\y : 3a7+y=5 : 13, find the ratio x : y. 

12. If — -T-TT^r- = TX 9 fiiid *^e ratio a : b, 

13, If 2a: : 3y be in the duplicate ratio of 2x-m :3y-m, prove 

that m^^^y. 

14. If P : § be the subduplicate ratio of P-x : Q-x, prove 

15. If V = ;t = ^ , prove that each of these ratios is equal to 



V: 



2a%4-3c86 + 4€2c 



26^ + 3cP« + 4/«fl?* 
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16. Two numbers are in the ratio of 3 : 4, and if 7 be sub- 

tracted from each the remainders are in the ratio of 2 : 3. 
Find them. 

17. What number must be taken from each term of the ratio 

27 : 35 that it may become 2:3? 

18. What number must be added to each term of tl^e ratio 

37 : 29 that it may become 8:7? 

19. If r^ = -^ = -^ , shew that p+q+r=0, 

b-c c — a a-o^ *^ . 

20. If ,— = —- = -—I > shew that x-v+z=0. 

b+c c+a a-o ^ 

CL C 6 

21. If >: = ;/=/> shew that the square root of 

a^6-2c*e+ 30*0^62 . , dce 

br^2d'f+^^c(i^e^ '^ ^"^ ^ bdf' 

22. Prove that the ratio la-k-mc+ne : lb -{-md-^-nf will be equal 

to each of the ratios a :byC : d, e :f,it these be all equal ; 
and that it will be intermediate in value between the 
greatest and least of these ratios if they be not all equal 

23. If ^^Zf^y^^Z^^LiJ', then will each of these frac- 

cy — €uz by — ax x+z 

tions be equal to - , imless 6+c=0. 

y 

2i. If ^ .' = — - = s ^- , prove that each of these ratios 

32+y z—x ^ly — 6x 

X 

is equal to - ; hence shew that either ^=y, or «==^+y. 

Proportion. 

295. Definition. When two ratios are equal, the four 
quantities composing them are said to be proportionalfl. Thus 

if ^ = -^j then a, 6, c, d are proportionals. This" is expressed by 

saying that a is to & as o is to c?, and the proportion is written 

a ; b y, c \ d\ 

or a : 6 = c : c?. 

The terms a and d are called the extremes^ b and c the mearu. 
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296. If fou/r quantities are in proportion, the product of the 
extremes is equal to the product of the means. 

Let a, hyCydhQ the proportionals. 

ft d» 

Then by definition I ~ ;/ » 

whence ad=^b€. 

Henoe if any three terms of a proportion are giv^i, the 

fourth may be found. Thus if a, o, c? are given, then h^ — • 

c 

Conversely, if there are any four (]^uantities, a, h, c, d, such 
that ad^bc, then a, 5, c, d are proportionals; a and d being the 
cxtremiBs, b and c the means ; or vice vers&. 

297. Definition. Quantities are said to be in continaed 
proportion when the first is to the second, as the second is 
to the third, as the third to the fourth ; and so on. Thus 
a, byCfdj are in continued proportion when 

ct _b _ c ^ 

bed 

If three quantities a, b, c are in continued proportion, then 

a : 6=6 : c; 

a<;=6*. [Art 296.] 

In this case b is said to be a mean proportional between a and 
c; and c is said to be a third proportional to a and b, 

298. If three quantities are proportionals the first is to the 
third in the duplicate ratio cf the first to the second. 

Let the three quantities be a, 5, c; then r = - . 

^T a a b a a a^ 

Now - = T X - = T X T = Yi ; 

c b c b b l^* 

that is, 

299. If 2k 



For 







a 


: c=a' : 


6«. 




b 


SS5C 


: d and e : j 


f=g 


: h then will 






ae : 


bf=cg : 


dh. 








a 


e . e 
d f 


^9 






ae 

¥' 


~dh' 


, or ae : 


y- 


eg : dh 



RATIO, PBOPORTIOK, AND VARIATION. 



263 



Cor. If a : ft=o : cf, 

and h : x—d : y, 

then a : x—c : y. 

This is the theorem known as ex ceqtuxli in Qeometry. 

300. If four quantities, a^hyC^d form a proportion, many 
other proportions may he deduced hy the properties of fractions. 
The results of these operations are very useful, and some of 
them are often quoted hy the annexed names borrowed from 
Qeometry. 

(1) If a : h=e : d, then h : a=d 



c. 



[In/vertendo.l 



For T = 3 ; therefore I "^r^ I "^ ;7 > 



that is 



h d 



a c 
or h : a^^d : c, 

(2) If a : b=c : dy then a : c=6 

For ad^hc ; therefore Tj = -j > 

that IS, - = 3; 

or a : c=6 : c?. 

(3) If a : 6=*c : rf, then a+6 



(£. 



[Altemando.l 



h^c + d : d. 



[Componendo,} 



a 



a 



For T = J ; therefore r + 1 —-3+ 1 ; 
d d 

., . . 0+6 c+d 

that IS, —V— = —J— ; 

or a+6 : 6=c+c? : c?. 

(4) If a ; 6 « c : rf, then a-6 : b = c-d 

For r= j; therefore r-I=^~I> 



d. 



[Dtvidendo^l 



that is, 



or 



b * ci 

~b 3~' 

a-6 : 6=c-rf : d» 
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(5) If a : h^c : c?, t&en 0+6 : a — h=*c+d : c — d: 
Forby(3) -5- = -?-' 

and by (4) ' ^=:^_; 



.'. by division, 



a+ft c+rf 



a—b c-d* 
or a+6 : a — b^c+d : c—d. 

Several other proportions may be proved in a similar way. 

301. The results of the preceding article are the algebraical 
equivalents of some of the propositions in the fifth book of Euclid, 
and the student is advised to make himself familiar with them 
in their verbal form. For example, dividendo may be quoted as 
follows : 

When there are four proportiofuxlSf the excess of the first above 
the second is to the secona, as the excess of the third above the 
fourth is to the fourth, 

302. We shall now compare the algebraical definition of 
proportion with that given in Euclid. 

In algebraical symbols the! definition of Euclid may be stated 
as follows : 

Four magnitudes, a, 6, c, d are in proportion when pa = qb 

according as j9c = qdy p and q being any positive integers what- 
ever. 

I. To deduce the geometrical definition of proportion from 
the algebraical definition. 

Since r = j > by multiplying both sides by - , we obtain 

pa _^pc ^ 
qb ^qd* 

hence, from the properties of fractions, 

pa = qb according as pc = qd^ 
which proves the proposition. 
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II. To deduce the algebraical definition of i>roportion from 
the geometrical definition. 

Given that j?a = qh according as pc — qd to prove 

a __c 
h~d' 

€L C 

If r is not equal to ^ , one of them must be the greater. 

Suppose T > ;^ ; then it will be possible to find some fraction - 
which lies between them. 

Hence t>- (I), 

op ^ ' 

and ^<21 (2). 

dp > 

From (1) pa>'qh\ 

from (2) pc<qd] 

and these contradict the hypothesis. 

Therefore j- and --, are not unequal ; that is r = ;^ ; which 

proves the proposition. 

Note. The student shonld observe that the geometrical definition 
of proportion deals with c(yncrete magnitades, such as lines or areas, 
represented geometrically but not referred to any common unit. So 
that Euclid's definition is applicable to inconunensurable as well as 
to commensurable quantities; whereas the algebraical definition, 
strictly speaking, applies only to commensurable quantities, since it 
tacitly assumes that a is the same determinate multiple, part, or 
parts, of h that c is of d. But the proofs which have been given for 
commensurable quantities will still be true for incommensurables, 
since the ratio of two incommensurables can always be made to differ 
from the ratio of two integers "by less than any assignable quantity, 
[See Art. 289.] 

Example 1. If a : h=c : d=e : /, 

shew that 2a^-^Sc'^5e^ : 2h^+dd^-5p=ae : &/. 

Let r- = - = -=ifc; then a=6Jfe, c=(i&, «=/ifc; 

2oa + 3c3 - 6g» _ 2b^k^ + 3(P fc« - 5f^k^ 
•'• 26=« + 3d2-6/«"' 26a + 3ii2-6/« ' 

-^-b''f-bf' 
or 2o« + 3c2-6e2 : 26« + 3tP-6/«=ae i bf. 
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Example 2. If 
(8a + 66+c + 2d)(3a-66-c+2<i)=(Sa-66+c-2(l)(8a+66-c-2<i), 

prove that a, 5, c, d are in proportion. 

We have - — sr 7r% = s — ^r tttj • L-^^- 296. J 

3a-6&+c~2<i 3a~65-c + 2<i 

Gomponendo and Dividendo, 

2(8fl+c) _ 2(3fl-c ) 
2(66+2d)~2(66-2<^* 

, 3a+c 66 + 24 
Altemando, ^ = ^ — ^r^ . 

Again, Oomponendo and Dividendo, 

6a_126. 

2c " 4d ' 

whence a:b=e:d. 

a:' + iC-2 4aj'+5«-6 
Example S. Solve the equation — ^— = — K~~Z~ti — * 

X 4j/ 

Dividendo, 



X - 2 ~ ox - 6 ' 

whence, dividing by x*, which gives a solution x=0, [Art. 201.] 

1 4 

ar-2""6a;-6* 
whence, x=-2. 

and therefore the roots are 0, - 2. 

EXAMPLES ZZZn. b. 

Find a fourth proportional to 
1. a, ah, c. 2. a*, 2a6, 36*. 3. a;*, ^, 6a;*y. 

Find a third proportional to 
4. a26, ah. 5. a;*, 2^^. 6. 3x, 6xy. 7. .1, ar. 

Find a mean proportional between 
8. a2, 6«. 9. 23fi,^a:. 10. \^a^,Za\ 11. 27a26», 36. 

If a, 6, c be three proportionals, shew that 

12, a : a+6=a — 6 : a — c, 

13, (6a+6c+c»)(ac-6c+c3)=6*+ac3+c*. 
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If a : 5=<J : d, prove that 

14. ab+od : ab — ed=^a^-\'C^ : a^-c^, 

15. a^+ac+<^ : a^-ac+c^^b^+bd+d^ : b^-bd+d^, 

16. a : 6=^3^+5^ : ^3b^+E^. 
17. 

18. 



a b € d 

— + -: a — - + - :c, 
p q p q 




b ^ a ab d ^ c 
a^b • a^ + l^^'cd ' 


cd 
c^ + d^' 



Solve the equations : 

19. 3^7-1 :6a?-7 = 7d?-10 : 9^+10. 

20. a:-12 :'y + 3=2a7-19 :5y-13=5 : 14. 

o- ^-2^+3 aj^-^ + 6 „ 2:r-l x+4 

*A. — X s — = ^ i — • 22. 



2a?-3 3a:-5 — ^+2a?-l a;8^_-p_j.4' 

23. If (a+6-3c-3c0(2a-26-c+c0 

=(2a+26-c-cQ(a-6-3c+3flO 
prove that a, 5, c, c? are proportionals. 

24. If a, b, Cy d are in continued proportion, prove that 

a : d=a^+b^+(^ : 6»+c8+cP. 

25. If ^ is a mean proportional between a and o, shew that 

4a* - 96* is to 46* - 9c* in the duplicate ratio of a to 6. 

26. If a, by c, d are in continued proportion, prove that &+c is 

a mean proportional between a+b and c+d. 

27. If a+6 :6+c==c-prf :c?+aj 

prove that a=c, or a+6+c+df=0. 

Variation. 

303. Definition. One quantity A is said to vaxy directly 
as another By when the two quantities depend upon each other 
in such a manner that if B is changed, A is changed iti the same 
proportion. 

NoTB. The word directly is often omitted, and A is said to vary 
asB. 

304. For instance: if a train moving at a imiform rate 
travels 40 miles in 60 minutes, it will travel 20 miles in 30 
minutes, 80 miles in 120 minutes, and so on; the distance in 
each case being increased or diminished in the same ratio as the 
time. This is expressed by saying that when the velocity is 
uniform the distance is proportioned to the timcy or more briefly, 
the distance varies as the time. 
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Again, if we refer to the general formula of Art. 84, we find 

that - = 2; is a relation connecting the space described by a body 

which moves for a time i with uniform velocity v. That is, if 
Si, s^jS^,,, be spaces described in times t^^t^, t^.,. respectively, 

we have J = -2 = -?= ^v. 

From this it appears that the ratio of anjr value .-of s to the 
corresponding value of ^ is constunt^ that is, remains the same 
whatever numerical values 8 and t may have. 

This is an instance of direct variation^ and t is said to vary 
ast. 

305. The symbol x is used l^o denote variation; so that 
A cc B ia read "^ varies as B" 

306. If A varies as B, then A is equal to B multiplied by some 
constant quantity. 

For suppose that a^, a„ ^3..., &j, \^ h^.., are corresponding 
values of A and B, 

A B A B A B 



so on, 



Then, by definition, — = ,- ; — = r ; — = i- ; a^d 

«! ^1 «2 ^2 «3 h 

.*. p = 5^ = =-3« ... , each being equal to s . 
6^ ^2 63 ^ ^ Ji 

TT any value of -i . , ^, 

Hence rr ^^ 5- , >-« is always the same ; 

the corresponding value 01 B •' 

^^^...^ 

.". A=mB. 

307. Definition. One quantity ^ is said to vary inversely 
as another B when A varies directly as the reciprocal of B, 
[See Art. 107.] 

• m 

Thus if ^ varies inversely as i?, -^'^-ni where m is constant. 

The following is an illustration of inverse variation : If 6 men 
do a certain work in 8 hours, 12 men would do the same work in 
4 hours, 2 men in 24 hours ; and so on. Thus it appears that 
when the number of men is increased the time is proportionately 
decreased; and vice- vers^ . . 
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308. Definition. One quantity is said to vary jointly as 
a number of others when it varies directly as their product. 

Thus A varies jointly as B and C when A=mBC. For in- 
stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 

309. Definition. A is said to vary directly as B and in- 
versely as C when A varies as ^ . 

310. If A varies as B when C is constant, and A varies as C 
when B is constant, then will A vary as BC wlien both B and 
vary. 

The variation of A depends partly on that of B and partly on 
that of C. Suppose these latter variations to take place sepa- 
rately, each in its turn, producing its own effect on A ; also let 
a, 2), c be certain simultaneous values of A, B, C. 

1. Lei C be constant while B changes to b; then A must 
imdergo a partial change and will assume some intermediate 
value a'y where 

-=- (1) 

2. Let B be constant, that is, let it retain its value b, while 
C changes to c ; then A must complete its change and pass from 
its intermediate value a' to its final value a, where 

^'=.?- : (2). ■ 

a c ^ ' 

„ ,.N J ,ox A a' B C 
From (1) and (2) ^,x-^-^x-; 

that is, -4 = T- . BC, 

or A varies as BC. 

311. The following are illustrations of the theorem proved 
in the last article. 

The amount of work done by a given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men ; 
therefore when the number of days and the number of men are 
both variable, the amount of work will vary as the product of 
the number of men and the number of days. 
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Again, in Qeometry the area of a triangle varies directly b» 
its bT^hen the height is constant, and ii^ctly as the hejht 
when the base is constant ; and when both the height and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 

Example 1. Ji AccB^ and C7 oc D, then will AGcc BD. 

For, by supposition, A =mB, C=inDt where m and n are constants. 

Therefore AC=mnBD ; and as mn is constant, ACcc BD. 

Example 2. Ti x varies inversely as ^-1} and is equal to 24 
when ^=10; find x when y=5» 

By supposition, x= -j— r » where m is constant. 

m 
Putting a; = ^, y = 10, we obtain 24 = rr^ , 

whence m = 24 x 99. 

24x99 

• <!• — — — — • 

y^-1 
hence, putting y = 5, we obtain x=99. 

Example 3. The volume of a pyramid varies jointly as its height 
and the area of its base; and when the area of the base is 60 square 
feet and the height 14 feet the volume is 280 cubic feet. What is the 
area of the base of a pyramid whose volume is 390 cubic feet and 
whose height is 26 feet? 

Let V denote the volume, A the area of the base, and h the 
height ; 

then V=:mAh, where m is constant. 

Substituting the given values of V, A^h we have 

280=mx 60x14; 
280 1 



m= 



60x14 3 



.-. V=lAh. 
Also when F = 390, ^ = 26 ; 

.-. S90=Iax26; 

o 
.-. A =4:5. 

Hence the area of the base is 45 square feet. 
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C. 



1. Ifsffcc y, and y=»7 when a;= 18, find a when y =21. 

2. If ace ^j and y =3 when ^=2, find y when a?= 18. 

3. A varies jointly as B and (7; and ji=6 when ^—3, (7=2: 

find -4 when -5=5, (7=7. 

4. ^ varies jointly as B and (7; and ji=9 when i?=5, (7=7 : 

find 5 when ^1=54, (7=10. 

5. If ^ « - , and y =4 when ;r= 15, find y when a?=6. 

6. If y oc - , and y = 1 when 4?= 1, find a; when y =5. 

7. ^ varies as^ directlv, and as (7 inversely; and ^=10 when 

-5=15, (7=6; find A when -B=8, (7=2. 

8. If ^ varies as y directly, and as z inversely, and 07= 14 when 

y=10, «=14; find« when 07=49, y= 45. 

9. If o; X - , and y « - , prove that zee a;, 

10. If a oc by prove that c^ oc 6*. 

11. If a; QC z and y a a^, prove that a;* — y' x «*, 

12. If 3a + 76 X 3a + 135, and when a = 5, & = 3, find the equation 

between a and b. 

13. If 5a; —y X lOo? - 1 ly, and when o? = 7, y = 5, find the equation 

between a: and y. 

14. If the cube of a: varies as the square of y, and if a; =3 when 

y=5, find the equation between x and y. 

15. If the square root of a varies as the cube root of b, and if 

a =4 when 6=8, find the equation between a and b, 

16. If y varies inversely as the square of x, and if y=8 when 

07=3, find x when y=2. 

17. If 0? X y + a, where a is constant, and or = 15 when y = 1, and 

;pa35 when y=5; find o? when y=2. 

18. If a + bcc a-b, prove that a'+t^ x ab ; and if a x 6, prove 

that a^-5^xa6. 
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19. If y be the sum of three quantities which vary as ^, ^, a;* 

respectively, and when :r=l, y=i4, when ^=2, y=s8, and 
when 07=3, y == 18, express y in terms of x. 

20. Given that the area of a circle varies as the square of its 

radius, and that the area of a circle is 154 square feet 
when the radius is 7 feet ; find the area of a circle whose 
radius is 10 feet 6 inches. 

21. The area of a circle varies as the square of its diameter; 

prove that the area of a circle whose diameter is 2^ inches 
IS equal to the sum of the areas of two circles whose 
diameters are 1^, and 2 inches respectively. 

22. The pressure of wind on a plane surface varies jointly as 

the area of the surface, and the square of the wind's 
velocity. The pressure on a square foot is 1 lb. when 
the wind is moving at the rate of 15 miles per hour; 
find the velocity of the wind when the pressure on a 
square yard is 16 lbs. 

23. The value of a silver coin varies directly as the square of 

its diameter, while its thickness remains the same ; it 
also varies directly as its thickness while its diameter 
remains the same. Two silver coins have their diameters 
in the ratio of 4 : 3. Find the ratio of their thicknesses 
if the value of the first be four times that of the second. 

24. The volume of a circular cylinder varies as the square of 

the radius of the base when the height is the same, and 
as the height when the base is the same. The volume 
is 88 cubic feet when the height is 7 feet, and the radius 
of the base is 2 feet ; what wiU be the height of a cylinder 
on a base of radius 9 feet, when the volume is 396 cubic 
feet? 
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Arithmetical Progbessiok. 

312. Definition. Quantities are said to be in Arithmetical 
Progression when they increase or decrease by a common differ- 
enoe. 

Thus each of the following series forms an Arithmetical 
Progression: 

3, 7, 11, 15,...., 

8, 2, -4, -10, 

a, a+c?, a + 2d, a+3<]?, 

The common difiference is found by subtracting awy term of 
the series from that vrhich follows it. In the first of the above 
examples the common difference is 4; in the second it is —6; in 
the third it is d. 

313. If we examine the- series 

dj a-{'dj <i-{-2dy a+^y ..• 

we notice that in any term the coefficient of A is always less by one 
than the number of the term in the series. 

Thus the 3"* term is a + 2c?; 

6**^ term is a + bd\ 

20**" term is a +19(3?; 

and, generally, the p^ term is a + (/? - 1) c?. 

If n be the number of terms, and if I denote the last, or 
n^ term, we have l=a-\-{n-\)d, 

314. To find the sum of a number of terms in Arithmetical 
Progression, 

Let a denote the first term, d the common difference, and n 
the number of terms. Also let I denote the last term, and s 
the required sum ; then 

s^a+(a+d) + {a+2d)+... + (l-2d) + (l-'d)+l; 
and, by writing the series in the reverse order, 

s^l+{l''d) + {l-2d) + ... + {a+2d) + {a-d)+a. 

H. A, 18 



274 ALGEBRA. 

Adding together these two series, 

2«=(a+Q + (a+Q+(a+Q + ... to n terms 

.'. s=^{a + l) (1); 

and l^a+(n-l)d (2). 

.-. 8=^{2a+(n-l)d} (3). 

315. In the last article we have three useful formuks (1), 
(2), (3) ; in each of these any one of the letters may denote 
the unknown quantity when the three others are known. [See 
Art. 82, Chap, ix.] For instance, in (1) if we substitute given 
values for s, n, I, we obtain an equation for finding a ; and simi- 
larly in the other formulae. But it is necessary to guard against 
a too mechanical use of these general formulsB, and it will often 
be found better to solve simple questions by a mental rather 
than by an actual reference to the requisite formula. 

Example 1, Find the 20^*^ and 35^^ terms of the series 

38,36,34, 

Here the common difference is 36 - 38, or - 2. 

.•. the 20'^^ term=38 + 19 (- 2) 

=0; 
and the 35*>» term = 38 + 34 (- 2) 

= -30. 

Example 2. Find the smn of the series 5^, 6], 8, to 17 terms. 

Here the common difference is IJ ; hence from (3) 

The sum " =y |2 Xy+16xlj| 

=^(11 + 20) 

17x31 
2 

= 263 J. 
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Example 3. The first term of a series is 5, the last 45, and the 
sum 400 : find the number of terms, and the common difference. 

If n be the number of terms, then from (2) 

400=1 (5 + 45); 

whence n=16. 

If d be the common difference 

46=thel6*»»term 
= 5 + 15d; 

whence d=2|. 



EXAMPLES XXXm. a. 

1. Find the 27* and 41* terms in the series 5, 11, 17, ... 

2. Find the 13*^ and 109"* terms in the series 71, 70, 69, . . . 

3. Find the 17*^ and 54*^ terms in the series 10, 11 J, 13,... 

4. Find the 20**» and 13* terms in the series - 3, - 2, - 1, ... 

5. Find the 90* and 16* terms in the series -4, 2*5, 9,... 

6. Find the 37* and 89* terms in the series - 2*8, 0, 2-8, ... 

Find the last term in the following series : 

7. 5, 7, 9,... to 20 terms. 8. 7, 3, - 1,... to 15 terms. 
9. 13J, 9, 4^,... to 13 terms. 10. '6, 12, 1*8, ... to 12 terms. 

11. 2*7, 3*4, 4*1,... to 11 terms. 12. a?, 2a:, 3j7,... to 25 terms. 

13. a — dy a+d, a+3d,.., to 30 terms. 

14. 2a — by 4a — 2b, 6a — 56, . . . to 40 terms. 

Find the last term and sum of the following series : 

15. 14, 64, 114,... to 20 terms. 16. 1, 1*2, 1*4,... to 12 terms. 

113 
17. 9, 5, 1,... to 100 terms. 18. j, -j, -t,-.. to 21 terms. 

19. 3i, 1, - IJ,... to 19 terms. 20. 64, 96, 128,... to 16 terms. 

Find the sum of the following series : 

21. 5, 9, 13,... to 19 terms. 22. 12, 9, 6,... to 23 terms. 

23. 4, 5 J, 6 J, ... to 37 terms. 24. lOj, 9, 7^, ... to 94 terms. 

25. -3, 1, 5,... to 17 terms. 26. 10, 9§, 9J,... to 21 terms. 

27. p, 3p, 5jo,... to jt? terms. 28. 3a, a, -a,... to a terms. 

29. a, 0, -a,... to a terms." 30. -3^, -qy q,... top terms. 

18—2 
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Find the number of terms and the common difference when 

3L The first term is 3, the last term 90, and the sxmi 1395. 

32. The first term is 79, the last term 7, and the smn 1075. 

33. The smn is 24, the first term 9, the last term - 6. 

34. The sum is 714, the first term 1, the last term 58^. 

35. The last term is - 16, the sum - 133, the first term - 3. 

36. The first term is — 75, the sum — 740, the last term 1. 

37. The first term is a, the last 13a, and the sum 49a. 

38. The sum is - 320^, the first term 3^?, the last term - 35^. 

316. If any two terms of an Arithmetical Progression be 
given, the series can be completely determined; for the data 
furnish two simultaneous equations, the solution of which will 
give the first term and the common difference. 

Example, Find the series whose 7^^ and 51^^ terms are - 3 and 
- 356 respectively. 

If a be the first term, and d the common difference, 

-3=the7*^term 
= a + 6d; 
and - 365 = the 61»* term 

=a+60d; 
whence, by sabtraction, - 362=44c2; 
.•. d = - 8 ; and consequently a = 45. 
Hence the series is 46, 37, 29 

317. Definition. When three quantities are in- Arithmetical 
Progression the middle one is said to be the Arithmetic 
mean of the other two. 

Thus a is the arithmetic mean between a — c? and a+d. 

318. Tofirvd the cmtkmetic mean between two given quantities. 

Let a and h be the two quantities ; A the arithmetic mean. 
Then since a, -4, 6 are in A.P. we must have 

h-A=A-a 
each being equal to the common difference ; 

whence A = -5— . 
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319. Between two given quantities it is always possible to 
insert any number of terms such that the whole series thus 
formed shall be in A. P. ; and by an extension of the definition in 
Art. 317, the terms thus inserted are called the arithmetic means. 

• 

Example, Insert 20 arithmetio means between 4 and 67. 

Including the extremes the number of terms will be 22 ; so that 
we have to find a series of 22 terms in A. P., of which 4 is the first 
and 67 the last. 

Let d be the common difference; 
then 67 = the 22"* term 

=4 + 21d; 

whence d=S, and the series is 4, 7, 10, 61, 64, 67 ; 

and the required means are 7, 10, 13, 58, 61, 64. 

320. To insert a given number of arithmetic means between 
two given quantities. 

Let a and b be the given quantities, n the number of means. 

Including the extremes the number of terms will be w+2; 
so that we have to find a series of 7i+2 terms in A. P., of which 
a is the first, and b is the last. 

Let d be the common difference ; 
then b = the [n + 2)"^ term 

=a-\-{ri-\-\)d\ 

whence c?= ; 

n+\ 

and the required means are 

b — a 2(6 -a) nib- a) 

a-\ , a-\ — ^ a^ — ^ . 

^w+1' n+\ ' ^ n+\ 

Example 1. Find the 30**^ term of an AP, of which the first 
term is 17, and the 100*^ term - 16. 

Let d be the common difference ; 

then - 16 = the lOO'"* term 

= 17 + 99d; 

The W^ term =17 + 29 (- g) 

= 7i. 
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Example 2. The sum of three numbers in A. P. is 33, and their 
product is 792 ; find them. 

Let a be the middle number, d the common difference; then the 
three numbers are a~d, a, a + d. 

Hence a-d+a + a + d=SS; 

whence a= 11 ; and the three numbers are 11 - d, 11, 11 + d. 

.-. ll(ll + (i)(ll-d)=792, 

121-^2=72, 

<i=db7; 
and the numbers are 4, 11, 18. 

Example 3. How many terms of the series 24, 20, 16, must 

be taken that the sum may be 72 ? 

Let the number of terms be n ; then, since the common difference 
is 20-24, or - 4, we have from (3), Art. 314, 

72 = |{2x24 + (»-l)(-4)} 

= 24n-2ri(n-l); 
whence «2-13n + 36 = 0, 

or (ii-4)(n-9) = 0; 

,'. » = 4 or 9. 

Both these values satisfy the conditions of the question; for if we 
write down the first 9 terms, we get 24, 20, 16, 12, 8, 4, 0, -4, -8; 
and, as the last five terms destroy each other, the sum of 9 terms is 
the scune as that of 4 terms. 

Example 4. An A.P. consists of 21 terms; the sum of the three 
terms in the middle is 129, and of the last three is 237 ; find the series. 

Let a be the first term, and d the common difference. Then 
237= the sum of the last three terms 
= a + 20d + a + 19d + a + lQd 
=3a + 67d; 
whence a+19d=79 (1). 

Again, the three middle terms are the 10**^, 11**^, 12*; 
hence 129 = the sum of the three middle terms 

=a + 9d + a + 10d + a+lld 
= 3a + 30d; 

whence a + 10d=4S (2). 

From (1) and (2), we obtain (f=4, a =3. 
Hence the series is 3, 7» 11, 83. 



ARITHMETICAL PROQRESSION. 279 

EXAMPLES XXXIII, b. 

Find the series in which 

1. The 27*^ term is 186, and the 46^ term 312. 

2. The 5*^ term is 1, and the 31** term - 77. 

3. The Ib^ term is - 25, and the 23"^ term -41. 

4. The 9*^ term is - 11, and the 102°* term - 150j. 

5. The 16*^ term is 25, and the 29*^ term 46. 

6. The 1&^ term is 214, and the 61* term 739. 

7. The 3"^ and 7**^ terms of an A.P. are 7 and 19 ; find the 15* 

term. 

8. The 64^ and 4*^ terms are - 125 and ; find the 42»*> term. 

9. The 31»' and 2"* terms are ^ and 7| ; find the 59**» term. 

10. Insert 15 arithmetic means between 71 and 23. 

11. Insert 17 arithmetic means between 93 and 69. 

12. Insert 14 arithmetic means between - 7 J and - 2^. 

13. Insert 16 arithmetic means between 7'2 and - 6*4. 

14. Insert 36 arithmetic means between 8^ and 2J. 

How many terms must be taken of 

15. The series 42, 39, 36, ... to make 315 ? 

16. The series - 16, - 15, - 14, ... to make - 100 ? 

17. The series 15§, 15 J, 15,... to make 129? 

18. The series 20, 18i, 17 J,... to make 162^? 

19. The series -10^, -9, -7^,... to make -42? 

20. The series -6^, -6|, -6,... to make -524? 

21. The sum of three numbers in A. P. is 39, and their product 

is 2184; find them. 

22. The sum of three numbers in A.P. is 12, and the sum of 

their squares is 66 ; find them. 

23. The sum of five numbers in A. P. is 75, and the product of 

the greatest and least is 161 ; find them. 

24. The sum of five numbers in A. P. is 40, and the siun of their 

squares is 410 ; find them. 

25. The 12^y 85*^ and last terms of an A.P. are 38, 257, 395 

respectively ; find the number of terms. 



CHAPTER XXXIV. 

Geometbical Pbogbession. 

321. Definition. Quantities are said to be in Geometrical 
Ftogression when they increase or decrease by a cfynxtarU factor. 

Thus each of the following series forms a Geometrical Pro- 
gression: 

3, 6, 12, 24, 

1 A 1 _1 
' 3' 9* 27' 

a, avy ar^, or*, 

The constant factor is also called the common rattOy and it is 
found by dividing any term by that which immediately jt?rccecfe» 
it. In the first of the above examples the common ratio is 2 ; 

in the second it is - - ; in the third it is r. 

322. If we examine the series 

a, aTy ar^j ar*, ar^^ 

we notice that in any term the index of t is always less by one 
than the number of the term in the serves. 

Thus the 3** term is ar*; 

the 6"* term is at^'y 

the 20**^ term is or"; 

and, generally, the p^ term is ar^~\ 

If n be the number of terms, and if I denote the last, or n^ 

term, we have I = ar^~ \ 

11 3 

Example, Find the 8*^ term of the series - o , » > " 7 * • • • 

o 2 4 



The common ratio iB~-r-( -»)* ^^ -q» 



. ...7 

.'. the 8**» term: 



__1 2187 
" 3^ 128 
__729 
-128' 
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323. Definition. When three quantities are in Geometrical 
Progression the middle one is called the geometric mean be- 
tween the other two. 

To find the geometric mean "between two given qtiantities. 

Let a and b be the two quantities; G the geometric mean. 
Then since a, G, b are in G.P., 

b_G 

G~ a' 

each being equal to the common ratio ; 

.-. G^^ab; 

whence G=^Jab, 

324. To insert a given number of geometric means between 
two given quantities. 

Let a and b be the given quantities, n the number of means. 

In all there will be 7i+2 terms; so that we have to find a 
series of 7i+2 terms in G.P., of which a is the first and b the 
last. 

Let r be the common ratio ; 

then b = the (n+2y^ term 



a 



■■■ "0 



i_ 

(1). 



Hence the required means are ar, a^,...ar^, where r has the 
value found in (1). 

Example, Insert 4 geometric means between 160 and 5. 

We have to find 6 terms in G. P. of which 160 is the first, and 5 
the sixth. 

Let r be the common ratio; 

then 5= the sixth term 

= 160rB; 

whence, by trial, ^=o J 

and the means are 80, 40, 20, 10. 
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325. To find the sum of a number of terms in Geom^tricaZ 
Progression, 

Let a be the first term, r the common ratio, n the number of 
terms, and s the sum required. Then 

s=a-\-ar+ar^-{- -{■a/r^'^+at^-^; 

multiplying every term by r, we have 

rs=ar+af^-h ■\-aT^~^+ar^~^ + ar^, 

Hence by subtraction, 

rs — s=ar^ — a; 

.-. {r~l)s=a(f^ — l); 

.■.s=^<^ (1). 

r — l ^ ' 

Changing the signs in numerator and denominator [Art. 170.] 

,^-Jtz^ (2). 

\—r ^ * 

Note. It will be found convenient to remember both forms given 
above for «, using (2) in all cases except when r is positive and greater 
than 1. 

Since ar^~^=l, the formula (1) may be written 

rl-a 

a form which is sometimes useful. 

Example 1. Sum the series 81, 54, 36, to 9 terms. 

The common ratio =^ = ^ , which is less than 1 ; 



.9] 

81 U 



hence the sum 



-ay 



•-I 




— I-(I 


)• 




f 


-<■ 
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2 8 
Example 2. Sum the series -y -1, -, to 7 terms. 

3 
The common ratio = — - ; hence by formula (2) 



2 
the sum 



'di^ 128 { 
6 
2 
2 2315 2 
"3^ 128 ^5 
_463 
~96 • 



EXAMPLES XXXTV. a. 

1. Find the 5'*» and 8* terms of the series 3, 6, 12, ... 

2. Find the 10**» and 16'^ terms of the series 256, 128, 64, ... 

3. Find the 7*^ and 11*^ terms of the series 64, - 32, 16, ... 

4. Find the S^ and 12**^ terms of the series 81, - 27, 9, ... 

6. Find the 14*^ and 7*** terms of the series 777 , ;r^ , -=-7:,... 

64' 32 16' 

6. Find the 4^ and 8**^ terms of the series -008, -04, -2, ... 

Find the last term in the following series : 

7. 2, 4, 8,... to 9 terms. 8. 2, -6, 18,... to 8 terms. 
9. 2, 3, 4J, ... to 6 terms. 10. 3, - 3^, 3^, ... to 2n terms. 

11. :p, a:^, a^,.., top terms. 12. a:, 1, -,... to 30 terms. 

13. Insert 3 geometric means between 486 and 6. 

14. Insert 4 geometric means between - and 128. 

o 

7 

16. Insert 6 geometric means between 56 and - - - , 

16 

16, Insert 5 geometric means between ^ and 4 J. 

ol 
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Find the last term and the sum of the following series : 

17. 3, 6, 12,... to 8 terms. 18. 6, - 18, 54, ... to 6 terms. 

19, 64, 32, 16, ... to 10 terms. 20. 81, ^-7, "9, ... to 7 terms. 

21. ^j 57, ^,... to 8 terms. 22. 4J, 1^, -,... to 9 terms. 

Pind the sum of the series 

1 112 

23. 3, -1, -,... to 6 terms. 24. -,-,-,... to 7 terms. 

ij Jd O *) 

2 15 11 

25. -^,^» -o,... to 6 terms. 26. 1, -«> t,... to 12 terms. 
5 2 8 2 4 

2 11 

27. 9, -6, 4,... to 7 terms. 28. o> -~^» 57,... to 8 terms. 

29. 1, 3, 32,... to ^ terms. 30. 2, -4, 8,... to 2/? terms. 

1 3 

31. -%«, 1, -y^,... to 8 terms. 32. Va, ^/a^, jja^,.,. to a terms. 

1 8 

33. 72 > - 2, Jo'"* *^ ^ terms. 34. V2, n/6, 3^2, ... to 12 terms. 

326. Consider the series 1, - , ^ , ^, 

40 ^ ^ 

The sum to n terms = -^— 

1-2 



=<-J.) 



=2- 1 



2»-i' 

From this result it appears that however many terms be 
taken the sum of the above series is always less than 2. Also 
we see that, by making n sufficiently large, we can make the 

fraction ^^^i as small as we please. Thus by taking a sufficient 

number of terms the sum can be made to differ by as little as 
we please from 2. 

In the next article a more general case is discussed. 
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a(l — r*V 

327. From Art 325 we have «= -^r ^ 

l — r 



a ar 



l—r 1 -r' 
Suppose r is a proper fraction ; then the greater the value of 

n the smaller is the value of ^, and consequently of ; and 

therefore by making n sufficiently large, we can make the sum 

of n terms of the series differ from r: by as small a quantity 

as we please. 

This result is usually stated thus : the sum of an infinite 
number of terms of a decrecunng Geometrical Progression is - — ; 

or more briefly, the sum to inJmUy is — 



328. Becurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 

Example. Find the value of '423. 

•423 = -4232323 

4 23 23 



= :r?; + T7x.xA + 



10 ^ 1000 ^ 100000 



"■io'*'io»"^io«'*" 



23 /. 1 1 



(l + l^+i^4+ ) 



'"io'*"io3 

4 23 1 

"10 "•"lo* ' , J_ 

10^ 
4 23 100 
~"ld"'"l08 • 99 

- i. 3L 
"10 ■'"990 

_419 
""990' 
which agrees with the value found by the usual arithmetical rule. 
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EXAMPLES XXXIV. b. 

Sum to infinity the following series : 

1. 9, 6, 4,... 2. 12, 6, 3,... 

- 1 1 1 111 

3. g, ;|, g,... 4. 2* "4> gv. 

li 1 2 4 fi « _i 5 

^' 3' 9' 27'"* 5' ' 8'*" 

7. -9, -03, -001,... 8. -8, --4, -2,... 

Find by the method of Art. 328, the value of 
9. -1 10. -16. 11, -24 12, -378, 13. -637, 

Find the series in which 

14. The 10"* term is 320 and the 6*^ term 20. 

15. The 5*** term is -—. and the 9*^ term is - . 

lb 3 

16. The 1^ term is 625 and the 4"^ term - 5. 

17. The 3'* term is ^- and the 6**^ term - 41. 

lb ■* 

18. Divide 183 into three parts in G.P. such that the sum of 

the first and third is 2^ times the second. 

19. Shew that the product of any odd number of consecutive 

terms of a G.P. will be equal to the n^ power of the 
middle term, n being the number of terms. 

20. The first two terms of an infinite G.P. are together equal 

to 1, and every term is twice the sum of aU the terms 
which follow. Find the series. 

Sum the following series : 

21. y^+26, y*+45, y^+65,... to n terms. 
^ 3 + 2v^2 _ 3-2^2 . ' n .. 
22- 3-3272' ^' 3 + 272'- ^"^'''*^- 

^' \/l' y^' ^^|,... to infinity. 

« 

24. 271 - - , 4n + - , 6n- — , ... to 2n terms. 
Z b JLo 



CHAPTER XXXV. 



Harmonigal Progression. 

329. Definition. Three quantities a, 5, c are said to be in 
Harmonical Progression when - = ^-— . 

Any number of quantities are said to be in Harmonical 
Progression when every three consecutive terms are in Har- 
monical Progression. 

330. The reciprocals of qtutntities in HarTiwnical Progression 
are in Arithmetical Progression, 

By definition, if a, 6, c are in Harmonical Progression, 

a _a — h 

.'. a{b — c)=c{a — b)y 
dividing every term by abcy 

11^11 
c b b a* 

which proves the proposition. 

331. Harmonical properties are chiefly interesting because 
of their importance in Geometry and in the Theory of Sound : 
in Algebra the proposition just proved is the only one of any 
impoi^ance. There is no general formula for the sum of any 
number of quantities in Harmonical Progression. Questions in 
H.P. are generally solved by inverting the terms, and making use 
of the properties of the corresponding A. P. 
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1 ^ 

ExampU. The 12»^ term of a H.P. ia - , and the 19«» tenn is ^ : 

find the eeries. 

Let a be the first term, d the common difference of the correspond- 
ing A.F. ; then 

5= the 12*** term 

=a+lld; 

22 
and — =the 19*** term 

t> 

'whence <^=o» ^ =o« 

o o 

4 5 7 
Hence the Arithmetical Progression is - , - , 2, -, ; 

and the Harmonical Progression is -7, -, ^r , -, 

® V 6' 2 7 

332. ^o find the harmonic mean between two given quantities. 
Let a, h be the two quantities, H. their harmonic mean; 
then - , Tr J r are in A.P., 

^ a'b H' 



• • 



1=1+1 

^=M 

a+6 



333. If -4, (?, jy be the arithmetic, geometric, and harmonic 
means between a and 6, we have proved 

^=^ (!)• 

6'=\/a6 (2), 

•^=«-+6 («)• 

Therefore AHJ"-^ . ^, 

2 a+b 

=ab 

-6®; 

that is, is the geometric mean between A and Jff. 



HARMONICAL PROGRESSION. 1289 

334. Miscellaneous questions in the Progressions afford scope 
for much skill and ingenuity, the solution being often very neatly 
effected by some special artifice. The student will find the foU 
lowing hints usefiil. 

1. If the same quantity be added to, or subtracted from, all 
the terms of an A.P., the resulting terms will form an A.P. with 
the same common difference as before. [Art. 312.] 

2. If all the terms of an AiP. be multiplied or divided bv 
the same quantity, the resulting terms form an A«P., but with 
a new common difference. [Art. 312.] 

3. If all the terms of a Q.P. be multiplied or divided by the 
same quantity, the resulting terms form a G.P. with the same 
common ratio as before. [Art. 322.] 

4. If a, b,Cy d.., he ia G.P., they are also in cantintied pro-' 
portion^ since, by definition, 

a__6 _ <j __ _ 1 

oca r 



We subjoin a few examples worked out to illustrate useful 
methods. 

Example 1. Find three qnantitiea in G.P, such that their pro- 
duct is 843, and their sum 30|. 

Let -f a^ or be the three quantities; 
then we have -xaxar=848 (1), 



and 



''G-^i+")=T <«)• 



From (I) a»=843, 

a=7; 

91 
.'. from (2) 7(i+r+ra)=yr. 

Whence we obtain r = 8, or ^ . 

o 

7 

and the numbers are ^ , 7, 21. 

o 

H.^ 19 



\ 



290 ALGEBRA. 

Example 2. If a, &, c be in H.P., prove that 7 — , , =- 

are also in H. P. 

Since - , r » - are in A.P., 
a b c 

a + b + c a+b+e a+b+c , . ,^ 

, — r , are in A.P. : 

a b c 

^ . b+e - . a+c - , a+b . . ^ 

.*. 1+ , 1 + —.— , 1 + areinA.P.; 

a b e 

b + c a + c a + b . . _ 

are in A.P. ; 



a * b ' c 
a b c 



are in H.P. 

n 
6 



b + c* c + a' a + b 
Example 3. The 91*^ term of an A.P. is ^ + 2, find the sum of 

49 terms. 

Let a be the first term, and I the last ; then by putting n=l, and 
n=49 respectively, we obtain 

a=|+2. 2=j + 2; 



n, ... 49/60 A 



= ^xl4 =343. 

Example 4. If a, 5, c, d, e he bx G.P. prove that b + d is the 
geometric mean between a + c and c + e. 

Since a, &, c, dj e are in continued proportion, 

a_6__c _d 

.*. each ratio =- — ^,= , [Art. 294.1 

b + d c+e *■ ■* 

Whence {b+d)^={a+c){c+e). 



EXAMPLES XXXV. 

1. Find the 6*** term of the series 4, 2, IJ,.- 

2. Find the 21"* term of the series 2^, 1||, 1^,.,. 

3. Find the 8*^ term of the series IJ , 1]^, 2^,... 

4. Find the »*** term of the series 3, Ij, 1,... 
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Find the series in which 

5. The 15**^ term is — .and the 23'* term is ~ • 

2o 41 

4 

6. The 2°* term is 2, and the 31"* term is — . 

«Jl 

7. The 39* term is :n > a^d t^© ^4**» ^rm is ^^ • 

11 26 

Find the harmonic mean between 

8. 2 and 4. 9. 1 and 13. 10. j and jr . 

11' 1 1 
11. -andr. 12. -—-and . 13. ^+3^ and a? -y. 

a x+y x-y ^ *^ 

14. Insert two harmonic means between 4 and 12. 

15. Insert tliree harmonic means between 2^ and 12. 

16. Insert four harmonic means between 1 and 6. 

17. If 6^ be the geometric mean between two quantities A and B, 

shew that the ratio of the arithmetic and harmonic means 
of A and O is equal to the ratio of the arithmetic and 
harmonic means of G and B, 

18. To each of three consecutive terms of a G.P. the second of 

the three is added. Shew that the three resulting quantities 
- are in H.P. 

Sum the following series : 

19. l + lJ+3^+ to 6 terms. 

20. H-l|+2i+ to-6 terms. 

21. (2a+^)+3a+(4a-a?) + to j9 terms. 

22. lj-li+|- to 8 terms. 

23. 1HH+7 + to 12 terms. 

24. If x-a, y-Oj and z-a be in G.P., prove that 2(y-a) is 

the harmonic mean between y—x and y-z. 

25. If a, by c, c? be in A. P., a, 6, /, d in Q. P., a, ^, A, d in H. P. 

respectively; prove that ad=ef=hh=cg, 

26. If a\ 62^ c^ be in A.P., prove that 6 + c, c + a, a + 6 are in H.P. 

19—2 



292 ALGEBRA. 

27« If a, 6, c be in A.P., and a, ft y in H.P., shew that 

a + C _ a + y 
bp ay 

28. If a be the arithmetic mean between b and Cy and b the 

geometric mean between a and c, prove that c will be the 
harmonic mean between a and b, 

29. If — ^— , b, — r— be in H.P., then a, 6, c are in G.P. 

30. If Oj 5, <?, c?, c be in G.P., prove that c(a4-2(?+c) = (6 + c?)«. 

31. If a,b,c,d... be a series of quantities in G.P., shew that 

the reciprocals of a^-b^, 6* - c*, c^ ~ cP,. . . are also in G.P. ; 
and find the simi of n terms of this latter series in terms 
of a and b, ^ 

32. If a, by c he in. A.P., and byCydin H. P. then a, -y y c are in 

H.P., and b, -j-, d are also in H.P, 

33. If ^ be the geometric and a the arithmetic mean between 

m and n, and if i^ be the arithmetic mean between m^ 
and n\ prove that a^ is the arithmetic mean between g^ 
and )&3. 

34. If a, ft, c, c? be in G.P., prove that (6 - c)2=cw + M - 2ac?. 

35. If a, ft, c, c? be in G.P., prove that 

(a+(f)(a-ft)* : a(a— c)(a-rf)=a-6 + c ; a + 6+c. 

36. If a, ft, c be in H.P., prove that 

1+1, i+_i_. 1+ 1 



a ft+c' ft c + a' c a+ft 
are also in H.F. 



MISCELLANEOUS EXAMPLES. 



1. SimpUfy h- {b -{a+b)-[b-{b-a-b)]+2a}. 

2. Find the sum of 

a+b-2{c-\-d), 6+c-3(c?+a) and c + d'-4{a+b). 

12 1 

3. Multiply 2^+3^ by ^-^2/- 

4. If :p=6, 3^=4, ;2=3, find the value of 4^2^ + 3y +2. 

5. Find the square of 2 — So? + ^^. 

6. Solve + -=2. 

a;-l 07-6 

7. Find the H.C.F. of a^ _ 2a - 4 and a' - a^ - 4. 

. Q. ... 2a , 26 a2+62 

8. Simplify —-J + =- - -2 — rj . 

^ "^ a+6 a- 6 a^ — o^ 

9. Solve |o7+f=13 

5 4 

i.;-^= 3 
3 8 

10. Two digits, which form a number, change places when 18 

is added to the number, and the sum of the two numbers 
thus formed is 44 : find the digits. 

11. If a=l, b= -2, c=3, d= -4, find the value of 

a^}^+}^c+d{a-b) 
\Oa-ic-\-bf • 

12. Subtract -a^+y^ — z^ from the sum of 

l^+l-y2 \y2^]iz\ and i«2_^-5« 
3 4*^' 5*^ 3 ' **"^ 3* 4* 

13. Write down the cube of :c + 8y . 
M. Simplify S±^,x -^3 x^. 

15. Solve|(2o;-7>-|(o;-8)-^^ + 4. 

16. Find the H.C.F. and L.C.M. of 

^+ar»+2o7-4 and x^+^a^-4. 
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17. Find the square root of 4a* + 9 (1 - 2a) + Sa^ (7 - 4a). 
« 1 a?+a b \ 

18. Solve y~2~"*"3 

* 2 ^3 

19. Simplify f-??^ ^U^^±^. 

^ "^ \x+a x-a) sr+ax 

20. When 1 is added to the numerator and denominator of a 

3 

certain fraction the result is equal to ~ ; and when 1 is 

subtracted from its numerator and denominator the result 
is equal to 2 : find the fraction. 

21. Shew that the sum of 12a +66- <?, -Ta-ft+cand a+6+6o, 

is six times the simi of 25a + 136 - 8c, - 13a — 136 - c, and 
-lla+6 + lOc. 

22. Divide a^-xy-\-—y^ ^7 ^"I^- 

23. Add together 18 1^-^(1^+0^}, 

24. Find the factors of 

(1) 10a;2+79^_8. (2) V29^-y«. 

OR ci 2^7-1 • 5^ + 3 - 4^-118 

25. Solve — - — + —Tw- =3 — — . 

17 11 

26. Find the value of 

(5a-36)(a-6)-6{3a-c(4a-6)-62(a+c)}, 

when a =0, 6=-l, c=^. 

27. FindtheH.C.F. of 

70?^- 10^ -747+ 10 and 2^-^-2a:+l. 
28 Simplify ^-7^+ lgyj^ ^-^^y +^y' 

29. Solve 3a6:p+ y= 961 

4a6a7+3y=l76j • 

30. Find the two times between 7 and 8 o'clock when the hands 

of a watch are separated by 15 minutes. 
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31. If 0=1, 6= -2, c=3, d= -4, find the value of 

N/c^--46+a2_Vc3+6»+a+rf. 

32. Multiply the product of ~ .r^ - - ory +y^ and - ^ +y by ^r' - 8^. 

33. Simplify by removing brackets 

a*-{4a3-(6a2-4a+l)} 



_[_2-{a*-(-4a3-6a^-4a)}-(8a-l)]. 

34. Find the remainder when bx*-*7a^-hSa^-a!+S is divided 

by ^-4. 

35. Simplify „ ^ x -4—^ x - . 

36. Solve £:ill+y = i8 

4 

37. Find the square root of 4^- 12:F*+28^ + 9a,'3-42a?+49. 

38. Solve -006^ - -491 + •723x= - -005. 

39. Find the L.C.M. of ^+3^, ^a^-\-2xy-y^ and a^-a^+xyK 

40. A bill of 25 guineas is paid with crowns and half-guineas, 

and twice the number of half-guineas exceeds three times 
that of the crowns by 17 ; how many of each are used ] 

41. Simplify • 

(a + 6 -H c)2- (a - 6 -I- c)2+(a+ h-cf- {-a+h + c)K 

42. Find the remainder when a* - 3a'6 + 20^62 - 54 ia divided 

by o2_o6+262. 

43. If 0=0, 6=1, c= -2, cf«3, find the value of 

44. Find an expression which will divide both 4a;2+3a?- 10 and 

4^ + *Ia^ -Zx—lb without remainder. 

ah \_\ 

45. Simplify— -^p-x.^-^. 

" a^+l^ a h 

46. Find the cube root of 8^- 2a^+^ "" ^' 

47. Solve 9a?+8y=43^y1 

8a?+9y=42^J * 
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48. Simplify -A^-—^ - (a;-l){x-Zy 

49. Find the L.C. M. of &c8 + 38a;»+59a?+30 

and ft»8-13«"-13a;+30. 

50. A boy spent half of his money in one shop, one-third of the 

remamder in a second, and one-fifth of what ha had left 
in a third. He had one shilling at last ; how much had 
he at first ? 

51. rind the remainder when s^ -lOsfi+Sa^ — ^a^+^x-ll is 

divided by jc* - 5a?+4. 

52. Simplify 4 {a-| ^6-^)} {|(2a-6)-|.2(6-c)|. 

25 3 

53. If a= — , 6= 1, c= -7 , prove that 

lb 4 

3^ 



54. PindtheL.C.M.of4^-7a?+12,3^-6^-9,and2^-&i?-8. 

55. Pind the simi of the squares of ax+hy, hx-ay^ ay+bxy 

by -ax; and express the result in factors. 

■f» o 1 ^ y 3x-6z z , *7y _ 
66. Solve - + | ^ 8 + il=l- 

KT a- IV <^+^ «+* l(a-h 1 1 

57. Simplify ^^3^-^::^- 2 1^:^-^. 

68. Solve ;r-(ar-?^) = i(ap+67) + |(l + f). 

59. Add together the following fractions : 

2 -4x a^ — J7* 



a^ + xy+y*' sfi—y^^ y^{x-y)^* x^—y^' 

60. A man agreed to work for 30 days, on condition that for 

every day's work he should receive 3«. 4fl?., and that for 
every day's absence from work he should forfeit Is. Qd, ; 
at the end of the time he received £3* lis. : how many 
days did he work? 

61. Divide^+27-^-4^+^-^by5+3-.. 

62. Find the value of 

f(,-.)-35 [5^-1(3.-5(7.-4,)}] 

when x=i -^ and y—2. 
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63. ^^°^P^^^ 3(^ri)- 3(^+^+1) + (^-l)(^+l) ' 

64. Find the cube root of -r^ ^ i— ^H a;* - -5 ^. 

i.e « 1 4^-17 . 10^-13 ap-30 . bx-4 

65. Solve -^-^ +-2^33- =2^3y+^3j-. 

66. Find the factors of 

(1) a^+5x^ + x+6. (2) a^-2an/-32ZtfK 

67. Solve i (a?+y) + 2^;= 21 ~ 

3^-2(y + ^) = ^^ 
^+-(a7+2^-2;)=38 
fifi "innnUfr '^ + ^^ 3^^+63^+70^ ^ 

69. Find the square root of - (36 - 2c - 2a)3 {2 (a + c) - 36} . 

70. The united ages of a man and his wife are six times the imited 

ages of their children. Two years ago their united ages 
were ten times the united ages of their children, and six 
years hence their united ages will be three times the 
united ages of the children. How many children have 
they? 

71. Find the sum of oi^-^'-\y\ 2y^-\t-\rz\ 

^-gy'+y', and %xy - -3^. 

72. From {(a + 6) (a - a?) - (a - 6) (6 - x)} subtract (a + 6)* - 26^?. 

73. If 0=5, 6=4, c=3, find the value of 

/y6a6(j+(6 + c)3+(c+a)3 + (a+6)3-(a+6+c)3. 

74. Find the factors of 

(1) a»3+6^_i89^. (2) a2+2a6 + 6Ha+6. 

75. Solve P^=?y\ 

(j>+q)af-{q-p)y=r J* 

76. Simplify — — ^--^ -5-. 
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rm a 1 ^-7 . 1 2^-16 

^- ^^^* ^T7 + 2(i+7) = ^^36- 

3C^ — X^ — 2dt7 4* 2 

78. Reduce — rr-s i — to its lowest terms. 

2ur* — ^— 1 



79. Add together the fractions : 



and 



2a^-4x+2* 2^+4^+2' 1-^' 

80. A number consists of three digits, the right-hand one being 

zero. If the left-hand and middle digits be interchanged 
the number is diminished by 180 ; if the left-hand digit 
be halved, and the middle and right-hand digit be inter- 
changed, the. number is diminished by 336 : find the 
number. 

81. Divide l-5a?+-Tr ^-^^tjt^ — jr- afi by I - x - t^ a^, 

15 225 9 "^ lo 

82. If p = l, q—-, find the value of 

2p + q-{p-{q-p)} 

83. Multiply ?|!-5^-|-|-H9 by ^-^+3. 

84. Find the L. CM. of 

(a26-2a62)3, 2a«-3a6-262, and 2(2a2-ha5)2. 
OR a 1 2^+3 4^+5 , 3a? + 3 
^- ^^^^^-^+1=4^+4 + 3^- 

86. Reduce jr-^ — . « . , _ — to its lowest terms. 

87. Find the square root of 

88. Solve ^+Ji: = a+& 

f = 6(b-a) 

ah ^ ' y 

89. Multiply 

3^+4y-H iif- by I0a7-3y-iia. 
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90. A bag contained five pounds in shillings and half-crowns ; 

after 17 shillings and 6 half-crowns were taken out, thrice 
as man J half-crowns as shillings were left : find the number 
of each coin. 

91. Find the value of 

5(a-&)-2{3a-(a+6)}+7{(a-26)-(5a-26)}, 

92. Divide 3a!^-6a!^-{-1a^-nx-l3 by 3x-2. 

93. Find the L. CM. of 

I5(j>^+f)y 5{p^-pq+q% 4(^2+^+^) and 6(^-^2). 

94. Resolve into factors : 

(1) a^-8b^. (2) -a;2+2a?-l+^. 

95. Solve — — r = — ; — rr- 

96. Simplify 

. 35a26«c8- 4953^3 y^-7yS+8y8-12y 

^ ^ 65a'^6c-91a»62c2* ^^ 2y2-.2y-60 * 

97. Solve 7ar-9y+45=16 

X + 1/ ^ x + i/ + z 
3 2 

2^-3y + 4?-5=0 



99. Find the square root of 

4g2 - 12a6 - 6 &C + 4ac + 9b^ + <^ 
4a2 + 9c2-i2ac 

100. The express leaves Bristol at 3 p.m. and reaches London 

at 6; the ordinary train leaves London at 1.30 p.m. and 
arrives at Bristol at 6. If both trains travel uniformly, 
find the time when they will meet. 

101. Solve (1) •&F+-75a?--l6=^--58&F+5. 

(.. 37 ,47 
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102. Simplify (1) , ""^^ -, + , ^^^ , + ^ ^^ — ^ 



(2) (l+x)«-^ 



1 + 



l-ar+ 



\ J 

103. Fiud the square root of 

also the cube root of the result. 

104. Divide l-2a? byH-aFto4 terms. 

105. I bought a horse and carriage for £Jb ; I sold the horse at 

a gain of 5 per cent., and the carriage at a gain of 20 per 
cent., making on the whole a gain of 16 per cent. Find 
the original cost of the horse. 

106. Find the divisor when {Aa^-\-*lah+bl^f is the dividend, 

8 (a +26)2 the quotient, and 6- (9a +116)2 the remainder. 

107. Solve (1) 5a: (^-3) = 2 (^-7). 
(2) 7:r-T^7:r-^ + 6= A+ ^ 



(a?-l)(^-2) ■ ^-2 ' x-\ ■ 

108. If ^=a+6+^7— -1-^, andy=— p- + — — T, 

4(a+6) ^ 4 a + 6 

prove that {x - of - {y -l)f=l^' 

109. Find the square root of 

110. Solve ^"-^^.+ ^-"^ ^ 



a2 + cu;+a?2 a^-ax+.t^ x {aS + a^^c^ ^^j • 
111. Subtract f'^^, -^ from ^"^^ 



.r2+a?-12 572-^-12' 
and divide the difference by 1 + -^—r, t^ • 

112. Find the H. C. F. and L. C. M. of 

2^ + (6a-106)a7-30a6 and 3a;2-(9a + 156)a7 + 45a6. 

113. Solve (1) 'Ica^-ahx^-lahd^Acdx, 

m ^ -2j^- - -^ - ^"^ 

^^^ 2(^7 + 3) ""^^'^r^^g 4(i;-3)* 
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114. If a«l, 6=2, c=3, fl?=4, find the value of 

115. I rode one-third of a journey at 10 miles an hour, one-third 

more at 9, and the rest at 8 miles an hour; if I had 
ridden half the journey at 10, and the other half at 
8 miles per hour, I should have been half a minute longer 
on the way : what distance did I ride? 

116. The product of two factors is (3a7+2v)'-(2^+3y)^ and 

one of the factors is a? — y ; find the other factor. 

117. If a + 6=l, prove that {cfi-l^f^a^ + l^-ab. 

118. Resolve into factors ; 

(1) ^+y3+3ay(a?-f-y). (2) m^-n^--m{m^-'nPj+n{m'-nf. 

119. Solve (1) x^-f = m (2) aJ»-6^-Hlly*=9l 

120. Find the square root of 

(a - 6)* - 2 (a2 -^W){a- 6)^+2 (a* + 6*). 

121. Simplify the fractions 

a+— — X-- 

122. FindtheRCR of 

d?h-\'l^c-ahc-a}p' and as^->rdh-a^-ha^, 

123. A constituency had two-thirds of its number Conservatives : 

in an election 25 refused to vote, and 60 went over to 
the Liberals; the voters were now equal. How many 
voters were there altogether] 

124. Solve (1) -^ + (a-6) = ^. 

125. Simplify (i) (i,^^:^-. (l ^^^^ . 



(2) 



(^+iy-(^-i}8 



(^+l)*-(a;-l)*' 
126. Divide 

^+(a-l)a;'-(2a-Hl)a:»-h(a*+4a-6)a?+3a-J-6 
by i?*-3a7-i-a + 2. 
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127. Kesolve into factors : 

(1) a^+bxy-^y^+x-Zy, (2) ^-- . 

128. Find the square root of j9* - 3^ to three terms. 

129. Solve (1) __-_-=-—-___-. 

J7— o x—1 X — % x — 3 

(2) ax-^l=by+l=ay + bx. 

130. Find the H. C. F. of 3^ + (4a - 26) a? - 2a6 + a* and 

x^ + {2a-'b)a^-l2ab-a^)x-a^b, 

131. Simplify 

132. At a cricket match the contractor provided dinner for 24 

persons, and fixed the price so as to gain 12^ per cent, 
upon his outlay. Three of the cricketers being absent, 
the remaining 21 paid the fixed price for their dinner, 
and the contractor lost Is. : what was the charge for the 
dinner? 

133. Prove that x(y+2)-\ 1- - is equal to a, if 

y X 

y J a-2 
x= -^ and y = — r;— . 
y+l ^ 2 

134. Find the cube root of 

0^-12x^+64x^112 + — -^ + %. 

X X* or 

135. Find the H. C. F. and L. C. M. of 

a:^+2ax^+a^x+2a^ and a^ — 2aa^+a^x-2a\ 

136. Simplify 

4h+a a-4h a^-^b^ 
^^^ 3b+a'^a-3b^a^-9b2' 

137. Resolve 4a^ (x^ + ISab^) - (32a5 + 9b^a^) into four factors. 

138. Solve (1) 5V3^-l = V7547-29. 

(2) ^=70, -^ = 84, -^=.140. 
x+y x+z ' y+z 
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139, Shew that the difference between 

X X X , (X h 

■\ and 1 1 + 



x-a x—b x — c x — a x-b x — c 

is the same whatever value x may have. 

3 8 3 8 8 3 

140. Multiply :r«+2y»+3;^ by a^-2f-3^. 

141. Walking 4J miles an hour, I start 1 J hours after a friend 

whose pace is 3 miles an hour : how long shall I be in 
overtaking him] 

142. Express in the simplest form 

(1) (8^+4^) X 16"*. (2) r •^'^^aF^j"^'^'' 

33»x9 

143. Find the square root of 

f + y+3-2. A-2^A. 

y a? V y V ^ 

144. Simplify 

... f_x 1_\ x^-l {x-iy(x+l)^+x^ 

^^ \x-l x+lj'afi+l' x^ + x^ + l 

145. Find the value of 

(1) V8 + V50-\/i8+\/48. (2) \/35 + 14V6. 

146. Solve (1) -— •-— -r^' ^ V^ .M ' 

(2) 2a? + 3y=lil 

4a;2+9-py+9y2=ii|- 

147. Shew that ' 

(g+&)^-c^ (6+c)S-a» (c+a)3-58 
(a+6)-c 6+c— a c+a—b 
is equal to 2(a+b+cf+a^+¥+<^. 

18 11 

148. Divide a-a?+4aV-4aV 

1111 
by c^+2c?a^ — a^, 

149. Find the square root of 

(a-l)*+2 (a*+l) -2(a2+l) {a- 1)K 
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160. How much are pears a gross when 120 more for a soyereign 
lowers the price 2d, a score] 

151. Shew that if a number of two digits is six times the sum 

of its digits, the number formed by interchanging the 
digits is fiye times their sum. 

152. Find the value of 

1 1 1 

(a - 6) (6 - c) (6 - c) (a - c) {c -a){b-a)' 

163. Multiply 

- . _ 12+41a?+3&F« u r. o . 2ex-SaJ^-U 
3+^^ 4+7F- ^y ^'^^ 3-4^ • 

164. If ^-- = 1, proye that ^^+-^=3, and a^--^—4, 

155. Solye (1) |f + -|^ = |(.+5). 

(2) 2aj«-3y8=23\ 
2a?y-3y2= 3J • 
166. Simplify 

(1) lfV2o-3V5v^ w^i^^vi 

157. FindtheRCF. of Qo2-l)^+(3p- 1)^-^(^-1) and 

158. Beduce to its simplest form 

1 ^ '7» ^ 1 • 

y ya 3^ -^ ' 
169. Find the square root of 

(1) l-2*»+i+42». (2) 9*-2.6*+4*. 

160. A clock gains 4 minutes a day. What time should it 

indicate at 6 o'clock in the morning, in order that it 
may be right at 7.15 p.m. on the same day? 

161. If a; = 2 + V2, find the yalue of a;^ + 4 . 
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162. Solve 



163. Simplify 

a« J2 c3 



{f> — a){c — a) (c-b)(a-b) {a—c){b — cf 

164. Find the product of \^Jb, i^2, J^80, -^6, and divide 

8-4V5 ^^ 3^5-7 
V5 + 1 ^ 5+V7 ' 

165. Resolve 9a;<^2 - 576^* -^0^ + 256^ into six factors. 

166. SimpUfjr 



1- 



a2 



^^ (47+a)(^-a) • (a72_a2)(a7+a)2- 

/ox 60^' . ^ 3(m~7^)^ , r4(r-^) . ^-^ 11 
^^ w+n'L7(r+«) • I 21^y« * 4(m2~7l2)JJ• 
167. Simplify (1) (a p)p^^^^.^±^. 

(2) V14-V132. 

168. Find the H. C. F. and L.C. M. of 

20a?*+^-l, 25a;* + 5a;3_^_i^ 25a?*- 10^ + 1. 

169. Solve (1) aH-^+V2a^+?=t. 

(2) a:+9| + — L.=8. 
^ 11 

7"^¥ 

170. The price of photographs is raised Zs. per dozen, and 

customers consequently receive seven less than before 
for a guinea: what were the prices charged? 

171. If (« + -) =3, prove that a?+-^=0. 

172. Find the value of 

j?+2a^— 2a Aah , _ ah 

26^"*"26+5"*"^^:i;62' ^^^"^ ^-^TS* 

H. A. 20 
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173. Reduce to fractions in their lowest terms 



174. Express as a whole number 

• ' 2 */2 

(27)*' + (16)*- ^ + -^. 

(8)"» (4)-» 

175. Simplify 

176. Solve 

. . x-Aa x — ba _x+^ x-\-b a 

^ x — Sa x — 4^a^x — 4a x—2>a' 

(2) 2x^+xt/+3}/^=Si ) 
aB«-3:cy+8y2=17iJ ' 

177. rmd the square root of ^2m+2a^^+a^n ' 

178. Simplify 



(1) 



^Lx^^x^x:^. (2) f(H)xV3:3i'l 



Va V6 -J 



179. A boat's crew can row 8 miles an hour in still water : what 
is the speed of a river's current if it take them 2 hours 
and 40 minutes to row 8 miles up and 8 miles down? 

ISO, If a=a^-tfz, h =y2 _ ^ c^z^-xy, prove that 

a^ — hc=x{ax+hy+cz). 

181. Find a quantitv such that when it is subtracted from each 

of the quantities a, h, c, the remainders are in continued 
proportion. 

182. Simplify 

(<9\ 2(7^-4) ^-10 2(4a?- l) 
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183. Find the sixth root of 

729 - 29l6a^ + 4860^ - 4320a;«+ 2160^ - 576^io+ 64ri«. 

184. SimpHfj 

^^^ a:+V^~l +^__^^^3i • 

(2) 4^16+4^81 ->^35l2+yi92- 7^9. 

185. Solve (1) L or. 



6 



6- ' 



6 — a; 



(2) ^^2+ 192 =28^) 
^+y=8 ] • 

186. Simplify 

6-c c-a a-h 



187. Solve (1) ^-I5f+— ^,=6. 

(2) 2(^+y-i)=3(^-i-y)=4. 

188. If an/=db(a+b) and ^-^y+y2=^^34.5s prove that 

(M)(f-|)=»- 

189. FindtheH.C.F. of 

(2a2-3a-2)a72+(a2+7a+2)a7-a2-2a 
and (4a2+4a+l) ^- (4a2+2a) x+aK 

190. Multiply V2i + ^2 (2^7-1) - -7= 

^y ^+V2(2^-1)-V2^. 

191. Divide a^h^+b^c^+a^a'^-a^b^-hic^-dia^ 

by «2j + 62c-|.c2a-a62_Jc2-ca2. 

192. Simplify 

^v 7 1 10a? -1 



2(^+1) 6(:p-1) 3(a;2+^+i)- 



(2) ^-i^^:;^-x:i^i X '^^-«' 



V(<a?+a)2-eM?* 
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193. If ^ be the difference between any quantity and its re- 

ciprocal, q the difference between the square of the same 
quantity and the square of its reciprocal, shew that 

194. A man started for a walk when the hands of his watch 

were coincident between three and four o'clock. When 
he finished, the hands were again coincident between five 
and six o'clock. What was the time when he started, and 
how long did he walk ? 

195. If n be an integer, shew that 7**"'"*+l is always divisible 

by 8. 

196. Simplify ) ■ f(^) {{, • 

197. Find the value of 

m 7+3V5 7-3V5 
^^ 7-3^5 7+3 V5' 

198. If a + 6 + c + c?= 2«, prove that 
4{ah+cd)^-{a^-\-b^-€^-(Py^l6(s-a){8-b)(8-€){8-d). 

199. A man buys a number of articles for £1^ and sells for 

£1. Is. all but two at 2d. apiece more than they cost: 
how many did he buy? 

200. Find the square root of 

2(8l4;*+y*)-2(9a;2+y2)(3^_2^)2+(3^_y)4. 
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I. d. Page 8. 



1. 


19. 


2. 


0. 


8. 


7. 


4. 


11. 


6. 


21. 


6. 


6. 


7. 


18. 


8. 


36. 


9. 


6. 


10. 


14. 


11. 


85. 


12. 


96. 


13. 


36. 


14. 


0. 


16. 


0. 


16. 


12. 


17. 


24. 


18. 


43. 


19. 


4. 


20. 


8. 


21. 


12. 


22. 


0. 


23. 


1. 


24. 


6000. 


26. 


3i. 


26. 


10. 


27. 


5^. 


28. 


6i. 


29. 


37. 


30. 


6. 



31. 4i. 32. 5^. 

n. Pages 11, 12. 

1. 47a. 2. 24x. 3. 39&. 4. 151c. 6. -26a;. 

6. -40&. 7. -17y. 8. -66c. 9. -206. 10. 2a?. 
11. 0. 12. -16/. 13. -8. 14. ly. 15. 0. 

16. 2a6. 17. xK 18. -14a^x. 19. -21a«. 20. -IQx^. 

21. 0. 22. -19ar*. 23. -43a6cd. 24. —a?. 

6 

8 5 5 

26. ^a. 26. —36. 27. -a:'. 28. -^a6. 29. -jX. 

o 4 

30. - 5x^. 

m. a. Pages 16, 17. 

1. 0. 2. 4a + 46 + 40. 3. 0. 

4. 4a; + 4y+4js. 6. 3a + 66— 2c. 6. 6-c. 

7. 39a -56 + 4c. 8. 5c. 9. Sao; - 36y + 3c«. 
10. 22p-18q-20r. 11. a6. 12. -20a6 + ca. 
13. 5a6 + 6c. 14. pq-\-gr + rp, 16. 6a:. 

16. 20a. 17. 2xy + 2zx, 18. 14a6-116c. 
19. 13z. 20. a + 6 + c. 

m. b. Pages 17, 18. 

1. a6c. 2. x^+xy+yK 3. a'+3a6-26». 

4. yz + zx + xy. 6. Sx^ + 2xy — y^, 6. -23^ + a^+4x+2» 

7. x^ + lx. 8. 15a;« - 32x - 18. 9. 15a:»-4a:a+3a;-l. 

10. a» + 6» + c«. 11. a^+h^+a^ + cP, 12. x^+x*+x±3, 

13. 9a»-3aa. 14. Sx^-2y^-2xy''4yz-Sxz. 

16. -a^+x^+2y^+y, 16. ^xhf+xy\ 17. 2a26. 

18. x^-xhf-y^. 19. o» + 63 + c8-3a6c. 
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20. x^+x^y + 7xy^ + 3y\ 21. ja-n^. 

22. -3a-jr6. 23. -^a + -6-^c. 24. 5a-p6--r<5' 

Is o o • iS o 5 4 

25. l^-l^ + ly^' 26. |a»+|a6-i6». 

3„2 1. 1.3„6« 

27. ga?2--a:y--y«. 28. -^afl^-ax^+^a^x. 

13 11 

29. -7a;«-a:y + ^y'. 80. ^a*--a*b+-rab^ + bK 

4 o 2 4 

IV. a. Pages 20, 21. 

1. -2a -2c. 2. 3a -56 -4c. 3. 13a; + 18y - 19j2. 

4. -6a + 306 -4c. 5. llx + 13y-16z. 6. 12a6 - 106c - lOcd. 
7. 21a -136 -33c. 8. llx + 26y + 22z. 9. 2ac + 2hd. 

10. 2a6-2cd + 2ac-26d. 11. -cd-ac-bd. 

12. 2xy. 13. -3a;»-x*-2a; + l. 

13 5 
14. '-12xhf + 21xy^ + 15xyz, 15. g^^-y^ + A^* 

13 2 _ 6 10^ 1 

16. 4^ + 2 2/-3^- "• -2^~Y^ + 2'- 

1 ,^4 4 «^ 6 13 

18. x-y-\--z, 19. -g^-g^* 20. "g^ + 'g'y- 

IV. b. Page 21. 

1. 7xy-7yz + 18xz. 2. -12a;V+8^ + 21xy«. 

3. - 12 + 9a6 + 6a262. 4. - 2aa6c + 66«ca + 6c2a6. 

5. -12a«6 + 15a62-6cd. 6. - IGx^y + lOxt/S - 2a; V- 
7. 20a262 + 16a26. 8. 9x*-9a; + 9. 

9. x3 + 3a;2 + 6a; + 7. 10. - 17a V + 13a;3 + 20. 

11. 2a;2_2a;. 12. 6x^1/ + 2yS. IS. a»-c'-a6c. 
14. 3x' + 10a;V- 10x2/2. 15. 4a;* - Sa;^ _ 2^2 - x + 2. 

16. -4a» + 46»-2c3 + 10a6c. 17. -x» + 2x* + x3-x2 + 2x-2. 

18. 4a«-7a*-6a« + 9a2-a-7. 19. -6a26-14a6» + a»63 + 6*. 

4 1 
20. -a8 + 22a26-16a62 + 268. 21. 2x^ - ^xy - -y^, 

22. —Or — a — • 23. — ■:rX^ — X + -X. 24. — x" + — ax — . 

25. ^a;'-2^*y-gy*- ^6. -^a^'-a^x-^axK 

ai— 2 
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1. 

5. 

9. 
12. 
10. 
18. 



1. 

6. 

9. 
13. 
17. 
20. 
22. 
24. 
26. 

28. 



1. 

6. 

8. 
11. 
13. 
15. 
17. 
19. 



2a + 2c. 

2x> + 7a;-3. 
2x' - x' - X. 



35x5^. 

28a7b\ 

15a7b^x*. 

2x^y\ 



IV. c. Pages 22, 23. 

2. 7x>-10j:«. S. 8a»-2a. 
6. Ixy, 7. 4a. 

10. 3x3 + 7x-8. 

18. 16a« + 2a6. 
16. - 6a6 + ll&c + 7ca, 

19. 2x*-x. 

V. a. Page 25. 

2. 20aii. 8. 56a46». 

6. 6a26c*. 7. 4a«6«. 

10. 5a<6»x«i/2. 11. 6a2a;7y». 



14. 28a»68x». 

18. 3a0x9yi«. 
20a3&2jr*»-28a26V. 
a»6 + a3&3-a36c2. 
20a*6c3 + 12a«63c' - Sa^ic^. 
48x5y3 _ 40x^* + SCx^y*. 



4. 2x» - 2x«. 

8. 2x'-2x. 
11. a - &. 
14. 3a&. 
17. -3x« + 7x-2. 

<0U. * ^ X. 



4. 30x*y«. 

8. 10a*&. 

12. dbcxyz. 

16. 80a8x8y8. 



2a3&7_-a66cS, 




16. 40a2cx2. 

19. a*&2 + a362c. 

21. 10x» + 6xY 

23. a6V + a26c«-a262c. 

25. 16x«y + 3x*y* - 21x«y«. 

27. 6a«&3c - 7a»&*c». 

16 



29. -a768x«-a3&8jH5. 30. 9a7&8 - — a^ft^x*. 



V. b. Page 27. 



1. 3C. 2. 

6. - 12. 7. 

11. - 16. 12. 

16. 600. 17. 

21. 40. 22. 

26. 3. 27. 



^48. 

-9. 

375. 

- 180. 18. 

-63. 

1. 



3. 6. 

8. - 24. 
13. 600. 
-5G. 
23. 118. 



28. 0. 



4. 24. 5. -16. 

9. -168. 10. 480. 

14. 140. 15. -2000. 

19. -1000. 20. -224. 

24. -130. 25. -64. 

29. 29. 80. -13. 



V. c. Page 28. 

-3a2x2. 2. IW^ll^xK 3. -a%\ 

3rt36Vd6. 6. - 6x V^^. 

a3&ac3-a26V. 9. 3x2 + 3xy + 3x-s. 

15xV-18xV + 24xV- "— y . *- 

- hx^yH"*' + 3x V«* - 8a^y^z\ 16. - 48x»2/ V + 96x V-?*. 

91x*t/0 + i06xV. 18. -8xV^' + 10^V'2^- 

- a^li\^ + a^l^c^ + a^'^cK 20. a%h - a^bh + a^h^cK 



7. 
10. 
12. 
14. 



4. - 60x«y«. 
-36xV2-48xyV. 
a%c-cHfic-\-aJbc^, 
Ua^h^ + 28a»6*. 
56x6i/* + 40x*y«. 
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9 
21. -3a« + 5a6--6ac. 

23. -T a^x - rr? aoa; - - acx, 

4 16 8 

5 5 

25. -a*x^-~a^x^ + a^x*. 
2 o 

27. ^x«y2-3a:V- 



5*6 10 

22. -g^' + g^+ya;. 

7 
24. -2a»a;«+5a*a;*, 

26. -g-x^y-xV- 
28. -ar8y» + — xV- 



1. a:» + 15x + 50. 2. 

4. jr* + 3a;-70. 6. 

7. jr*-36. 8. 

10. a:« + llx-12. 11. 

18. a:^ + 6x4-6. 14. 
16. x2 + x-182. 17. 

19. x2-266. 20. 
22. 2x»-18x-24. 23. 
25. 6x« + llx-86. 26. 
28. 10x«-8x-18. 29. 
81. a* + a&-66^ 32. 
84. a»-4a6-466l 85. 
87. x» - 2ax + 36a5 - Qab. 
89. xV-«^&'. 



d. Pages 29, 30. 

x«-25. 8. 

X* - 3x - 70. 6. 

x2 + 4x-32. 9. 

x«-226. 12. 

-x2 + 14x-49. 15. 
x«+x-306. 18. 

-x2 + 42x-441. 21. 
2x»-llx + 5. 24. 
6x«-llx-35. 27. 
9x3-25y2. 80. 

a^+ab-56b\ 83. 
x^+ax-6x— aft. 86. 

88. a«x»-6V- 
40. 4pV-^ra. 



x*-17x + 70. 
x» + 17x + 70. 
x»-13x+12. 
-x* + 18x-46. 
x* - 26. 
x« - X - 380. 
2x2+13x-24. 
2x2-7x + 6. 
i0x« + 3x-18. 
9x2- 30x2/ + 26y«. 
3a2-30a6 + 4862. 
x^ - ox + 6x - aJ>, 



V. e. Page 31. 



1. a» + 2a6 + 63-c«. 

8. a* + a«62 + 54, 

5. x*-4x2+8x + 16. 6. 

8. a* + 4a2x2 + 16x*. 9. 

11. x*+ 2x« - 7x2 - 8x + 12. 

18. a« + a»6>. 
15. a» + 4a&*. 

17. - x*+4x'y - xy - 4xy' 

19. x*-2xV + y*. 

21. 76a»&>-28o3&«+13a26» 

28. a^-25a^b»-10ab^-b^, 

25. a' + &' + c»-3a6c. 



-y^. 



2. a2-46«+46c-c*. 
4. x' + 4x2y + 3xy* + 12y». 
x«+y*. 7. x8-y», 

64a3-27&». 10. x*-a<. 
12. 4x«-x5 + 4x. 

x«-2x^-4x«+19x«-31x + 16. 
8x»-27y». 
a«-a*6* + 2a36»+6«. 
a3&Hc«d2_aV-62d*. 
22. 81x4 - 266a4. 
x'+3xy+y'-l. 



14. 
16. 
18. 
20. 
12ab\ 
24. 
26. 



x»+y' 



27. x"+y 



ilO 
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28. 


a«-2a» + l. 


29. a2x3+27aV. 




80. x«+2x3y»+ 


81. 


4^^72* 12- 




82. 


\- 


5 


■*'12^"*'2- 


88. 


2^ 3 , 




84. 


1- 


3 , 1 , , 2 ^ 

"2 "^2 9 • 


86. 


4^^ 36^^ ^16 


• 


86. 


i- 


+ x*. 








V. 


f. Pager 33, 


34. 




1. 


a:2 + 3x-40. 


2. 


x2+6x-6. 




3. 


x2+7x-30. 


4. 


x^+4x-5. 


5. 


x2-2x-6a 


> 


6. 


x2-18x + 80. 


7. 


a^+lx-U. 


8. 


x* + 2x-8. 




9. 


x2-4. 


10. 


a«-l. 


11. 


a2+4a-45 


'. 


12. 


a2 + 9a-36. 


13. 


a8_4rt-32. 


14. 


a«-64. 




16. 


o2+7a-78. 


16. 


a^ + ea + 9. 


17. 


o« - 121. 




18. 


a2-16a + 64. 


19. 


x^-ax- 6a'. 


20. 


x2+ax-30a2. 


21. 


x2-9a2. 


22. 


a;2 4-2xy-8y2. 


28. 


x2^49y2. 




24. 


x2-6xy + 9y2. 


25. 


a3 + 6a6 + 96«. 


26. 


a2 + 6a6-606«. 


27. 


a2-17a6 + 7262. 


28. 


2x2 - a; - 10, 


29. 


2x2-9x + 10. 


80. 


2x2-3x-9. 


81. 


3x2-f2x-l. 


82. 


4x2 + 8x-6 


• 


88. 


6x2 + 6x-21. 


34. 


8x2+ 6x- 9. 


86. 


9x2 _ 54. 




86. 


4x2-20x + 25. 


87. 


9x* - 3xy - 2yK 


88. 


9x2+12xy+4y2. 


89. 


4x2 + 4xy-36y2. 


40. 


25x2 -9a2. 


41. 


2x2+ 5ax- 


26a2. 


42. 


4x2 + 4ax + a2. 






VI. a. Page 36 


L 




1. 


3x. 2. 


-3x 


8. 


-6x«. 


4. - 6x. 


6. 


xy\ 6. 


-a«. 


7. 


4a<j. 




8. -4a26*c5. 


9. 


a*c«. 10. 


3x8y 


^z\ 11. 


4x2. 




12. 6a«. 


18. 


5a^. 14. 


7a26i 


K 16. 


-1. 




16. -7a62. 


17. 


-86%.- 18. 


10y2 


19. 


x-2y. 


20. 7?-^x-\-l, 


21. 


aj*-7«' + 4x2. 




22. 


10a;* 


-8x' + 3x. 


23. 


-3x*+6iB. 24. 


3x- 


4. 26. 


3x»+4x. 


26. 2x2y-3xw5 


27. 


-a+6 + c. 28. 


a — l 


1-62, 29. 


-x2 


+ 3xy + 4y2. 


80. 


-2x3y5 + 4xay-3y2. 


81. 


2a- 


36+ 4c. 


82. 


-ia:»+2y2. 




88. 


3x- 


2y- 


4. 


34. 


--a^x'+gOx'. 




86. 


2 
3^- 


•1- 


•c. 
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VI. b. Pages 37, 38. 

1. x + 2, 2. a;-4. 3. a-6. 4. a-24, 

6. 3a; + 1. 6. x+5. 7. Sos+l. . 8. aj+7. 

9. 6a; + l. 10. a;+ll. 11. a; + 6. 12. 8a; + l. 

13. 3x + 7. 14. 805-7. 16. 3a; -6. 16. 4a; -7. 

17. 4a+3a;. 18. 5a -x, 19. 3a+4c. 20. 3a -6«. . 
21. 6a; + 6y. 22. 8a;+3y. . 23. a;* + 14a;. 24. 4a;»-a;. 

VI. c. Pages 38, 39. 

1. 8. 2. -8. 3. 5. 4. -6. 5. -18. 

6. 5. 7. -10. 8, 10. 9. -6. 10. 7a; -46. 
11. 0. 12. -39a; +27. 

VI. d. Page 41. 

1. 7a^+5xy + 2y\ 2. a;'-2a;2 + a; + l. 3. 3fi-'Bx*+2x-l, 
4. x^--xy-{-yK 6. a;'+a;-y. 6. a;2-2a; + 3. 

7. a;2 + 6a; + 6. 8. 7a*-6a& + 262. 9. m* + 7m-5. 

10. a^-ab + ac + b'^ + hc + c^. 11. a:»+8x+12. 12. a^+Ba + 2, 

13. a'+a'63 + 6*. 14. a;7-a?^+a:^'-a;'y*+a:y*-y^ 

16. «« + 2aH»y2 - SxY - 6a;3y» + 2a; V + ixy^o + yU 

16. a^+2a6 + &2^a4.5 + l, 17. x'^'-x*y+xy*-y\ 

18. aio_}.a852 + a«64+a*6« + a268 + 6io. 

19. a8 - 2a862 + 3a*6* -^a^ft* + fes. 

20. 6*+56*c + 10&8c2 + 1062c8+5&c*+c«. 

21. ia3-3aa;+9a?». 22. Tra'-T; a + T2?« 



^ s 3 „ ^3 , «^ 3 „ 1 2 

26^'-6^^+2^"V ^' 8^ 4^-3- 

3^-2- 26. 9«*+2«^+i6---128 

Vn. a. Page 43. 



1. a + b-c, 2. a, 3. a+3&-4c. 4. 3a- 6 -c. 

5. -2o.-45-2c. 6. -0+6-c. 7. b-a, 

8. a;-t/. 9. 2a -26. 10. -2a;-6y. H. x-a. 

12. 2a-b-d. 13. -3c + 4y. 14. -a;+2y + 6-2:. 

16. -5x. 16. -26a;+2y. 17. ll«-36y. 

18. 2x-2z, 19. 2a. 20. a. 
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Vn. b. Pages 44, 45. 
1. So. 2. a. 8. 6a + 2b-2c-2d. 



4. 


2a;-dy + 12z. 




6. 5. 




6. 21a +6. 


7. 


2b+4c. 


8. 


-a»+86»-9c>. 


9. 


-2a+66+2c-2<f. 


10. 


4a+b+e. 


U. 


-60c. 


12. 


-11a -26. 


18. 


-a+b+5e. 


li. 


-2£H-I06-llc. 


15. 


-227a+2166+84. 


16. 


2a-12c+84d. 


17. 


3a + 4x. 


18. 


-10a. 


19. 


4a. 


20. 


0. 


21. 


^a-26. 
o 


32. 


12aj-30y. 


23. 


13, 10 


24. 


0. 



vn. c. Page 46. 

1. (a + 2)a;*+(6-5)a?+{26-3)x + 5. 

2. (6a-&)a»+(36-4)ic« + (c-2)« + a6-7. 
8. (9a-7)a^+(6a-3)a;»+(7-2c)a? + 2. 

4. (2c-a2)x» + (l-36)x* + (4d-3a6)x. 

5. -(a2 + 6)x*-(26-6)«»-(3-a)x«. 

6. -(a6-7)aJ5-(a6c-7)ar8-(3c'-6a)a?. 

7. -(c-a2)a:S-(6 + 5-a)a:2. 

8. -(a + c + 7-36«)aj*-(6 + 6c*)a;. 

9. (a-6)aH»-(& + 2c)ar»-(6 + c + d)x. 

10. (6a + 4c)x» + (3a-66 + 7c)x2+(2a-76)a:. 

11. (3a + 2c)a;' + (a+86)a;»-(8a+96)a?. 

12. (6& + l)aH^-(a+26)a:^-(2a+3c)a:. 
18. (a+b)x^-{a+h)x^ + {a-b)x. 

vn. d. Page 47. 

1. (a-c)aj»+(&+c)ir2-(2c+l)a:. 

2. (l-&)aH»+(a + l)aj« + (6-l)a;-l. 

8. (a*-6a+2)a;» + (2a-6)«*-(a+5)ar. 

4. (a-j)+l)a?»+(6 + 5 + 2)a;-c-r+3. 

5. {p + q-l)x^ + {p + q)a?-{p+q)x + q, 

6. acx» + (2a+6c)a^+(2&+c)a!-|-2. 

7. aca:»-(2o+6c)aj*+(3a + 26)fl:-36. 

8. apgfi+{aq~bp)x*^(hq+cp)x-cq, 

9. 26a?-(3&-2c)iB»-(6 + 3c)a;-c. 
10. aa:»-(a-|-2&)a;» + (26 + 3c)x-3c. 
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11. apa^-{2a + Bp)x^-{-{e-aq)x+Sq. 

12. a;«-(a2 + 26)a:* + (2ac+6-)a;3-c*. 
IS. a2a:« + (6a-l)x* + (9-26)x3-62. 

14. afi-{a^ + 2b)iKP+{2ac + h^ + 2d)x*'(2bd + c^)x* + cP. 

Vm. a. Pages 51, 52. 



1. 


6. 


2. 


4, 


8. 


7. 


4. 


4. 


6. 


8. 


6. 


1. 


7. 


5. 


8. 


3. 


9. 


15. 


10. 


13. 


11. 


13. 


12. 


6. 


13. 


1. 


14. 


16. 


16. 


10. 


16. 


30. 


17. 


5. 


18. 


1. 


19. 


2. 


20. 


1. 


21. 


1. 


22. 


2.. 


23. 


3. 


24. 


1. 


25. 


4. 


26. 


3. 


27. 


3. 


28. 


3. 


29. 


1. 


30. 


4. 


81. 


7. 


32. 


3. 


83. 


4. 


34. 


4. 


85. 


1. 


86. 


1. 


87. 


2. 


38. 


2. 


39. 


1. 

b. 


40. 2. 

Pages 54, 


55. 










VIII. 




1. 


20. 


2. 


16. 


3. 


8. 


4. 


16. 


5. 


26, 


6. 


17. 


7. 


13. 


8. 


10. 


9. 


7. 


10. 


4. 


11. 


1 

T 


12. 


1 

7' 


13. 


6. 


14. 


7. 


15. 


6. 


16. 


10. 


17. 


6. 


18. 


8. 


19. 


7. 


20. 


26. 


21. 


^. 


22. 


8. 


23. 


12. 


24. 


6. 


25. 


6. 


26. 


12. 


27. 


4 

7* 


28. 


-5i. 


29. 


8. 


80. 


66} 


81. 


7. 


32. 


7. 


83. 


2. 


34. 


12. 


85. 


27. 


36. 


6. 



Vin. c. Page 56. 

1. 2|. 2. 6. 8. 10. 4. -6. 5. 9|. 6. IJ. 

7. -12. 8. |. 9. 1|. 10. -?. 11. i 12. -^, 

o 4 o 21 

2 

18. li. 14. -g. 15. Ij. 16. 12. 17. 3f. 18. 2i. 

19. |. 20. IJ. 21. ~. 

IX. a. Pages 58, 59. 

1. y-x* 2. ^. 8, 6&« 4. Bd 2c, 

5. 2k. 6. 100 -». 7. -. 8. 20 -c. 

a 
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. 




9. 


5 
6^- 


10. 


600 

X 


11. 


x + 11. 


32. e-20. 


13. 


90 -a:. 


14. 


a? -80. 


16. 


20. 


16. 2a;. 


17. 


36 -aj. 


18. 


x+a. 


19. 


5x. 


20. 4. 


21. 


X 

2- 


22. 


X 

V 


23. 


xy miles. 


24. - miles. 

X 


25. 


60x 

a 

a 


26. 


120, 
hours. 

X 


27. 


5p. 


as. ^. 

X 


29. 


5a+2&. 




80. 400- 


X. 


81. 


. 240a + 126 -c. 


82. 


a;-6. 


33. 


b. 


84. 


40a;. 


85. 20a +26 -c. 


86. 


100 
xy 




87. y- 


ISx 

' 6 • 




38. 100-x-y-z. 


89. 


240d; + 122^ 


+z- 


30. 




40. 2y+2z'^x, 



1. 

8. 

6. 

10. 

14. 



22. 



26. 



IX. b. Pages 61, 62. 



Xf ar + 1, a; + 2, a; + 3. 
a?-2, a;-l, a;, aj + 1, a; + 2. 
6n + 3. 7. a;- a- 6 miles. 
mx+y. 



2. y-2, y-1, y. 



2a:+6. 

ax 

20* 

3 



18. TT 



a; 
9" 



11. 
15. 

19. ^ 



.3 



a6-^. 

15xy 
"22^ • 



23. 



27. 



a* 

"2" 

jw; 

2'' 

3a 

^' 

— days. 
a;2? 



4. 271+2. 
8. n(a+6). 
12. 6a;. 

xhf^ 



16. 



20. 



24. 



60* 
a6c 
60 • 
be 



5. 2aj-l. 

9. x+y + 5. 

13. 106c. 

17. 3a;y. 



21. -^ 



28. yj7. 



20 
29 



hours. 25. 



4^5 

X 

22a 
166' 



X. a. Page 67. 

1. 17, 12. 2. 13, 5. 8. 75. 

6. 15, 43. 6. 162. 7. 1. 

9. 27, 28, 29. 10. 3, 6. 11. 15, 5. 

13. 5. 14. 60, 61. 

16. A £100, B £130, C £150. 17. 63 florins, 71 shillings. 

18. Silk 6«., Linen Is. 19. 48, 12. 20. 66, 40. 

21. 60, 10. ' 22r. 20 half-crowns, 5 crowns, 10 shillings. 

28. 26, 6. 24. 123 runs, 10 byes, 5 wides. 

25. 16 ft., 12 ft. * 26.' 18 ft., 10 ft. 



y 

lOr' 


30. 


lOOp 
ar 




4. 


20 miles. 




8. 


50, 66. 




12. 


£20. 




15. 


6, 3. 
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X. b. Page 69. 

1. 54. 2. 24. 3. 60. 4. 35. 

6. 75. 6. 24, 25. 7. 224, 252. 8. 49, 50. 

9. 50, 51, 52. 10. £33. 11. 27. 

12. 90 Port, 150 Claret. 13. A. £450, B £180, C £140. 

14. A £525, B £600, C £160. 15. £49. 



16. 


12 ft. 18 ft. 


< 


17. £12000. 

XI. a. Pages 70, 71. 


18. 


44. 


1. 


2a&. 


2. 


xY' 3. 2xyh. 


4. 


abc. 


6. 


hah. 


6. 


Sxyh, 7. 2a26«c2. 


8. 


7a6V. 


9. 


ZxhfzK 


10. 


2ax, 11. la. 


12. 


17a5c. 


13. 


xy. 


14. 


8a262c2. 15. 25a:y. 


16. 


bx. 


17. 


Ba^b^cK 


18. 


abc, 19.- Sa%hK 

XI. b. Page. 71. 


20. 


2a»62c2. 


1. 


2a^bc, 


2. 


a^h. 8. 12a?yh. 


4. 


20a268c». 


5. 


15a<6V. 


6. 


2^abxy. 7. abc. 


8. 


a'^I^c*. 


9. 


12abc, 


10. 


12a^2. 11. 12x2y2^2^ 


12. 


42a263. 


13. 


a^b^c^^. 


14. 


SOa^ftV. 15. 12ic8y4. 


16. 


. 5Gxhf\ 


17. 


210a«63c». 


18. 


264a*b4c4. 19. Bia^b<^, 


20. 


72a*62c«. 



XI. c. Page 72. 

In each example tlieH.O.F. stands first; the L.G.M. second. 
1. a^^ 12abc, 2. 2i/, 12a;^z. 3. be, 9abh, 

5. 17a:y; 51xh/z\ 6. 5xy'z, Ihahf^, 

8. 17m*p«, 51m*n*i>*. 9- 3/', ^y*^. 
11. 29np, S7mnpq, 12. 13a*, 156a«62cS^ 
14. 5xy, 315aa;y2. 15. 27n2, Slmhi^ph^', 

17. 19a;», 22Sa^b^a^y, 18. 7, 1176aS6ac8. 
20. 36fc''mV, 216ife%V. 



4. 13a26c, 39a»6c«. 

7. 6, 30a6c. 

10. jp, 6pmnpg. 

13. 7, 84a26»ca;y2!«. 

16. 16a<j, 96a468c6. 

19. 5p*, eOw^'g*. 



• 


xn. a. 


Page 73. 


■ 


^* 16' 


a 
*• 46- 


8 '^ 
'• ear- 


5a6 


xy 


•• 6e' 


_ 8a!» 


8 2"' 
■• 86c' 


9 ^" 


"•S^- 


"• a'6- 


la *" 
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IS. TT— • 14. ^Tj • M* — -• • W« -5 — • 

2x 32r mjr Sin 

Zx* 3 2p>ro« aryss 

17. J — ji • xo. -J 7— . 19. — jrj — • 20. — 5 • 

Say* 4abc dk 3 

Xn. b. Page 74. 



36 " * 6c ' ' be ' * 16c*y 

3mii2' 9miip x 400x 

*• ~2^- •• IjT' ^' 2^«' •• 441y» 

9. ^. 10. 3. U- 7-« 12. i-i-- 

U. ,^. 14. «^1. 15. ?^V 1,. 8. 



Hbdx' ' 5a ' ' 4x^ 

lOSB* 



17. ^. 18. y«. 



!. c. Page 75. 

4x, y 4ag», %y^ ac,26» 

^- "2^' *• 3jr«y * '' 26c ' 

ad, he, 2hd 6ac, 6« 5 w, 4^ 

*• 65"^ • *• ~36;~' •• ~20^' 

3*, 2p 2i», n g*, &" 

ox ox a6c 

x" xy xy 

4x», 9y* 8ac, 3a6 9ac, 56* 

6xy ' "• 106c • "^' 216c ' 

TTT, cL Page 76. 

6x y a ^ 2x*-15 

^' T' ^* 20' '• l2* 

6x + 2y 3a -26 3m -2w 

*• ~i0" •* "^2^' ^' 24 • 

^- ""217 • ^°* "39"' 48 • 

22x 9x X 

18. -jg. ^*- 20" "• 4* -' 16 



13. 



-K. 


3x 


8. 


2ifi-3n 


16 • 


12. 


15m -n 


36 • 


1A. 


6a-46 
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,_ 11a ,. 6a; Ix 5x 

^^' W 2i* ^^' 18' T* 

c ;e 3a a 

Xm. a. Page 80. 

1. as=2, y = l. 2. x= 3, y = 5, 3. x=2, y= 3. 

4. 05=4, y=-l. 6. a;= 1, y = 2. 6. a5=3, y= 4. 

7. «=5, y = 6* 8. x= 1, y=2. 9. 05=3, y= 1. 

10. a!J=2, y=l. U. x= 1, y = 3. 12. 05=1, y= 1. 

18. a;=7, y = 6. 14. a;=10, y=3. 16. x=5, y = 12. 
16. 05=7, y=8. 17. x= 6, y = 8. 18. a: = 6, y= 8. 

19. a:=-7, y=-3. 20. a;=17, y=-19. 21. « = 1, y= 2. 

xm. b. Page 81. 

1. x = 12, y= 8. 2. x = 10, y= 6. 3. a; = 18, y=12. 

4. x = 20, y=15. 5. x = 45, y = 35. 6. a: = 61, y=17. 

7. x = 20, y = CO. 8. a; = 14, y=15. 9. x=-2, y= 4. 

10. x= 3, y= 6. 11. 05= 7, y= 3. 12. aj= 6, y= 4. 
18. «= 3, y=-4. 14. a: = 19, y= 3. 16. a; = 12, y=-4. 

16. a; = 13, y= 7. 

xm. c. Page 83. 

1. x=l 2. x=-2 3. 05=2 4. 05=1 6. a;=9 

y = 2 y=4 y = 3 y = 2 y = 2 

jg=3. z=l. 2=1. z=3, z=-4. 

6. 05=3 7. 05=5 8. 05=1 9. x=2 10. a?=4 

y=2 y=6 y=2 y=-2 y=-3 

jK=l. 2=7. ;e=3. z=5, 2=2. 

3 

11. x= 8 12. ar= 3 13. x = 6 14. a;=- 16. x = 6 

2 

y=10 y= 9 y=8 y=^ y=2 



3 
5 

6 



jE=14. 2 = 15. 2=6. « = :?. 2=1. 

16. 05=35 
y = 30 
2=26. 
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1. X = 5 



6. 



U. 



y=3. 

1 

1 



x = — 
4 



y=s 



JUL cL Page 86. 



2. a:=2 

y=7. 

7. a:=2 

y=-3. 



12. x=~ 
o 



1 



8. x = S 

y=2. 



4. x=^ 

1 



5. j:=7 
y=6. 



8. x='-5 9. «=« 10. a?= 9 

3 



y=4. 



18. *=2 



J'=3 



'=i- 



3 

y=j. 



y=25. 



14. x=x 16. a;=3 

O 



_2_ 

y-12 
1 

^"16* 



y=-2 
z=l. 



. Page 89. 

1. 22, 12. 2. 65, 18. 3. 25, 17. 4. 53, 23. 

6. 23, 17. 6. Tea 3«. 4d., Sngar 4<2. 7. Horse £23, Cow £16. 
8. A £U0, B £60, G £70, 2> £20. 9. A £99, 5 £115, C7 £33, X) £23. 



10. ui 36 years, B 14 years 

12. .i 5 miles, B 4 miles. 

13 16 

"• 25* "• 26* 

19. 85, 58. 20. 

23. 8 white, 12 black. 

26. 40 lbs., 20 lbs. 

29. 6 miles, 3 miles an hour. 

31. £500. 



11. A 65 years, B 21 years. 

13. C ^ miles, D 4^ miles. 
2 3 

16. jg. ^^* n* ^^' ^' ®^' 

27. 21. 72. 22. £6. 11«. 

24. 860. 25. Man 2«. 6<f., Boy Is, 6d. 
27. 15 miles. 28. 8 hours. 

30. 10<., Is. Gd. 

32. 3 miles, 4f mUes an hour. 



XV. a. Page 93. 



1. 

6. 

9. 
13. 



9a26«. 
16a86i0a:4. 

16xy;g». 

49a»5» 
"IT"" 



2. a«c*. 
6. 25j:V^o. 

10. ^a^b^, 

9a*6« 
"* 16cA«x8' 



3. 

7. 

11. 
16. 



49a26*. 
4a«62c4. 

4x* 



9y«' 
1 

4xV* 



4. 1216*c«. 
8. 9c2a:«. 
16 



12. 



9a; V' 
16. 4j:V- 
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17. 



37. 



25a«6« 



21. 8a»6«. 
25. - 126a36«. 

29. s;r-s* 
27y* 

33. SlaSfeia. 
243a;w 



18. 169ci0x«. 19. 



32yi5 • 



22. 27a;>. 
26. -If^c^x^. 
27a;^» 
^' ■"i26^* 

34. d^afi. 

256a^ 



88. 



656% 



«• 



20. 



16a8' 
28. 64x12. 
27. -216a". 



31. 343a^y^. 32. -^ 



35. -82a?"y«. 36. 



9aio 
26x« ' 
24. -27a»68. 
28. -8a»^(^. 
8 
27 
1 



-:^a«. 



128ai** 
64a;«> 
729a2* • 



1. 

4. 

7. 
10. 
12. 
14. 
16. 
17. 
18. 
19. 
20. 
22. 
23. 
24. 



1. 
3. 
6. 
7. 
9. 
10. 



a^ + eab + W. 2. 

4x^-hl2xy + dy^. 5. 
81a;2-36ary + 4y2. 8. 



b. Page 96. 

a^-eab+W. 
9x^-&xy+yK 
25a26*-10a6c+c2. 

11. a2a;a + 4a6a:y+46V- 
a^ + b^ + c^-2db-2ac + 2bc. 



3. 
6. 
9. 



x^-10xy+25y^. 
9x^+d0xy + 25yK 
p^q^-2pqr+r^. 



0^4-2x2 + 1. 13. . . 

a^ + b^ + c^ + 2ab-2ac-2bc. 15. a^+^b^ + c^ + 4db+2ac + ibc. 

4a2 + 962 + i6c« - I2ab + 16oc - 246c. 

X* + 3/* + ^^ - 2x V - 2x2^2 + 2y V. 

x23/2 + ya^2 + g2j.^ + 2x^2;?; + 2x2yz + 2x^22, 

9i)2 + 452 + I6r2 - 12pq + 24i>r - 16gr. 

x4-2x3 + 3x2-2x + l. 21. 4x4 + 12x« + 6x2-6x + l. 



/iS c2 /zi; a2 Q 

25. -+462 + — -2a6 + ^-6c. 26. ~ + 962+^-2a6-a + 96. 
4 Id 4 9 4 



27. 



oc 
4" 

^^f^+3x2-8x+2. 
9 3 *'-*'^4- 



XV. c. Page 95. 



x« + 3ax2 + 3a2x + a». 2. 

x» - 6x2y + 12x3/2 _ 8^5. 4. 

27x3-136x2y + 225xy2_125y8. 6. 
8a868-36a262c + 64a6c2-27c». 8. 
sfi + 12x4i/2 + 48x2y*+ 64y«. 
64x8 - 240x^2 + sooa; Y _ 1252^6. 



x*-3ax2+3a2x"a'. 
8x»+12x2y + 6xy2+y8. 

a»68 + 3a262c + 3a6c2 +/;«. 
126a8 - 76a26c + 15a62c2 - 6>c». 
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U. 8a»-86a«6»+54a«&«-276«. 

12. 125x«-300ariV+240aV-^" 

13. a»-2a«6+|a5«-^6». 14. Aa«+|a»+4a + 8. 



15. 


ix«-aH' + 9x*-27x». 




U. ; 


216 ^6 ^ 


2ax>4-&E'. 








XVL 


a. Page 97. 






1. 


2a&s. 


2. 


8«»y. 


8. 


&cy. 


4. iaVx^. 


i. 


9<i^. 


6. 


10«*. 


7. 


d}»lA<^. 


8. 


efibifi. 


9. exy. 


10. 


6 
a"* 


11. 


afih*' 
4 • 


12. 


17y« 
5 • 


13. 


18«» 
13y»' 


14. ^ 
^*- 66*' 


IS. 


IGxyS 
ITp^ • 


16. 


20a**6i® 
9x«y» 


.17. 


3a»6c. 


18. 


-2a*&J 


^ 19. 4x«yz*. 


20. 


-7«V, 


21. 


~ 6 • 


22. 


2j:» 
9y»" 


28. 


6xy 


24. -^ 


26. 


a««». 


26. 


xy. 


27. 


ary>. 


28. 


3a3&. 


29. 2a3fi, 


30. 


-«V- 






31. 


2 


32. 




a* 


. 





XVL b. Page 99. 

1. x + 2y. 2. 3a + 25. 8. x-5y, 4. 2jc-3y. 

6. Ox + y. 6. 6x-3y. 7. x*-y*. 8. l-a*. 

9. a'-a + l. 10. 2x2-ar + 5. 11. 3x«-2a:-l. 

12. a:*-2x + l. 13. 2a« + a-2. 14. l-Sx+a:*. 

15. 2x + 3y-6z. 16. ^a^ + 2x^-afi. 17. a:'-llx + l7. 

18. 6x»-3aaj+4o'. 19. 2a:» + y*-3z*. 20. ab-2ac + 9bc. 

21. 2a2 + 6«-3c«. 22. 2x«-j:y + 8y». 23. 3a;a-6a:+7. 

24. l-2aj + 3a;*-4r'. 25. flx'-26a^»+3c. 

XVL c. Page 100. 

X X 

1. ^-3. 2. 2-~. 
2 y 

y 6 3y 

10. ar'+x--. 11. 



a; 
8. -p+y. 4. 
o 


a; 

y 


+ 5. 


5. ~-2. 
2y 


3x 5 
'• 6 Ss' 






9 ?^ + --l 
•• 8+2 ^ 


« 8 ^6 




12. 


j;2-3x+i. 



I 



ANSWERS. to 

a* a X .1 x* ^ d ' 

le! -^-g + 3^- . "• 4m*+^n + l. 18. 2a;*+8 + -j. 

XVI. d. Page 103. 

1. a+1. 2. x + 2, 3. ax-y^, 4. 2to-1. 

6. 4a -3&. 6. l + a; + x'. 7. l-2a? + 3a;'. 8. a+26-c. 

9. 2a«-3a+l. 10. y^-y+1, 11. 2a;2 + a;-3. 

12. 8ar»-2aja+3a«. 13. 3a;2-aj-l. 14. a;*-2jy+4y*. 

15. 3a^-a;+6. 



XVL e. Page 104. 

1. ^-1. 2. 1 + 2. S. 2»-|'. 4. ^-2. 

2 3 3 4^^ 

5. X--. 6. --2y». 7. -+2-^. 

» y y X 

8. ^-1 + -. 9. --4 + — , 10. 4 + -, 

3 X ax X a 

U. --1 + -. 12. —.4- — -8. 

• * y^ y 

XVn. a. Page 106. 

1. a(o>-a5). 2. x^(x-l), 3. aa(l-a). 4. a(«-6«). 

5. 1)(72) + 1). 6. 2x(4-a;), 7. bax(l-ahi). 

8. x«(3 + a^). 9. x{x+y), 10. a;^^^;-^). 

11. 6ar(l-6a:y). 12. 6(3 + 6a;«). 13. 16aj(l + 4xy). 

14. 16a2 (1 - 16a2). 15. 27(2-3x). 16. 6x»(2-6a7y). 

17. X (3x2 _ a? + 1). 18. 2a?' (3 + a? + 2x2). 19. a; (a;2 _ <py + yjj, 

20. 3a«(a2-a6 + 2&2). 21. 2xy«(xy-3x+y). 

22. 3x(2x2-3xy + 4y«). 23. ^x^(x^-2a^-3a^). 

24. 7a(l-a3 + 2a8). 25. 19a8x2(2x» + 3a). 

XVn. b. Page 107. 

1. (a + 6)(a+tf). 2. (a-c)(a+6). 3. (ac-f rf)(a« + 6). 

4. (a+3)(a+c). 5. (2+<j)(x+c). 6. (x-a)(x + 5). 

7. (6 + &)(a+6). 8. (a-y)(6-y), 9. (a-6)(x-jf). 

H. A. 22 
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10, (j> + g)(r-»)- 11- {x^y)(fn-n). 12. (fl5-a)(m+n). 

15. '(2x + y){a+b). 14. (3a-6)(x-y). IB. (at + y) (3ar-a)- 

16. (a:-2|/)(i»-n), 17. {ax-Bby){x-y). 18. (aj+my) (a;^4y), 
19. (a+6)(ar«+2). 20. (x-3){a;-y). 21. (2aj-l)(a:» + 2), 
22. (3a;+6)(x»+l), 23. (x + l) (a:> + 2). 24. (y-l)(y2 + l). 

25. (a + &c)(xy-z). 26. (/* + ^') («*-«). 27. (2aj+3y) (aj;-6y), 

28. (aar+6y)(fna5-ny). 29, (a-6-c)(«-y). 30, (a+6)(aa;+6y+c), 

XVIL c. Page 109. 

1. , (a+l)(a+2). 2. (a + l)(a + l). 3. (a + 3)(a + 4). 

4. ' (a-.4)(a-3). 5. {x-5)(x-6). 6. (a;-7)(x-8). 

7. (a;-9)(a:-10). 8. (a; + 6) (a; + 7). 9. (x-lO) (x-11). 

10. (a; -9) (a: -12). 11. {x-5)(x-U), 12. (a? + 6) (x + 16). 

13. (» - 7) (x - 12). 14. (a;-6)(x-13). IB. (a; - 3) (x - 16). 

16. (x + 8)(x + 12). 17. (x-ll)(x-16), 18. (x-13)(x-8). 

19. (x + 17)(x + 6). 20. (a -19) (a -6). 21. (o - 16) (a - 16). 

22. (a + 15)(a + 15). 23. (a + 27) (a+27). 24. (a-19) (a-19). 

2B. (a -76) (a -76). 26. (a + 26) (a + 36). 27. (m-5n) (m-8n). 

28. (TO-7«)(m-16n). 29. (x-lly)(a;-12y). 30. (a; - 13y) (x - 13y). 

31. (a?+l)(a? + 7). 32. {a^+2y^{x^+7y^). ZZ. (xy-Z) (xy-lS). 

34. (a;+24y)(aj+252/). 3B. (a^+17)(xy+17). 36. (a26«+26)(a26«+12). 

37. (a- 66a;)(a- 166x). 38. (aj+13y) (a;+30y). 39. (a - 26) (a - 276). 

40. (a? + 81)(x2+81). 41. (4-a;) (3-a;). 42. (5+a;) (4 + aj). 

43. (12-ar)(ll-a;). 44. (8 + ») (ll + x). 4B. (26 + a^) (6 + a:y). 

46. (13-a«)(ll-a»).47, (17-ar^)(12-aJ2). 48. (27+») (8+a;). 

XVn. d. Page 110. 

1. (a;+l)(x-2). 2. 

4. (aj+3)(aj-2). B. 

7. (a;+8)(a:-7). 8. 

10. (a+4)(a-6). 11. 
13. (a + 9)(a-13). 14. 
16. (a; + ll)(x-10). 17. 
19. (a + 5)(a-17). 20. 
22. (a; + 12y)(a;-63/). 23. 
2B. (a+14y)(a-16y). 26. 
28. (»+26)(a5-10). 29. 
81. <aa+762)(a2-862).32. 



(x + 2)(a;-l). 


3. 


(x + 2)(aj-3). 


(a;+l)(a;-3). 


6. 


(a;+3)(aj-l). 


(a; + 8)(a;-6). 


9. 


(a;+2)(a;-6). 


(a + 3)(a-7). 


12. 


(a+6)(a-4). 


(a; + 12) (a? -3). 


15. 


(a? +13) (a; -12). 


(a: + 6)(a;-15). 


18. 


(a; + 15)(«-16). ' 


(a + 8) (a-19). 


21. 


(xy + 3)(a^-8). 


(aj + 7a)(«-6a). 


24. 


{x+Zy)(x-Z5y). 


(a;+23)(a;-6). 


27. 


(a;+4y)(a:-24y). 


(a + 2)(a-13). 


30. 


(ay + 24) (ay -10). 


(xa4.3)(a?-17). 


33. 


(y2 + 9a;2)(ys-3x2). 
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34. {ab + 2c){ab'-6e), 35. {a + 14bx)ia-2bx). 

86. {a + 9xy){a-27xy). 37. {a^+25a^){x*-12a^). 

38. (3e^ + lla^){2^-12a^), 39. {a;«+21o«) (»«-22a«). 

40. (J5» + 30) (iB» - 29). 41. (1 + a) (2 - x). 42. (2 + a;) (3 - a;). 

43. (Il4-a;)(10-a;). 44. (20 +05) (19 -a;). 46. {15 + ax) (9 -ax), 

46. (6 + acy)(13-{By). 47. (14 + ji;)(7-a:). 48. (17+a;)(12-a;). 

XVn. e. Page 113. 

1. (a; + l)(2a; + l). 2. (ar + l) (3a; + 2). 3. (aj + 2)(2s;+l). 

4. (aj + 3)(3a;+l). 5. (a; + 4) (2x4-1). 6. (a; + 2) (3a;+2). 

7. (a? + 2) (2a; + 3). 8. (x + 5) (2a; + l). 9. (a; + 3) (3a; + 2). 

10. (a; + 2)(6a; + l). 11. (« + 2) (2a;-l). 12. (a; + l) (3a;-2). 

13. (a;+3)(4a;-l). 14. (a; + 6)(3a;-l). 16. (a; + 8) (2a;-l). 

16. (2a; + l)(a;-l). 17. (a; + 3) (3a;-2). 18. (a5 + 4) (2aj-7). 

19. (a;-f6)(3a;-5). 20. (2a: + 3) (3a5-l). 21. (3a; + 1) (2a; -3). 

22. (3a;+4)(a; + l). 23. (a;+7)(3a;-f2). 24. (2a; + 6) (a; -3). 
26. (a; + 7)(3a;-2). 26. (a; -7) (3a; + 2). 27. (3a; - 6) (2a; - 7). 
28. {ix-7)(x + 2), 29. (a; - 2) (3a; - 7). 30. (x+13)(3a;+2). 
31. (a; +5) (4a; + 3). 32. (2x + y) {x-Sy), 33. (2x - 7) (4a; - 6). 
34. (3a;-2y)(4a;-6y). 36. (15a;-l) (x-f 15). 36. (16ar - 2) (x - 6). 
37. (12a; + 6)(a;-3). 38. (12a;-7) (2a; + 3). 39. (8a;-9) (9x-8). 
40. (Sx + y){dx-4:y), 41. (2+a;) (l-2a;). 42. (3-a;)(l+4a;). 
43. (2 + 3a;)(3-2ar). 44. (4 + 3a;)(l- 2a;). 46. (1 + 7a;) (5 - 3a;). 
46. (7+3a;)(l+a;). 47. (6 - a;) (3 - 6a;). 48. (4 + 6a;) (2 -a;). 
49. (6 + 4a;) (4 -6a;). 60. (8 - 9a;) (3 + 8a;), 

XVn. f. Page 114. 

1. (a;+2)(a;-2). 2. (o + 9)(a-9). 3. (y + 10)(y- 10). 

4. (c + 12)(c-12). 6. (3 + a)(3-a). 6. (7 + c)(7-c). 

7. (11 + x) (11 - x). 8. (20 + a) (20 -a). 9. {x + 3a) {x - 3a). 

10. (y + 5a;)(y-6a;). 11. (6a;+66)(6a;-56). 12. (3a; + 1) (3a; - 1). 

13. (6p+7<7)(6/)-7g). 14. (2ib+l)(2*-l). 16. (7 + lOik) (7 - 10*) . 

16. (l + 5a;)(l-5x). 17. (a + 26)(a-26). 18. {Sx+y){Bx-y). 

19. (pq + 6) (^ - 6). 20. {ab + 2cd) {ah - 2cd). 

21. (a;« + 3)(a;2-3). 22. (3a* + 11) (3a«-ll). 

23. (6a; + 8) (6a; - 8). 24. (9a« + 7ix^) (9a« - 7a;»). 

26. (ar» + 5y{x^-- 5). 26. (1 + 6a») (1 - 6a'). 27. (3a;« + a) (3ar» - a). 

28. {9x^ + 5a){dx^-5a), 29. {s[?a+l){a^a-'7). 

22—2 
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30. 
33. 
36. 
38. 
41. 
43. 
45. 
47. 
49. 
51. 
53. 
55. 
57. 
59. 
61. 



;a + 8aj»)(a-8x'). 31. 
l + ab){l-ab), 34. 
;8a« + 662)(3a3-66»). 
[x+5y){x-'5y), 39. 
lla + 9x)(lla-9ar). 
Sx-\-5z^)(8x-5z^), 

6x^8 + 7^7) (6x58 _7a7). 

;6x3 + 4a^)(5xB-4a*). 
1000x150 = 160000. 
1000x600 = 600000. 
1006x600 = 603000. 
2000x1446 = 2892000. 
2600x1122 = 2805000. 
16264x2 = 32528. 



{ab+3x^){ab-B3i^. 82. (aj»2^»+2)(a:»y»-2), 
(2 + x)(2-x). 35. (3 + 2a) (3 -2a). 

37. (a;2 + 46)(a;«-46). 
(1 + 106) (1-106). 40. (6 + &r)(6-8a;). 

42. (pg + 8a2)(|)g-8a2). 

44. (7«2 + 4y2)^7a.3_4^a)^ 

46. (4x8 + 3y»)(4a;8-3y3). 

48. (1 + IQaSft^c) (1 - lOaSfe^c). 

50. (a6V8 + x8) (aftV - x«). 

52. 241x1 = 241. 

54. 668x20=13160. 

56. 200x2 = 400. 

58. 2378x900=2140200. 

60. 3000 X 2462 = 7386000. 

62. 10002 X 10000 = 100020000. 



XVn. g. Page 115. 



1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
24. 
26. 
28. 
29. 
30. 
33. 
36. 
39. 
42. 



(a + 6 + c)(a + 6-c). 
{x+y + 2z){x+y-2z), 
(a + 36 + 4a;) (a + 36 - 4a;). 
(a; + 5c + l)(a; + 6c-l). 
(2a; - 3a + 3c) (2a: - 3a - 3c). 
{x + y + z){x-y-z). 
(3a; + 2a - 36) (3x - 2a + 36). 
(c + 6a-36)(c-6a + 36). 
(a-6 + a; + y)(a-6-a;-y). 
(a + 6 + wi - n) (a + 6 - TM + n) . 
(6 - c + a - a;) (6 - c - a + a;). 



2. (a-6 + c) (a-6-c). 

4. (a; + 2y + o)(a; + 2y-a). 

6. (a;+5a + 3i/)(a; + 6a-3y). 

8. (a -2a; + 6) (a -2a; -6). 

10. (a + 6 - c) (a - 6 + c). 

12. {2a + y-z)(2a-y + z). 

14. (l + a-6)(l-a-H6). 

16. (a + 6 + c + d)(a + 6-c-d). 

18. (7a; + y + l)(7a; + y-l). 

20. (a - n + 6 + m) (a - n - 6 - to). 

22. (4a + a; + 6 + y)(4a+a;-6-y). 



(a + 26 + 3x + 42/)(a + 26-3a;-4y). 

(l + 7a-36)(l-7a + 36). 25. (a-6 + a;-y)(a-6-a; + y). 

(a-3a; + 4y)(a-3a;-42/). 27. (2a - 6x + 1) (2a - 6a; - 1). 

{a + b-c + x-y-^z)(a + b-c-x + y-z), 

(3a + 26 + c + a;-2y) (3a + 26-c-a; + 2?/). 

y{2x + y), 31. y(2x-y). 32. 

47a;(aj + 2y). 34. {Sx+y)(2x+3y), 35. 

(12a;-l)(2x+7). 37. 6a (a + 2). 38. 

3a(a + 26-2c). 40. x{X''Uy + 2z), 41. 

a(4a5+a-6). 



(x+6y) (x+y). 
6y (6a; - 6y). 
(7a + l)(a-l). 
y(2a;+y-16). 
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XViL iL Page 116. 

1. (ac+y + a) (x + y-a). 2. (a-6 + a?)(a-6-sc). 

8. (aj- 3a + 46) (a;- 3a -46). 4. (2a + 6 + 3c) (2a + 6-3c). 
5. {x + a + y){x + a-y). 6. {a + y + x)(a + y-x), 

7. (a: + a + 6){a5-a-6). 8. (y + c-x) (y-c + os). 

9. {l + x+y)(l-x-y), 10. {c + x-y){c-'X + y). 

11. (x + y + 2xy){x + y-2ocy). 12. (a-26 + 3ac)i[o-26-3ac). 

13. (x + y + a + 6)(ar + y-a-6). 14. {a-h-\-c + d){a-b-c-d). 

16. (a:-2a+6-2/)(a;-2a-6 + y). 16. (i/ + 6 + a + 3a;) (i/ + 6-c-3a;). 

17. (x-l+a+26)(a;-l-a-26). 18. (3a-l+a;+4d)(3a-l-x-4ci). 
19. (a;-y + a-6) (or-y-af 6). 20. (a-6 + c + <2) (a-6-c-d). 

21. (2x-3a-fc + ft)(2.T-3a-c-fc). 

22. (a-56 + 36a;-l)(a-56-36x + l). 

23. (a2+4a:2 + 6a^-3)(a2 + 4a;2-6a;3 + 3). 

24. (a?^-a2+«;-3)(aj2_aa-a; + 3). 

XVn. k. Page 117. 

1. {x-y){x^+xy + y^). 2. (x + y) (x^-xy + y^). 

8. (x-l)(a;2 + « + !). 4. (1 + a) (l-a + a^). 

5. (2a? - y) (4x2 + 2xy + yS). 6. {x + 2y) {x^ - 2xy + 4y«). 

7. (3a; + 1) (9x8- 3a; + 1). 8. {l-2y)(l + 2y +Ay^. 

9. (a6 - c) (a^h^ + ahc + c^). 10. (2x + By) {ix^ -Qxy + 9y^. 
U. (l-7x)(l + 7x + 49x«). 12. (4 + y)(16-4y + y«). 

13. (5 + a) (25- 6a +a2). 14. (6 - a) (36 + 6a + a^). 

15. (a6 + 8) (a'-^62 - 8a6 + 64). 16. (lOy - 1) {lOOy* +10y + 1). 

17. {x + 4y) (a;2 _ 4xy + 16y2). ig. (3 - lOx) (9 + 30x + lOOx-). 

19. (a6 + 6c)(a262-6a6c + 36c2). 20. (7 - 2x) (49 + 14x + 4ar^). 

21. (a + 36) (a2 - 3a6 + 96^). 22. (3x - 4y) (9x2 ^ i2xy + 16y2). 

23. (6x - 1) (26x2 + 6x + 1). 24. (6p - 7) (S6p^ + 42p + 49). 

25. (xy+z)(xh/^-xyz + z^), 26. (a6c-l) (a262c2 + a6c + l). 

27. (7x + 102/)(49ar»-70xy + 100y«). 

28. (9a - 46) (Sla* + 36a6 + 1662). 

29. (2a6 + 5x) (4a262 - 10a6x + 25x2). 

80. {xy - 6z) (xY + ^^z + 36<j*). 81. (a;» - 3y ) (x* + 3xV + 9y2), 

82. (4a;2+6y)(16x«-20a^V+25y2). 33. {2x-z'*){4x' + 2xz^ + z*). 

34. (6a?»-6)(36x* + 6x26 + 62). 86. (a + 76) (a2-7a6 + 4962). 

86. (a2 + 96) (a* - da^b + 8162). 87. (2x - 9y«) (4x2 + l'8xy« + Qly*). 

88. {pq- 3x) (1)2 j2 + Spqx + 9ar»). 39. {z - 4y2) {z^ + izy^ + 16y*). 

40. {xy - 8) (x2y2 + 8xy + 64). 
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XVn. L Page 119. 

1. (a + y+«)(a-y-z). 

2. (x + yz) (x* - xyz + y*z*) {x - yz) (x* + xyz + yH^). 
8. (3j;-11)(2j; + 7). 

4. (3y + 2a:) { V - 6^ + 4x9) (3y - 2x) (9y» + 6xy + 4x«). 

5. (x + 4)(x«-4x + 16)(x-4)(x2 + 4x + 16). 

6. (m + n + x-y)(m + n-x-\-y), 7. (llx + 13) (3a:-5). 

8. (a« + 6« + c2 + d2)(o9 + 69-c*-d«). 

9. (to - n) (to* + mn + n^) (a; + y). lo. 4a (6 + c). 

11. (x + 2 + a-y)(x + 2-a + y). 12. (x-17)(x + 7). 

13. (a-d + 6-c) (a-d-6 + c). 14. (x-y + a) (x-y-a). 

15. (a+x+y + «)(a+x-y-«). 16. {7x - 3) (3x + 13). 

17. (l + ax-fty)(l-ax + 6y). 

18. (cd - 1) (cH^ + cd + l)(c + a) {c - a). 

19. (a+6)(a-&)(x + y)(x2-xy + y2)(a;-y)(x2+xy+y2). 

20. (x-19)(x + 13). 

21. (x + y) (x-y) (a-c) (a^ + oc + c^). 

22. (ex + d) (ox - 6). 23. (a + J) (a - 6) (x +y). 
24. (x2 + 2yH^) (x2 + 2y822). 25. (ah + 8) (a^ft* - 8a5 + 64). 
26. (2x + 7)(x + 6). 27. 20y (5x+y) (5x-y). 
28. a* (a - 26) (c^ + 2a6 + 462). £9. x« (a + 4y) (a - 4y). 

80. (6-c + a)(6-c-a). 81. 6x« (x - 6) (x + 3). 

82. 7a«x(2x-a)(x-2a). 83. (x* + l) (x^ + l) (x + 1) (x-1). 

84. (1 + to - n) (1 - to + n). 85. 3 (Sx^ + 4,aP) (Sx^ - 4a2). 

86. 6a6(a6-l)(a96« + a6+l). 87. 4y (2x + 3)(x + o). 

88. (3xy + ba) (xy + 7a). 

39. oft (3a+6) (9a2-3a6 + 6«) (3a -6) (9a2 + 3a6 + 62). 

40. a2 f^ax + 2y) (a^x^ - 2axy + 4y2) (ax - 2y) {aV + 2axy + 4y3). 

41. (a» + 62) (a* - a262 + 6*) (a + 6) (a^ - a6 + 6^) (a - 6) (a2 + a6 + 6^). 

42. 6y«(4x + 3y)(x-2y). 

48. {(a+6)2 + l}(a+6 + l)(a+6-l). 

44. {a» + (6 + c)2}(a + 6 + c)(a-6-c). 

45. (c+<i-l){(c+d)2+c+d+l}. 46. (1-x+y) {l + x-y + (x-y)2}. 

47. 2{5(a-6) + l}{25(a-6)2-6(a-6) + l}. 

48. 2c(c9 + 3d2). 49. 9y (4x9 + 2xy + y3). 
50. (x-2y)(x + 2y + l). 51. (a-6) (a + 6 + 1). 

52. (a+6) (a+6 + 1). 58. (a + 6) (a3-a6 + 63 + l). 

54. (a + 86)(a-36 + l). 

55. (x-y){2(x-y) + l}{2(x-y)-l}. 56. xy (x + y) (x-y) (x-y). 
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XVJLU. a. Page 121. 

1. a + b, 2. x+y. 8. x-y. 4. 2a? -3y. 

5. x + y. 6, <ib{a-h), . 7. a{a-x)» 8. a + 2z. 

9. &(a + 5). 10. x-By, 11. a-x. 12. 2x+y. 

18. 2(6a:-l). 14. ar+2y. .15. x + 1. 16. y(aj-l). 

17. {x-y)K 18. a:*+a*. 19. a? + 2y. 20. x-3a, 
21. a; + 2. 22. x-5. 28. x-3. 24. a;-3. 
25. 3a? + l. 26. x-1, 27. cx + d, 28. x^+y. 
29. a; (a -36). 80. 2j: + 1. 31. x*{Sx + 2), 

XVm. b. Page 125. 

1. a:»-3a;+2. 2. x^-iar + S. 8. «*-8. 

4. x^-5. 5. x2 + 2aj + l. 6. x + S. 

7. a*-2aa;+a;«. 8. « + !. 9. a:^-3aj + 7. 

10. 2a;2-7. U. Sa:^^!. 12. 2a:»-3. 

18. 3a;^+2a2. 14. x^-ax+aK 15. a:« + 2aa;-a«. 
16, Sa^-'ax-2xK 17. a:y(2a;9+a?y-3y*). 13^ 2ar»aa (ac - 3a). 

19. 2a;3(2x+7). 20. 6 (3a; -5a). 

XIX. a: Page 129. 

1 i- 2 - a ^ 

20a(a-&) 2a? ^ *' 

1 » ^ a ^-3y 



10. -^.' U. -^.' 13. ??. 18. ^ 



iF + 1" 1+2' 36* x-2* 

14. ^<^. 15. ^J. 16. *+2y 



a- 6 * * a;^-6' ' a;* + a?y + y*' 

2a: + 3 ,. a(aj-4) ^^ aj + 7 . 3 + a 

3x + 6 a;+6 a?+13. 2 

XIX. b. Page 131. 

The expression in [] is in each case the H.G.F. of the numerator 
and the denominator. 
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3. 



ar + a* Sar + ar + x-2 

Q j^ ^ Q 

U. (2x-8a)« [(2*+8a)«]. U. 3ja+^_2 li^+H- 



7ar-4 »■ ' 2x'^V^-5 

3(ar-3a)(g-4a) r o^i ,. a{x + Sa) 

2{x + 8a) (« + 4a) ^ ^* a; (a; + 7a) 

:. c. Page 134. 



3 (ar- 3a) (a; -.4a) , « , „ a(a? + 8a) . . -„ .km 
15. q7 jT— r-7 7\ [^-2aJ. 16. —7 =— r [a:* - 13aa; + Sa*]. 



5a-h x + 2 x + 1 X 2ar-l 

'• a;(3a-2)- ^- ^^I' ^- iTS* '' ^^- ^®- 2^33' 

U. ^^. 12. :^^. 13. 63 + 35 + 9 14, _i_ ^ 

a? + 5 4a; + 7 a;4-7 

15. 8pg-A 16. X. 17. —J. 18. — ^. 

.a?-l r x-1 

X 2x-l 

as. 1. M. ^±*^^ «. ^. 

XX. a. Page 136. 

1. a?(a? + l). 2. fl?«(a;-3). 8. 12«»(a: + 2). 4. 21x»(a? + l). 

5. a;(a;+l)(a:-l)i i. ah{a + i), 7. a:y(2j; + i) (2a?-l). 

8. 6x(3x-l). 9. a;(a? + l)(a; + 2). 10. (a; + l)(x-l)(a;-2). 

11. (a? + 2)9(x + 3). 12. (a; - 1) (a? - 2) (a: - 4). 

IS. (a?-3)(x-l)(af + 2). 14. {x + 6) (a?-4)(x-6). 

15. (a; + 7)(a;-6)(x-6). 16. (a; + l) (x + 2)<2«4-l). 

17. (a: + 2)(a; + 3)(3x + 2). 18. (a: + 2) (a: + 3) (5a; + l). 

19. (a: + 2)(a; + 8)(2x-l). 20. (a; + 2) (a; - 2) (3a; - 7). 



, ANSWERS. 333 

21. 12a; (a? + 2) (2a; + 1) (4a; -7). 28. 6a;2(a; + 7)(3x + 5)(3a;-2). 

23. 2DarV{3a; + 1) (5a; + 1) (4a; - 1). 24. (x + y) {2x - 7y) (4a; - 5y). 

25. {x - y) (3x - 2y) (4a; - 5y), 26. Ba^x (3a; - a) (2x + 3a) (x + 5a), 

27. 2aan/3(a; + 3)(4a;-l)(3a;-2). 

XX. b. Page 138. 

1. H.C.F. a;-2. L.C.M. (a;H- 1)« (a; + 2) (a; - 2) (a; - 3).- 

2. (aa; + 5) (aa; - 6) (6a; + a). 3, xy {x-a){y-b) {y-2b)* 
4.' H.C,F. a;(x + 3). L.G.M. a; (a;-l) (x + 3)(2a;-l); 

5. (l + a;)3(l-a;)«. 6. (a; -2) (a; -4) (a; -6). 

7. H.C.F. 2x + l. L.C.M. (2a; + 1) (a; + 1) (a; - 1) (3a; + 3) (3a; ^ 2). 

8. 062^2 (c + a)2(c-a)2. 

9. L.C.M. y^(x-y)^{x'^ + xy + y^). H.C.F. x-y, 

10. H.C.F. 2a;-3. L.C.M. (2a;- 3) (3x- 2) (a; + 4) (3a; + 4). 

11. lx + a)'^(x^ + ax + (v^){x^-ax + a^). 

12. H.C.F. 8a;-y. L.C.M. {2x-y){x+y)^ (x-y)^. 
3^. x-l. 14. (a-hb)ia-h){a-2b){a^ + ab + b^), 
15. H.C.F. a' + a;y. LXM. (a^ + xy){2x + By)(2x-Sy). 

16., H.C.F. (a;-3)(a;-4). L.C.M. (a; - 2) (a; - 3) (x - 4) (a; - 5). 
17. a; -8a. 18. 105xY(a: + y)^{x-y)K 

XXI. a. Page 142. 

4(a;+I) ^ 13 (a; -2) 25x-61 17« 

^' 5~"- ^- 12 • '• 66 • *• 36* 

19a;-201 ' ^ 12^28a;-27 _' . 8(tt + 3&) 

^' ""^25 ^- 8^« • ^' "• *• 8a • 

e&^c + e&c'+Bac^+Sa^c -4a2&4-4a&3 fl« + 3a;« 

12a&c ' ' 2aa; 

' 5a; + 31 " g^ftalftV + gV Ua;^ - 18g« - ^7a; - 16 

"• ^02^"' ^ ^W^« • 30^ • 

x^+y* „ Sy+as ,^ 'a' + &3+<;*-8a5c 

14. — ^ -- • 15. • 16. r • 

xy^ yz abc 

XXI. ,b. Page 143. 
2a;+5 a; +5 1 

2. r: „» , t; • 5. 



' (a;+2)(a; + 3)' "^ (A + 3)(ar+4)* *" (x-4)(a;-6)* 

2(a; + 6) (a-6)a? (a+6)ag-2a6 

^r^nx + 2)' ' • (d;+a)(x+t)* • • ix-a)(x-b)' 
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(x + 2)(x+4)' a«-xa' . ««-4* 

^®' (x-2)(x-6)* "• ;?^^* "• F^' 



i« ^ 17 -?^ 18 ^+y* 

"• 25x«-y»* *'• xy(«*-y*)* a;(x+2a)' 

2x* 2aa; 

22. -^ r. 28. - , Q . . 84. 26. 

x*-y* a*-8x* 

XXL c. Page 145. 

2 a: g l-6«;» 4a«+5« 

*• x+y* ^' 4x3-ya- '* l^l?- ** 4fl»-96«' 

- l+g . 4a;-5 12a»-4<i + 7 

**• 9^:^' *• 6(x«-l)* ^' "• *• 3(4a«-9) * 

2(13x4-7) ^+y' „ 2 

*• 3(0:3-4) • •^"' x*+xV+y*' (x-4)(x-6)* 

2 2 

12. , xr-7 117-^ T. . IS. 



(x-2)(x-3)(x-4)* (x-l)(2a: + l)(2x + 3)' 

14 1 « 17a 

{x-1)(2x + 1)(3j:-2)* (l-2a)(4 + a)(3+6a)' 

1«. • ,..J^,.. „.. 17." -+2 



(l + 2x)(2 + x)(5-9x)' (x + l)(x + 3)' 

1 ,^1 ' ^ 8^ + 2 • 

18. r. 19. r. 20. 



x + l* a + 6' (x-2)(x-l)(x + l)* 

1 8x« + 4x-3 

21. s^. 22. . ... . ...^ ■ .. . 28. 



x + 2' '•• (x-l)(x + l)(2x + l)* '••• 2x + l* 

x«+ll «. 2x + 13 ' 

24. 7 rr-; ^zr-. — -iTv • 25. 



(x-l)(x + 2)(x + 3)' '"• (x + 3)(x + 4)(x-4)* 

82a» ^„ ' 96x2 

26. - -7^ — ^ ,.,^ . ^ , . 27. 



28. 



(l-2a)«(l+2a)" " (3 - 2x)a (3 + 2x) * 

4x» ^ 72a ^ 1 

ST^' ^' 16a* -81- '®- r:^*- 



a(a' + 2ax + 3x^ 16x x(37+172g^ 

*^- 4(a*-x*) • '^^ ie^T?- ^- 6(l-16x*) • 

_ 2a(a9 + 32x*) _ 7a»+46 ^^ x» .. 36a< 

84. i-A — ^^^ / • 86. -x-r-i — ;m • 86. ■;, s • 87. 



3(a*-266x<)* •"* 6(a*-81)' ""* l-afi' " a8-6661 
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. d. Page 148. 

g-11 1 x + Ba 2x-a 

2Q{a^-l) 1-fl* • x + a x+a 

61-21& 2 U _y'_ 12 ^ 

•• 12(l-6»)- ^®- 3(l-a«)" "• x«-y«' "' y* 

2x 2a;» a 5 (a+5) 

26a? »+c .^ a?-c 

17. , ^ ^ . 18. 7 r; re W. 



4a;* -1 ' (a; -a) (a; -6) (x— a)(x — 6) 

2a ^ «^ 4«* «« 48a» 

20. : -; ^. 21. 0. 22. -j 3. 28. 



(a? -a) (a; -5)* '*' ar*-a*' '*" («2-a2)(a:a-9a^)- 

24. -s s. 25. 0. 26. 



—5 3 • «*#. V. «v. — r =-5 • 



. e. Page 151. 

6c + ca + a&-a*-6*-c' x^+y^ + z^-y»-zx-xy 

(a - 6) (6 - c) (c - a) * ' (^-y)(y-«)(«-a;) 
2(bc + ca + a&-a*-6«-c«) . ^. 

(a - o) (ft - c) (c - a) 
- rt « n A 2(gr+rp+j?g-j?»-g« -r') 

(p-2)(gf-r)(r-p) 

10. 0. 11. 0. 12. J>(y-^)+g(^-f+^(^-y) 

XXn. a. Page 156. 
m^-nl x+y ad + b x+c 

1. r • ' Z. - • 8. 'z • tB. V . 

tia-mb y-x dx-y o-x 

8. TT • 6. ~" • ■ T. ~~a~ a • 8. 



46 c a;'+y' oc + d* 

oa + c nx —m ua[pm-{-Kn) 

x{x + S) x + 1 x^{2x+S) 1 

"• irpr- "• Pn^+3)- "• x+2 • "• x- 

a«-.6« y* 1 

17. — 2— • "• 2- "• iTfp* **• 2i^CI' 



336 ALGBBBA. 



21. 


2[a + b) 
a-b ' 


22. a + rr. 28. -«. 


2ft. ^^^ 


25. 
28. 


2a-l • 
1-g. 


„^ 6 + aj+2y ^ ^^ 

^ a;2-3a; + l 

• 29. -z — -. i .' SO. 

x*-4iX + l 


a(yz+n) 
xyz + nx + mz 
2 
ar*- 




^ 


XX 11. b. Pagk 159. 




1. 


* . y y' 


a' ax a?' 
'• 4 "3^2- ^• 


a2 3a 36 6« 
26 2 ."^ 2 "*■ 2a; 


4. 


111 

be eo> ah 


5. - + - + - . 6. 
a b c 


a2 &« 1 
"6~2"^3- 



b &3 &' &^ 

7. a;-a:' + a;'— a:*; Bern. a:^. 8. I + -+-5 + -;;; Rem. -i. 

a a* a* a' 

9. l + 2a; + 2x2 + 2x»; Eem. 2a:4. 10. l + aj-ar'-x*; Bern. a:«. 

9 27 81 

11. a;-3 + -; Rem.-T. 12. l + 2« + 8a;2+4j:3. Rem. 6a:*-4x«. 

05 a;^ X* 

17. ^. U. 8(a-ar)'. W. ^'-^'"^ 



ar-4 ^ ' b-6 

ig-4&a 

a + 36 : 



30. tz:^, 21. (?iz^H?^±I) 



XXTT. c. Page 160. 
4(e-jg) g(a? + a) . 

X. ^r-i i a A* _ • O. 



3(a + a;)* 2 ' a« + a6-263 

8xy(a;2+2/2) 4x(2-a;) ^ ^ 



{x^-yY * (a;-l)(ar3 + l)' l-a:«' 
1 l -a;+a;« 

■ a: (a: 4- 1)^1 + ^ + ^')* ' l + ar + a;a* ' 

2a; + 3 &£+a aa:»(a;'+a') 

•• 3l^+6)" • "• <i^+6" ■ "• a^ + a» 

12 ^' 13 (^+1)' 14 ±ty 

"• (a-a:)(a + x)2* 3xS + 6a;a-a;-8 ' a«-y' 

2(aa + a + l) 1 „ -* 

15. --7^^ — =-— — ^. 16. ^ - ,^ -r. 17. 



a(a+l)(A + 2)* "• 2 (3 -2a;)' 1-a;*' 

18 1 19 (^^-^)(^+^) ao V^ 



AM.* 


(x~2af' 


25. 


9a;--. 

X 


29. 


db 
a + 6' 


34. 


1. 


<tfi 


a;(ar+l) 
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X a {a^ + a?^ 

~~^ — Tn • 32., 7 V , — : 75 • «3. X. 84. J.. 

{x-a){a+xy 

a 1 6* 

26. .^ — a • 2T. n — j;c TT • 28. 



2a^' " 2a;(2x-l)* 6«+a»" 

30. a;. 31. x, 32. ta;. 83. — « — • 

35. (a?--\ . 86. 1. 37. 1. 



'• (^-i)'- 



12 8n» 

39. r~i rr"7 2 TV • 4ll. 



a;2 + 4a; + l' (a* - 4) (a* - 1) ' {3m+2n)(9m3-n3^" 

41. ,._l+£+^__. . 42. . if- ..„ . 48. ^ 



(l + a;)(l + a;2)(l-ar)a' (a; - 2) (a; + 1)^ ' '"* x + y 

44. 1. 46. 1. 46. 1. 47. 0. 

48. — jr — TT n rr- • 49- 1- 60. 1. 51. 0. 

(6 - c) (c - a) (a - b) 

52. 22, + a4-5. 53. ^ ^^^ ^. 54. -^^. 

XXm. a. Page 166. 

1. 6. 2. 1/,. 3. ^. 4. 1. 5. 20. 

b 

7 

6. 2. ^- 17' *• ^- ^- 2- ^®- -^^ 

•I 

d 7 

11. 0. 12. 6. 13. -^, 14. --^. 16. 1. 

11 lo 

16. -10. 17. T-4. 18. 3|. 19. 3. 20. 4. 

21. 6. 22. 13. 23. -7. 24. 2. 26. 2^. 

26. 4. 27. 14. 28. 14.. 29. -. 80. 2^. 



4 



31. 7f. 32. 3. 33. 20. 



6 



. b. Page 169. 



, 2&-8a 

1. =!-• 2. a + b, 

a-ob 

5. 3. 6. tn — n, 

Ibc 



3. 


26 • 


4. 


a2-a6 + 6« 
a-6 


7. 


a& 


8. 


oa-2a6 + 6c 


aH-6 + c 


c-6 


LI. 


2a6 


12. 


17a. 
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13. -. li. 3a + 26. 15. — ii-. W. 5 jr 

c 2 8a - 46 

17. =-^. 18. •=-• 19. —5- . 20. a. 

17 a' 

2o 
81. a + 6. 22. ^. 

;. c. Page 171. 



_al-bm _nq-mr _ ^ 

a' -6* ig-wp o'+o' 

_a?ii-6Z _Zr-np _ ^"^ 

a^ + afr + ft* . af*-a ^ ^-W 

4. a;= r — o. ic = -T — 5 6. ic= a 

a + o a -or qr-p* 

ab 1-aa' PQ—f^ 

a + a' ^ 2 

7. x=--.- ,, 8. a;=2a 9. «=«« 

afb + ab' 3 

y-^bTab" y = ^'' ^=2^- 

10. x=^ 11. ^^^^;(>"+^0 12. ^= 3!!L. 

_rb _mm' {m-m') __ pn 

ela + b) 

13. a;= . ^^ ' 14. a;=a + & 15. a;=8a 

y= .^ ' y=a-b. y=-2b. 

2aa'b 

18. «= TT TT 17. x=a 18. «=7ii+c 

ao'+a6 

19. a;=r 20. «=a + o 



y=-. • y=a-6. 



Page 174. 

1. 40. 2. 60. 3. 55. 4. £2. 12<. 

5. Silk9«. Calico 9(2. per yard. 6. 54. 7. 42. 
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8. 48, 23. 9. 21^' past one. 10. IT^^t V^^ three. 

U. 32^' past six. li. 5^' past two. 13. 378,216. 

14. 15 persons ; 5 shillings, 16. 8 yards at is, 6d. ; 16 yards at 4s. 

16. 17, 15. 17. 3 miles per hour. 

18. 54. 19. 2^ miles per hour. 

20. 2I7V and 54^^' past seven. At 5xV P^^- 21* ta • 

22. 10p.m.; half-way. 98. 1^ hours. 24. £200. 

26. 30 miles. 26. £36000. 27. £200, 

3 2 pa 

28. 4 and 3 gallons, 29. r and ^ of a pint. 80. — — miles. 

5 6 P + ^ 

81.' Ill and 126 miles. 82. Coffee to chicory as 7 to 2. 

c 2c 
88. C-& anda-clbs. 84. 5-, -r- yards. 86. 60 miles. 









XXV, a. 


Page 180. 






1. 


±5. 


2. 


db4. 


8. 


3, - 25. 


4. 


1, - 25. 


6. 


3,7. 


6. 


rb8. 


7. 


3, -6. 


8. 


2,-7. 


9. 


9, --4. 


10. 


9, - 8. 


11. 


31, -11, 


12. 


20, - 11. 


18. 


4, - 17, 


14. 


13, - 12. 


16. 


11, - 17, 


16. 


8,15. 


17. 


7,6. 


18. 


23, - 1. 


19. 


^' 3- 


20. 


1 3 
3' 5" 


21. 


3 1 
2' 3' 


22. 


\-- 


28. 


db9. 







. b. Paqe 183. 

, 11 _6 2 11 11 8 8^ 4 15 -2 

6. "5 , 5. 6. 2, — -g- . 7. 2 » — ^' ®* 2 * " ^* 

^ 13 11 ,^ 7 2 ,,3 4 10 ^ Q 

•• 3"' ""¥' ^^' 4* 3* "• 4' "S* S'""** 

6 1 ,. 9 3 13 2 ,- o 7 

"• "7' "S* 10' "6' T' "3* ' "■5* 

a a 1ft 3a a 7* A 5ife 2A: 

^^" 3' "6* T' ""3* 3 ' "2* "T' "T 

21. Y*~T' ^' ^*^t' ^^' ^'"f* ^' *'!• 
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26. 


3, -1. 


26. 


^1- 




27. 


4." 
*'2* 


28. 


7,2. 


29. 


11,2. 


30. 


'■l 




31. 


13. |. 


82. 


^'18- 


38. 


<•■'!■ 


34. 


3. -S. 




36. 


12, - 2. 












XXV. 


c 


Page 187. 






1. 


I -. 


2. 


I,-. 




3. 


a 


4. 


3dbV20 
2 • 


6. 


"^^ ~5* 


6. 


7±V5 
2 • 




7. 


■■4 


8. 


17±^/89 ' 
10 • 


9. 


'•4 


10. 


1±n/13 
6 ' 




U. 


|.- 


12. 


a,-^. 


13. 


1- -'• 


14. 


7 3 
4' 2- 




16. 


7 3 
11 ' ^• 


16. 


-|.-- 


17. 


9 6 
10' 6" 


18. 


8 3 
3' "4* 




19. 


|,-14. 


20. 


5 3 
12' 8- 


21. 


3 2 
6* 6- 


22. 


6 7 
2' ""2* 




23. 


9a . 4a 
4 ' 3 • 


24. 


9a 4a 
4*3* 


26. 


66 76 
.3 ' 3* 


26. 


76 56 
6' 6 


• 


27. 


2a, 26. 


28. 


2a, -8. 


29. 


^ 2a + 6 
"' 3 ' 


30. 






31. 


±2, ±1. 


32. 


db2, :!=3. 


33. 


1, -2. 


34. 


3, -2. 




36. 


. =*=4, ±j. 


36. 


±a, db6. 


37. 


2, -3. 


38. 


±3, ±4. 




39. 


3,-2,4,- 


3.40. 


4a, - 2a, a. 








XXVI. 


a. 


Page 189. 






1. 


x=17,ll; 




2. a?= 


:37, 


> 14 


; 3. 


x= 


53, 21; 




y = ll, 17. 




2/ = 


:14 


,37 


t. 
• 


y= 


21, 63. 


4. 


x=U, - 9 


• 
9 


6. x= 


:27 


J — 


19; 6. 


x = 


43, -25; 




y= 9, -u 


• 


y= 


:19 


f — 


27.* 


y= 


25, -43. 


7, 


x=71, 13; 




8. a;= 


33 


, — 


41; 9. 


x= 


52, -74; 




t/ = 13, 71. 




y= 


:41 


, — 


33. 


y= 


74,-52. 


10. 


a;=43, -51 


• 

> 


n. a;= 


.29 


, — 


47; 12. 


X— 


22, -87; 




y=-51,43 


• 


y= 


:47 


, — 


29. 


y= 


- 87, 22. 


IS. 


j:=±8, ±6 


• 
1 


14. a?= 


::t 


13, 


±1; 16. 


x= 


±5, ±7; 




y='±5, ±8 


• 


y= 


::k 


1, 


;kl3. 


y= 


±7, ±5. 









ANSWERS. 






16. 


x=13, 3; 


17. 


a;=10, 5; 


18. 


ar=9, -6; 




y = 3, 13. 




y=5, 10. 




y=6, -9. 


19. 


x=12, -6; 


20. 


a;=ll, ^8; 


21. 


a:=9, 4; 




y = 6, -12. 




y=8, -11. 




y=4, 9. 


22. 


x=5, 4; 


23. 


a:=7, -4; 


24. 


a?=10,4; 




y=4, 6. 




y=4, -7. 




y=4,10. 


25. 


x=12, -2; 


26. 


a:=l; 


27. 


x=4, 3; 




y = 2, ^12. 




y=l. 




y=3, 4. 


28. 


1 

1 


29. 


a;==i=l; 







341 



. b. Page 191. 

1. a?=7, 4; 2. a;=8, 6; 3. a;=14, 9; 

y=4, 7. y=5, 8. y=9, 14. 

4. a;=7, -6; 5. x=ll, -7; 6. a;=13, 0; 

y=6;-7. y=7, -11. y=0, -13. 

7. x=±6, ±4; 8. x=db7, ±3; 9, a;==i=9, ±6; 

^=±4, ±6. y=±3, ±7. 2/= ±6, ±9. 

10. a:=±9, ±3; 11, ar=^, -; 12. a;= ±6, ±6; 

D O 

y=±3, ±9. 2^=8' 6* y=±6, ±6. 

13. a;=4, 2; 14. a; = 7, -3; 15. x=5f 8; 

y = 2, 4. y=3, -7. y=3, 6. 

16. a;=4, -2; 17. a?=8, -2; 18. a?=6, 1; 

y = 2, -4. y = 2, -8. y = l, 6. 

19. a?=6, 1; 20. «=g» "-g5 

y = l, 6. ^=6' ^6* 



. c. Page 194. 



3 



1. a;=4, -g; 2. a;=±3; 8. a:=12, 8; 

y=3, -20. i/=db2. y=2, -2. 

H. A. 23 
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4. 


y=5, 3. 


6. 


x=4, 7; 

y=l, 10. 




6. 


«=4, -3; 
- 4 

y=i, -3. 


7. 


1 71 


8. 


a:=±6; 
y=±2. 




9. 




10. 


y=±3. 


11. 


a:=±2; 
y=±3. 




12. 


3 1 

2'==*=2V^2- 


13. 


a;=±2, ±1; 
y=±l, ±2. 


14. 


a;=±2; 

y=±l. 




15. 


a;=±7, ±V3; 
y=±2, =f3^/3. 


16. 


a;=±3, ±36; 
^ 23 


IT. 


a:=6, 3; 

y=3,S. 




is. 


a?=7, -6; 
y=6, -7. 


19. 


a;=6, -2; 


20. 


a;=7,l,4±V28; 


21. 


x=4,3, 6, 2; 




y=2, -«. 




y-1,7,4 


=F^/28. 




y=|.2,1.3. 


32. 


^=.2.? 4^ 
^ ^3* '3' 

y=2,6,l,12. 













XXVn. Page 198. 

1. 13. 2. 45, 9. 8.* 7, 8. 4. 3. 6. 15, 12. 

6. 9. 7. 7 hours. 8. 7, 6. 9. 90 yards, 160 yards. 

10. 55 feet, 80 feet. 11. 36', 60^. 12. 6. 

13. 5 shillizigs. 14. 12. 16. Ninepence. 16. 3 feet. 

17. 4 inohes. 18. 121 square feet. 19. Fouipence. 

20. 40, 12; 30, 16 yards. 21. 56. 22. 50. 23. 25. 

24. 6| miles. 26. 75. 26. 20, 30 miles an hour. 

27. 40 and 45 miles an hour. 28. 10 gallons. 

29. A, 16 ; B, 14. 80. Distance, 12 miles ; rate, 8 miles an honr. 

XXVm. a. Page 202. 

1. (x?+4a;+16)(«2-4aj+16). 2. (9a2 + 3a6 + 6«) (9a«-3a6+6«). 

8. {x* + Sxy+y^)(x^-3xy-{-y^). 4. (ma+4m?i-n3) (nia-4mn-n«). 

6. .(j;2+2x2/-y2)(x2-2ajy-y2). 

6. (2a;« -^dxy- 3i/«) (2x^ -9xy- 3y«). 
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7. (2m«+6mn+3n*)(2m«-6mn+3M«). 

8. (Sx^+xy + 2y^{Bsx?-xy + 2y^y. 9* (x^ + Bxy-By^) (x'^-dxy-5y^, 
10. (4aa - edb + h^) {ia^ + 6ad + fe*). 

17. {y - 8ar) (« +y){x- y), 18. (m - 6n) (2n + 3m) (2n - 3ot). 

19. (cur + 6) (6a; + a) . 20. (xh* + y^j (^ + z) (ary - «) , 

21. (a* + 6a;) (a + a^ . 92. (win - p) (pro - n) . 

23. (3a&-2a;)(2aa;*3&}. 24. (2a; + 32^j (a*+a;y). 

25. (2x-dy){a^+xy), 28. {aa;+(a+l)} {(a-l)a;+a}. 

27. (a; -a) (3a; -a- 26). 

28. i aa; + 2 (6 - c)2/} {2aa;- (36 -44;) 2/}. 

29. {(a'-l)a;+a}{(a-2)a;+ (a-1)}. 

80. {(a+l)a;-(6-l)y}(aa; + 6y). 

81. (6 + c-l)(6« + c» + l-6c + (5 + 6). 

32. (a + 2c + l)(a2+4c2+l-2ac-'a-2<j). 

83. (a+6 + 2c)(a2 + 6* + 4c2-a6-26c-2cfl). 

34. (a-36 + c)(a2 + 962 + c» + 3a6 + 36c-ca). 

36. (a-6-c) (a* + 6*+c^+a6-6c + ca), 

36. (2a + 36 + c) (ia^ + 96* + c" - 6a6 - 36c - 2ca), 

37. (a;^-9a;2 + 8l)(a;8 + 3a; + 9)(x»-3a; + 9). 

38. (a*-4a26«-6<)(a« + 62)(a+6)(a-6). 

89. (a+6 + c-d) {a + b-c + d) {c+d+ a-h) {c + d- a+h). 

«■ (-*4)H)(-4)(-^)- 

41. (jfi+y^) (x*+y*) (ara+y2) (x+y)(a:-y). 

42. (x^+a^^+y^){x^-x^y^+y^)(ic^+xy+y^{x*~-xy+y^){x+y){x-y). 

43. Q + 1) Q - 1) (a - 2a;) (a' + 2aa; + 4a;«). 

44. (a;" + y^) (a;* - xY + y*){x- 2y) {x^+2xy-{- 4y^). 
48. (a;a+4)(a;4-4a;a + 16)(a;+l)(a;2_a. + i), 

(i*i)(i-i)(f-')(¥*f*-)- 

23—2 



47. 
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48. (x«+5)(^-5)(« + i)(a:-i). 

49. (»+l)(r»-x+i)(a:a + 4)(a?+2)(x-2). 

50. (x-lKa;«+« + l)(4«* + 9)(2a; + 3)(2x-3). 

XX Vm. b. Page 206. 

1. 4x«-49y*+42y«--9^«. 2. 9a:*+26«»y«+49y*. 

3. 2$a?*-115xy+8V. 4. .49aJ*-64ai»y»+48a3^-9y<, 

5. a;«-y«. 6. (a; + y)* + 4 (a;+y)« + 16. 7. 16a;«(l-4x«). 

8. 48a2(a*-l). 9. a:«-64. 10. afi-729a\ 

11. -^-3a2-ar»-^. 12. 64a:*(9a^-l). 18. afi+a^x^+a^. 
or a* * 

14. l+a* + aJ^*. 15. a^* - 3a8x* + 3o*a:8 - a;!*. 

16. l-2a:8+xi«. 17. a:«- 14a:* +49x2 -36. 

18, a:«-14x*+49x'-36. 19. a;«-64. 20. a* - 18a2&» + 816*. 

21. a' + 6' + c'-3a6c. 22. 7a:+y+z. 

23. (a;*-4a2x«+16a*)(a;2-2aa; + 4a«). 24. hx + ly-^z, 

25. a? +6. 26. 2a;(x + l). 27. 6 (a: -13). 

28. (a;+3)(a:a + 2x + 4). 29. (7ar-3) (a:-l). 30. a-&. 

31. sfi-^3^-^xy^+y\ 32. s^-^xHiz + ly^z^, 

33. l + 9a;' + 42/2 + 6xy + 2y-3a?. 34. (aj + 1) (a;-3). 

S5. (2a -5) (2a -7). 36. (x-a)(x-6). 

37. a« + 9x« + 4y« - 6a:y + 2ay + 3aa;. 

38. 9 + 4a;» + 16y2-8xy + 12y + 6x. 

45. *?^+??'). 47. (3a> + &«)(a« + 36^. 

49. ^(V-65«)(932-6p2). 50. 16a6^ 

XXIX. a. Pages 209, 210. 

1. x+c. 2. a^-ax + h, 3. a:' + 26x-aaj-2a6, 

4. x^-(f + q)x-\-2q^(p-q), 5. a;^- (m+w)a; + m(m-n). 

6. aa; + a+l. 7. x^-\-hx+a\ 8. 2te - (3»i - 4n) y. 

9. (a+2)a; + (aH-l)y. 10. a; + 6, 

11. (aj+l)« + 3(a:+l)* + 3(a?+l)2 + l. 

12. (m+l)h^a^-^{n-\-l)(m+l)abX'^(n'{'\)a^. 

13. (wi-l)a;+«i. 14. mx^n, 15. op-bg. 
16. aa; + 5. 17. 2aa;-3. 18. a; + 2a6. 



ANSWERS. .^^45 

19. {afl - 1) (afl -px + q) {x^ - qx +p). 

20. {px - {p --1)} {{p + 1) x+p) {{p + 2) x+p + 1} , 

21. {{a'-B)x + a+l} {(a-2)x-a} {(u;-{a + 4)}^ 

XXIX. b. Pages 213, 214. 

1. a?-7« 2. 2 , 3. a+2x. 

m 

4* 1+x-a^, 5. l + 2a?-a;'. 6. 1 + x. 

7. x-2a. 8. a -3a?. 9. x-y. 

10. x^+{p-l)x-l. 11. l + |~|- + i6«' 12, l-«-|^--2. 

"• ^"*"2~16'*'6i' 2"'8"""'16' 

a? a;* a:^ a^ a* a* 

"• '*~2^"8^8"i6^* "• ''^2i""8^'*"i6^* 

. 3a:« 9x* 27a:« ,• o n 2^' ^a:* 

"• "-2^2 "85^. "16^^* ^^ + 2*-3a+9aaV 

a' a* oA o . ^ ^* 

21, i + 3a»x-9a»x«. 22, l-2a:+3x«. 

a 

X* 

23. 3a;3-a:-l. • 24. 4-a;-jg. 



:. c. Pages 216, 217. ; 

19. 0. 20. 0. 26, 0. 



. d. Pages 218, 219, 
1. 0. 2. 1. 8. 1. 4. a+h + c. 8. 1. 

-i-- 7, -^ 

cibc * abc 



8. ■ , ■ • 7. — i~ • 8, 1, 9. tt. 



1 » * • '■ aj^ 

10. 7 T-^ TTT-— T. 11. 



(as - a) (« - 6) (a; - c) ' ' {x+a)(x-^b)(x+c)* 

12. {a+b+c)K is, -^i^i^« !*• «• !*• a+6+c. 

16, be-^ca+ab. 17. a5c, 18. (6+c)(c + «)(a+6), 
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XXIX'. e. Pages 224, 225. 

1, 6. 2. iO. 8. -. *• if-« 5- TT- 

6, ^7—. 7. a=c, 6 = ^ + 2. $.6, 9. db3a. 

10. ±,/^. 11. 6»=27c2. . 



/2n 



12. c=a(6-a«)«, d={b'-a^\ whence c^=a^cP. 18» 82, 

15. (x-l)(a?-2)(x-3). 16. (ar + 2) (a; - 3) {x - 4). 

17. (x + 2)(ar+8)(ar + 4). 18. (x-3)(ar-6)(a; + 7). 

19. (x-2)(x-6)(a;+7). 20. (x+l)(a;+2)(ar-ll). 

21. (x + l)(3a: + 2)(2a;-l). 22. (ar + 2)(3«-l)(2a:-3). 

23. afi-afip-^sthf^-a^^ + a^-an/^ + y^. 

24. x^-afiy+ofii/^-iehf^+a^-a^+xy^-y'^. 

25. afi+a^fa^^'^x^^+xif^+y^. 

26. «®+a^y+a^*+a:V+^*^+^*V+^V+*y'+!^- 

2 

27. x*+(a-2)x+a. 28. (a+l)a;2+aa:+o-3. 29. 6 or ^. 

80. 13. 84. 3005. 85. -a7a^ 

ZXZ. a. , Pages 230, 231. 

1. -; . 2. . "5 . 8. —J- . 4. 3a'. 0. 



«* a» 

1 



4' 



•• 5' ^' S^a* "y^~* 1' 2^' 



8 

1 .. i^ 



8 



"• y'' "• 8SV' "• "?• "• 4- "• ^y'' 



x^ 



8^11 

16. ic*. 17. -1. 18. -J. 19. -a. 20. 4/«». 

X^ . 0^ . . . 

21. -7--. 28. -7-. 28.-7-. ^ oTT- 25. 2^1^. 

28. oTT"* 27. 4/a;. 28i -cr^* 29. j^7-«« 80. -7-1. 

2 1 4 1 

81* —7^ ♦ 88. ^-rrit* 88. iet-.^ 84. 



^/a* •^ 3v^«' •*' 4^* •* 4?i5«» 
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85. i/a}\ Se. i^a*. 37. ^a^. M. sr- 39, -j^. 

40. 4/a»- 41. 8. *^' 32* ^' ^^' **' i' 

1 3 27 

46. 2£g. 4«. 626, 47, 9, **• 2' ^' T" 

2187 
~- 128'' 



XXX 1). Pages 233, 234. 
a« 1 14 



1 

1 



2«»ys 



x^ - Sax 

6. 16ac*, 7. "!• 8. a:*'. 9. -rp. 10. x*~K 



1 .1 __ 1 



1 



a:* aSfca 

16. -J. ". ^. 18. a6». 19. a+6. 90. .^^y,j,> > 

1 8 1 , . F 

21. -. . 22. J5. 88. ir». 24. , . 20. <^. 

26. ^. 27. -i. 28. a&(6«-a«)». 29. a«<»-w+a. 

* i 

a' 

SO. a;*»<»'-i>+4:'»-i. 81. a**^^-*'. 82. «*. 88. %. 

^ 5 • • , 1 

84. a;7y«. 85. 2*. 88. j. 

:. c. Page 236. 



9 1 IS 

1. 12j;»-20a^+41-16a;"«+24a?"8. 

4 2 14 

a. 9a«-9a«-25 + 23a'«+6a'5. 

8, 2c**-9c«-34+31c-*-6c-««. 4. 8a*»+14x«-3«-«-9aj-««! 

11 1 .1 

6. 7a;»-2«»+l. • 6. 3<^-3a »+2a-^ 
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1111 

9. 7a'*+8a*-4. 10. c**-l+c-*». 

11 8 1 

IS. 2ar«-4 + 3x'«. 14. a«*-3a*-2. 

lis 
15. a»+2a-16a-«-32a-». 16. l-a:«-2«»+2x». 

S4 48 1111 

17. 4a»-8a»-6 + ipa'»+3a'». 18. a^-24:«+4a;'«-8x"«. 

S 115 

18. l-2a-2a«. 20. 2x*-3a;"M-a?~». 

1 t 1 3 1 

21, 8a?-»-SarV+y. 22. 2a;*-3y*+4x"V« 

S 1 1 1 1 

28. 9a:»y-i+2a^y"3-9, 24. -ja;-i+l-3y3. 



XXX. d. Page 238. 



1 



1. ar- 4a? -21, 2. 16«» - 8 - 15ar-«. .8. 49««-aiy-». 

1 2 

4. a;*y-»-ar»*y*. 5. a«*-4 + 4a-«*. 6. a^+2a « + a*. 

-- 1 
7. a«-a; « + ^a;-««. 8. 20a:*»y*+13-15a:-2«y-» 

1 -• 2 -? 

7 ? -' i+i 1 J 

11. fl»*--a*-- + a-*+a-**. 12. x<*+x • + x*-2 + 2a;^«»-2a; «. 
4 

1 11 

18. 2a+2(a»-6«)«. 14. a + b + (a-b)-^-2{a + hf(a-byK 

11 1 

15. a;«-3a». 16. a;+3a?«+9. 17, a* +4, 

18. a;*»-2««+4, 19. c*+c"», 20. 1-f 2a-i + 4a-», 

21, a««-a:». 22, x-»-x-2 + a;-i-l. 

4 9 1 

28. a^+x+a^+a^+l, 24. a^*-2a:»»» + 4x2»-8x« + 16, 

S SIS 

25. ar» + 2a^+a?-16. 26. 4a^+16a;»+16-9a;"». 

S 111 

27. 4^a^+4a?+a;9, 28. a«*-49-42a-*-9a-2*. 29, a»(a»-26S), 

9 1 

a:*- 2 a* 

80. 1. 31, -J — . 32, ^, 

;c»+2 
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VXVl a. Page 241. 

2m 

5. iya». 6. JS'o*. 7. ;^x^. 8. C'***- 

9. ;ya«. 10. —J, 11. Va-sys, 12. -^a*. 

VaJ 

1 «/"S — 

13. 7^=« "• ^o2a;"«. 16. jyaMya" le. J^a*, iya«, 

17. jya;". Syx" !5^. 18. ^ar», lyar^. 19. 1^5^ l^SS^ 

ao. !7«^v»* >/a^« ai- -yi25, ^121, 4^13. 

22. ^64,4^81,4^6. 28. i/2, i/2, */2. 

XZXI. b. Pages 242, 243. 

1. 12^2, 2. 7^3. 3. 44^4. 4, 64^2, 

5. 16^6. 6. 24^6. 7. 36^6. 8. 74^3. 

9. 54/5. 10. -94/3. 11, 6a Va. 12. ^dt^JMil 

18. -Zaeyijlx, 14. x^y^:^y^. 15. xy^;^afl. 16. (a+6)<^a. 
17. 2(a:-y)4/^. W. n/242. 19. <^980, 

20. ;^)4. 21. 4/760. 22, a/J^. 28. ^/6S; 



3a 




24. J'dahf, 25. \/—. 26. il^x. 27. aJ/ 

28. .y«?P; 29. UaJbl 80. V ^. 81, Js^-y\ 

82. A/^i^. 88. 14^5. 84. ^/7. 86, -12^1. 

86. -16;^3. 87, 74/7. 88, 114/3, 89. 0. 

40. 174/2. 41, 20^3-13^2, 42, 3^76, 

48. 6^7-15^6. 44. ^?^. 

ZZXL c. Page 245, 

1. 14^6. 2. 12^3. 8, lO^ySa, 4. 80V3. 

6, 288^2, 6. /yi*^. 7, 3^3, 8. 5^. 



3d0 



JLLOXBBA. 



9. -^/13, 
IS. al^fjW. 
a-h 



10, 144^9. 11. W^Sl^. 13. ^/6, 



14 ?? 



15. iTiV^- 



16. -^— 



18. 9-89947. 19. 11-18035. 20. 3-77964. 
21. 19-69592, 22. 26-83284. 23. 58*78776, 24. -81649. 



25. '28867. 
29. '40316, 



26. -04472. 27. '2566. 28. 1-57485. 



1. 6a?-10A /a?» 

4. x+y-tjx+y. 

7. 6+Vl'O. ^^ 

10. x + a-Ja^-a\ 

12. l + 8a-4,ya+4a*. 

14. a+ar + 2-3<ya + a;. 

17. 4x-2V4^2?' 

19. 2vii+^Jm*-n\ 

21. 63-18x^/l4-4a;*. 



1. 113. 
6. a - 4&. 

9. 2x. 



iL Page 346. 

2. 2x-2^ax, 3. a^Jb + b,Ja* 

5. 30 + 12^6. 6. 6^21^46^^ 

8. 6a-6a; + 6Aya^ 9. x-1 + Ja^-x, 

11. Ba+x-A^a^ + ax, 

18. 9a - 2 jv/<i? - «*. 
15. 2^6. 16. 16 + 6^10. 

18. 2jj^+2Va?*-4y*. 

20. 18a8 + 552-.12,y^*TM. 

22. 8aj»- 2^160*^. 

e. Pages 248, 249. 

8. 172. 4. -6. 

7, «. 8. 2p-g. 



2. -166. 
6. 9c^-4x. 



10. 25(a:»-3y2)-49a8. 



11. 



11-3^/7 



12. 



15. 



8v/7-2^8 



3 



19-6^2 
18. —37 



14. 2 + ;y6. 



Jxtf 



y 



16. 



n/5 



17. 



^/«» 



a-« 



19. 5,^s/t. 
22. S<J2^2^B. 



25. 



27. 



ar» 



18+d:»-6^/9 + ay' 



iC^ 



29. 2-/v/3='26795. 



18. 4+^16. 

20. 8-V*2. 21.' ^'^g'^? . 

28. x-Ja^-y^. 24. Ja^+a^-a. 

la + h + Qj^^^^ 
*•• 5^T56 ' 

28. ^/3. 

30. 11 + 5^6-22-18035. 
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81. s/5-^B= -60402. 82. /s/5 + 2 st 4-23607. 

83. ^ = 1'11803. .34. V^"^ at '09807. 

XXXI. f. Page 252. 

1. ^5-^2. 2. ^10 + ^3. -8. iv/7-1. 

4. s/S+^2, 5. 3;v^7 + 2^3, 6. ^10-2^2. 

7, 4^2-3. 8. 2^5 + 3^7. 9. 2^11 -v'S. 

10. iv5 + l. 11. 2-|v3. 12. ^^l+^l 

13. ;y3(V2 + l). 14. 4/2(V3-l). " 15. 4^6(^2 + 1). 

16. V2 + 1- 17. 1^5 + 1. 18. gC/s/S + i). 

19. -^Cn/^ + I). 20. ,^3-^2. 21. 4^2(V5+V3). 

22. V2-1* 23. V3 + 1. 24. V^-l- 

25. 4+^3. 26. Ay6+^3. 27. x/7-V2. 

28. 2^2 + ^3. 29. 2^2-^1. 80. Vll + 3\/2. 



[. g. Page 254. 
1. 14. 2i 33. 8. 20. 4. 44. 5. 13. 

6. v • 7. -TT* • 8. y. 9. 7. 10. "^ • 

5 D 6 

121 25 

11. 144. 12. 2. 18. -TTT-. 14. Tfi. W. 6. 

2o 16 

16. 12. 17. 1. 18. 9. 19. 8. 20. 12. 

21. ^. 22. 1. 23. 2. 24. (h-af. 26. ^^|^ • 

ZZXI. h. Page 255. 

121 
1. 49. 2. 4. 8. 49. ^ -K-* 8- 1^* 

64 1 4 

6. 64. 7. -jr-. 8. 5. 8. o. 10. 9. 

V ■ o o 

11. 4. 12. 1. 13. 4. 14. 50. 15. 11« 

1 on ® 

4- ^- 5 



1 8 

16. 3. 17. 6. 18. 25. 19. -r* 20. 7- 



21. 6. 22. ,861. 



. I 
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.# ♦.« I 



a. Pages 260, 261< 



1. 6 : 1. 


2. 


1 : 2. 


8. 


1:6. 


4. 9 


6. 2x : 3y. 


6. 


36 : 4a. 


7. 


6 : 1. 


8. i. 
6 


9. 4:1. 


10. 


17 : 7. 


11. 


3 : 4. 


12. 5 : 


16. 21, 28. 


17. 


11. 


18. 


27. 





32. 



1. he, 

6. 4x« 

9. 4a;*. 

20. a;=17, y = ll. 



TTTTT b. Pages 266, 267. 
66» 



a. ^-. 8. 6y«. 

a 

6. 12xy*. 7. a^. 

10. 6a'x. U. 9a6*. 

21. 2 or 0. 



4. &. 

8. ab. 

2 

19. 8 or ^ 



82. 5 or 0. 



:♦:♦:« I 



1. 54. 
a 



2. 27. 
7. 16. 



14. 25a?=27yK 
19, y=6a;-3a?+a^. 
22. 20 mil^s per hour. 



L. c. Pages 271, 272. 

8. 35. 4. 21. 

8. 18. 12. 3a =56. 

15. a»=6». 16. ±6, 
20. 346i square feet. 
23, 9 : 4. 



5. 10, 

13. 6x=7y. 

17. 20, 

24. If feet. 



:#:#:« 1 1 



[. a. Pages 276, 276. 



1. 161, 246. 2. 

6. 674i, 93^. 6. 

9. - 40i. 10. 

18. a +57(2. 14. 

17. -387, -18900. 

20. 644, 4864. 21. 

24. - 6569J. 



59, -37. 8. 34, 89J. 4. 16, 9. 

98, 243-6, 7, 43, 8, -49. 

7-2. 11. 9-7. 12. 25a?. 

80a -796. 15, 964, 9780. 16. 3-2, 25-2. 

18. -9|, -99i. 19. -41 J, -361. 

779. 22. -483. 28. 980i. 



28. a«(4-a). 

82. 25, -3. 
86. 20, 4. 



26. 

29, 

88. 
87, 



493. 



26. 140. 



27. jp', 
^^(^-^) ^ 80, pq{p-4:). 81, 30,3, 



16, -1. 84, 24, 2i. 
7, 2a, 88, 20, -2x, 



85, 14, -1, 
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:♦:#:« 1 1 



b. Page 279. 



1. 4, 11, 18 2. 13, 10, 7, 3. 3, 1, -1, 

4. 1, -^, -2, 5. 4, 5i, 7, 6. -11, 4, 19, 

7. 43. 8. -96. 9. -6i. 

10. G8, 65, 26. 11. 91}, 90^, 70J. 

12. -6«, -6tV, -2A- 13. 6-4, 6-6 -5-6. 

14. 8^, 8^, 2^. 16. 14 or 15. 16. 8 or 25. 

17. 9 or 86. 18. 13 or 20. 19. 7 or 8. 

• 

20. 11 or 24. 21. 12, 13, 14. 22. 1, 4, 7. 

23. 7, 11, 15, 19, 23. 24. 2, 5, 8, 11, 14. 25. 131. 

XZXIV. a. Pages 283, 284. 
1. 48,384. 2. i, ig. 3. 1,^. 

*• -^' ■"2lW- ''' ^^®'^- '• ^'^^^' 

7. 512. 8. -4374. 9. ^. 

16 

10. -32». 11. x^P-K 12. -^. 

1 7 

13. 162, 54, 18. 14. 5 , 2, 8, 32. 15. -28, 14, L 

16. i|, 5, 3. 17. 384,765. 18. -1458,-1092. 

19. i, 127i. ao. ^, 12JJ, 21. 80|, 45|. 

22. ^, 6H||. 23. 2|t. 24, l^V. 

«. 1281 ^ 1366 \, K.. 

^- 2660- **• 2048- "* '^' 

j^ 40(3+V3) jj ^/<»(a'-l) _ 33 586^^-292^ 

3 a— 1 2 

34. 364(^6+^2). 

XXXIV. b. Page 286. 

1 64 

1. 27. 2. 24. 3. 1. 4. 5. 5. 1. 6. ~. 

o 00 
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27 8 1 1 8 25 

^' 29* *• is* *• 3' ^^' G* "• b3' "• 66' 

in JL lA 5 5 5 m ?1?Z ''?^ ?^ 

13. 2^. 14.^, ^.g,... IB. 25^ » 128' 64 » 

11 9 9 9 

"• 25* ~6' ^''" "• 6i' "32'i6'*" "* 75,60,48. 

3 11 v'fi/*»-l) 

^ 140+99^2 _, 9(3^6+2^2) 

22. g 23. 46 • 



24. 2n«(2n+l)-|(l-^). 



XXXV. Pages 290, 291, 292. 

2 5^ 

!• «• 14* ^' ~ 



4. 


3 

n 


• 


5. 


-1 -1 1 


6. 4,2, IJ,... 


7. 


1 
"27 • 


1 
.26' 


1 

25' • 




8. 2|. 


9. 


If 




10. 


1 

T 


2 

11. —-=■. 


12. 


1 




13. 


X 


14. 5^ 7h 


16. 


3, 4, 6. 




16. 


H, li, 2, 3. 


19. se^VaV 


20. 


171. 




21. 


f{(p + 3)a-(p 


-3)0:}. 


39 






23. 


-18. 


a-^6«» 


240. 


•*• 521^-2(^2 _2>2)a' 




• 

MISOELLANEOUS EXAMPLES. Page 29a 


1. 

• 


0. 




2. 


-6a-25-4d. 


»• i-'4-y-|y' 


4. 


3. 




6. 


4-12a:+13a;2-l 


SjS + o;*. 


6. 


4J. 




7. 


a-2. 




9. 


x=15, 


y=i6. 


10. 


1, 3. 


11. |. 



14. x^-'f, 16. 11. 

16. H.C.F. <«+2)(aJrl). L.C.M. (x-l).(a?+2)2(a;2 + 2). 

17. 2a*-3a + 3. 18. x— — - — , y= — j. — , 

a: 6 3 

19. . 20. ;r. 22. x--ry, 

a-x 3 4^ 

23. -35i:+l8y+17xr. 

24. (1) (10a; -!)(« + 8). 

(2) (3a; - y) (3a; + y) (9a;2 + 3a;i/ + y^) (o^jS - 3a;y + y^). 

25. 13. 26. 2. 27. x«-l. 

^-3v 2 ^, 

28. r^. 29. a;=-, y=Zb, 

a? + 3y a' ^^ 

30. 21xV and 64^V past 7. 31. 1. 

1 * 

32. Jx«-8t/«. S3. 2a* +12^2 + 2. 34. 884 

o 

^' ^ ' "4 ' ^' «="H y=17. 37. 2a;3-3a?+7, 

iXr — y 

2 

88. a;=^. 39. a;(x' + y3)(3a;-y). 

40. 21 crowns, 40 hall-guineas. 41. 8a&. 

42. 2a68 4^364. 43. 35; 44. 4a; -5. 

47. a;=-, y=^; or ap^O, y^Q. 

2 (a; -7) (2a; -7) 
(a;-2)(a;-3)(x-4)(a;-5)* 
49. (2a; + 3) (4a; + 6) (3a; - 5) (a; + 2) (a; - 2). 60. 3«. 9d. 
61. -6605X + 6589. 62. ^a^-W-^-Uhc-l^, 

64. 6(a; + l)(a;-3)(a;-4), 65. 2 (a»+&2)(a;a+yJ). 

56. a;=3,y=2,2; = l. 67. 0, 68. x=-5. 

x* + 2y* 
'^^' y^x^y)^x*+xy+fy «>• 24 days. 

61. |x'-5a;2 + | + 9. 62. 94. §3. -^. 

64. -T-Qr-^x* 65. a;s2^. 
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M. (1) (x»+l)(x + 6). (2) (*-19y)(a; + 17y). 

67. ar=24,y=9,z=5. 68. -^ • •»• (2a-36+2c)«. 

70. 3. 71. a»+y»+jf*. 72. -2ai. 

73. 6. 74, (1) 3x(x+9)(x-7). (2)(a+6 + l)(a + 6), 

,« 9'* 1^ _. 2x» 

76. flf = ^5 — i I 1^ =^ ";; « • 76. "s^m ■• • 

a:'+jr»-2 2 

77. x=S, 78. s-TT-s— T-r- 79. 



2x=*+2x + l' '" (l-x»)«' 

80. 640. 81. l-4j?-^a:*+ya:». 

-.^1 •• 8 _a ^^ 77 , 43 , 33 ^_ 

82. jr. 83. -rj:»-4x*+ — a:*- — x» — 2-a;+27. 

a 4 o 4 4 

84. 2a2&«(a-26)2(2a + 6)«. 85. a? =6. 

6ar'-4x-8 . 3 

*•• 3x«+4x+24 ' "• 2a«+3a + -. 88. x=2a5. y=3a5. 

89. B(2x-y)(Sx+4y). 90. 25 Bhillings, 30 half-crowns. 

•« ^ 9 5 23 -, 163 

91. a 92. x»-a;«+aa;--ir-. Bern. — jr- . 

3 9 9 

93. 60 (2)« - g«). 

94. (1) (a-265)(a« + 2fl6» + 46i«). (2) (x^ + x-l) (x'-x+l). 

96. x=a-26. 96. (1) ^^-^. (2) _— -^. 

97. ar-.l,y-- 1,^-0. 98. ^— ^y^— ^. 

99. -2c ii — • 100. Twelve minutes past four. 

2a -3c 

101. (l)6i. (2)-l. IM. (1) J^^' (2) l+*-A 

3 1 1 

108. a»-3a + 5; a--. 104. l-6a?+15a:*-46a:». 

a a^ a 

106. £20. 106. {2a-Zh){a + h). 

107. (i) 2or^. (2) |or|. 109. 7a;8-|+3. 
,,A ^ ,„ 3xs + 7x-12 1 

110. ^r-i . 111. 



2a«* *"• (ara - 9) (ar« - 16) * (x-3)(a;-4)* 

112. H.C.F. J?- 66. L.C.M. 6(ar+3a) (a; -3a) (a; -56). 

lis. (1) ^ or 2d. (2) 9 or - 3. 114. 177. 



i 
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116. 18 miles. 

116. (3a; + 2y)^ + {Sx + 2y) (2x + Sy) + {2x + 3y)» = 19«« + 37xy + 19y\ 

118. (1) {x+y){x+y){x+y), (2) mn{m-n)» 

121. (1)1. (2)—/. 122. a-&. 128. 436. 

124. (1) x=a±6. (2) a;=3, y=2. 

127. (1) {x-Sy){x+Sy'hl), (2) ^(^+~)(^-|)- 

6 IS 

180. x-ha. 131. (1) a:«+w^. (2) x^y^. 

2 
132. 3 shillings. 184. a; -4+-. 

18B. H.C.F. x« + aa. L.C.M. (x^ + a^) {x^-^a^). 

186. (l)-2y. (2)3. 187. (ar-2a) (a;2 + 2aa; + 4o>) (2a+36) (2a-36). 

188. (1) 3. (2) a;=105,y= 210, 2^=420. 189. The difference is 3. 

8 8 

140. sfi-4y^-9z^-l^^z^. _ 141. 3 hrs. 36 min. 

m (i)|. (2)|. i«. V^'Vl-i 

145. (1) 4(V2+^/3). (2) ^^^21+^14. 

146. (1) ^=^J|^. (2) a;=2Jor-li, y=:-Horl|. 

1 111 
148. a»-2a*ir*+a^. 149. a»+l. 150. Six shillings. 

155. (1) a;=7or-y. (2) a?=dk6 or ±V3, y=±3 or ±^. 

156. (1)0. (2)x^y^. 157. (p+l)a;-(i)-l). 158. g^^^bj) ' 
H. A. 24 
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159. (1) l-22». (2) 8'*-2«. 160. 6 hrs. 67',* 47i". 

161. 12. 162. (1) [^^\ (2) 2. 

163. 1. 164. 1, 5+i^7. 

165. (3y + 2ar) (^y-2x) (x+2) (ar^-2a?+4) (x-2) (a? + 2x + 4), 

166. (1) 1. (2) ^. 167. (1) 1. (2) ^11-^3. 

168. H.C.F. 6ar»-l. 'L,CM, = (ba^-lY(^^ + l) (ba^+x + 1). 

169. (1) ^^' • (2) - 2f , - 8| . 170. 9«. & 12«. a dozen . 

m. 0. 178. (1) ^^±g±^. (2) 1. 

174. 11. 175. (1) n, (2) 2-^3. 
,,, 69 ,„, 18 3 1 

176. (1) ^=20 * J (2) ^==*=2' ^2' ^==*=2* ^2' 

177. J ^ . 178. (1) cK (2) 27. 179. 4 miles an hour. 

188. 8-2a;2. 184. (1) 2x. (2) 10. 

185. (1) 6, 1. (2) a; =6, 2, 4; y =2, 6, 4. 186. 0. 

187. (1) 20i or 16i. (2) x=3 or ^ , y = - 1 or | . 

189. (2a + l)x-a. 190. ^^-k-- Wl- (b-\-c){c+a){a+b).- 

^' (x+l)(a:8-l) ^' ^aj + a 

194. Began at 16^' past 3, and ended 27x\' past 5 ; walked 2 hours/ 
10^ minutes. 

196. (-) . 197. (1) 47. (2) 6. 199. 20. 

200. daP-hy^. 
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Schools. By H. Candler, M.A., Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2s. 6d, 

Dalton. — RULES and examples in arithmetic. By 
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SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo, cloth. 3*. 
Or sold separately, in Three Parts, is, each. 

KEYS TO SCHOOL CIJ^SS-BOOK OF ARITHMETIC. 
Parts I., II., and III., 2f. 6^. each. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL 
AND ELEMENTARY SCHOOLS. i8mo, cloth. Or sepa- 
rately. Part I. 2d, ; Part II. 3^. ; Part III. ^d. Answers, 6d, 

The same, with Answers complete. i8mo, cloth, is, 6d, 

*KEY TO SHILLING BOOK OF ARITHMETIC. i8mo. 4f. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. i8mo. u. 6d. 
The same, with Answers, i8mo, 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
x8mo. 4f. 6d, 

THE METRIC SYSTEM OF ARITHMETIC, ITS PRIN- 
CIPLES AND APPLICATIONS, with numerous Examples, 
written expressly for Standard V. in National Sdiools. New 
Edition. l8mo, cloth, sewed. 3</. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. 

by 34 in. on Roller, mounted and varnished. N€w Edition. 

Price 3^. 6d. 
Also a Small Chart on a Card, price id, 

EASY LESSONS IN ARITHMETIC, combining Exercises in 
Reading, Writing, SpeUing, and Dictation. Part I. for Standard 
I. in National Sdiools. Crown 8vc. gd. 



MATHEMATICS. 



Smith. — Works by the Rev. Barnard Smith, M.A. {continued)-^' 
EXAMINATION CARDS IN ARITHMETIC. (Dedicated to 

Lord Sandon.) With Answers and Hints. 
Standards I. and II. in box, is. Standards III., IV., and V., in 

boxes, I J. each. Standard VI. in Two Parts, in boxes, ij. each. 
A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the colours of the A and B papers differ in each 
Standard, and from those of every other Standard, so that a master 
or mistress can see at a glance whether the children have the proper 
papers. 

ALGEBRA. 

Dalton. — RULES AND EXAMPLES IN ALGEBRA. By the 
Rev. T. Dalton, M.A., Assistant-Master of Eton College. 
Part I. New Edition. i8mo. 2x. Part II. i8mo. zs. 6d. 

Jones and Cheyne. — algebraical exercises. Pro- 
gressively Arranged. By the Rev. C. A. Jones, M.A., and C. 
H. Cheyne, M.A., F.R.A.S., Mathematical Masters of West- 
minster School. New Edition. i8mo. 2s, 6d, 

Hall and Knight.-— elementary algebra for 

SCHOOLS. By H. S. Hall, B.A., formerly Scholar of Christ's 
College, Cambridge, Master of the Military and Engineering Side, 
Clifton College; and S. R. Knight, B.A., formerly Scholar of 
Trinity College, Cambridge, late Assistant-Master at Marlborough 
College. Globe 8vo. 3^. 6d, ; with Answers, 45. 6d. 
HIGHER ALGEBRA FOR SCHOOLS. By the same Authors. 
Globe 8vo. [In preparation. 

Smith.— ARITHMETIC AND ALGEBRA, in their Principles 
and Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. By 
the Rev. Barnard Smith, M. A., late Rector of Glaston, Rutland, 
and Fellow and Senior Bursar of St. Peter*s College, Cambridge. 
New Edition, carefully Revised. Crown 8vo. lOf. 6rf. 
Todhunter. — Works by L Todhunter, M.A., F.R.S., D.Sc., 
late of St. John's College, Cambridge. 
" Mr. Todhunter is chiefly known to Students of Mathematics as the author of a 
series of admirable mathematical text-books, which possess the rare qualities of being 
Aear in style and absolutely free from mistakes, typographical or other." — Saturday 
RxviBw. 
ALGEBRA FOR BEGINNERS. With numerous Examples. 

New Edition. i8mo. 2J. 6^/. 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. &. W. 
.ALGEBRA. For the Use of Colleges and Schools. New Edition. 

Crown 8vo. ^s. 6d, 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AND 
SCHOOLS. Crown 8vo. lOf. 6d, 
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EUCLID & ELEMENTARY GEOMETRY,, 

Constable.— GEOMETRICAL EXERCISES FOR BS- 
GINNERS. By Samusl Constable. Crown 8vo. jj. 6d. 

CutbbcrtSOn.— EUCLIDIAN geometry. By FaAMCts 
CUTHBERTSON, M.A., LL.D., Head Ma^iematical Master of the 
City of London School. Extra fcap. 8vo. 4^. 6d, 

DodgSOn.-— EUCLID. BOOKS I. and IL Edited by CHARLES 
L. DoDGSON, M.A., Student and late Mathematical Lecturer of 
Christ Church, Oxford. Fourth Edition, witih words substittfted' 
for the Algebraical Symbols used in the First Edition. Crown' 
8vo. 2J. 
*»* The text o£ this Edition has been ascertained, by counting the WQrds> .to h». 

iU9 than five-sevenths of (hat contained in the ordinary editions. 

Kitchener. — a geometrical NOTE-BOOK, containmg 
Easy Problems in Geometrical Drawing preparatory to the Study 
of Geometry. For the U«e of Schools. By F. E. KixcttKVSR, , 
M.A.^ Head-Master of the Grunmar School, Newcastle, Stafford- 
shire* New Edition. 4to. 2x. 

Mault.— NATURAL GEOMETRY: an Introduction to thp. 
Logical Studv of Mathematics. For Schools and Technie^-* 
Classes. With Explanatory Models, based upon the Tkchy- 
metrical works of Ed. Lagout. By A. Mault. i8mo. Ia' ' 
Models to Illustrate the above, in Box, izr. 6(t, 

Smith. — AN ELEMENTARY TREATISE ON SOLID 
GEOMETRY. By Charles Smith, M.A„ Fellow and Tut9r 
of Sidney Sussex College, Cambridge. Crown 8vo. 9j. 6d, 

Syllabus of Plane Geometry (corresponding to Euclid^, 

Books I. — ^VL). Prepared by the Association for the Improre* 
ment of Geometrical Teaching. New Edition. Crown 8vo. • ix. 

Tpdhunter.— THE elements OF EUCLID. For the Use 
of Collegesand Schools. By I. Todhunter, M. A., F.R.S., D.Sc, 
of St. John's College, Cambridge. New Edition. i8mo. 3^. 6d. 
KEY TO EXERCISES IN EUCLID. Crown 8vo. 6s,.6d: 

Wilson (J. M.).— ELEMENTARY GEOMETRY. BOOKSr 
I. — ^V. Containing the Subjects of Euclid's first Six Books. Fol- 
lowing the Syllabus of the Gecxmetrical Association. By the Rey^ 
J. M. Wilson, M.A., Head Master of Cliflon College. New 
Edition. Extra fcap. 8vo. 4^. 6d, «• 

MENSURATION. 
Todhunter. — mensuration for beginners. BtI. 

Todhunter, M.A., F.R.S., D.Sc, late of St. John's College^ 
(Jambridge^ With Examples., New Edition. i8mo. 2s.6d. 
%* A Key to this work is now ini the fnss* 
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HIGHER MATHEMATICS. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Second Edition. Crown 8vo. 5J. 6d, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY 
OF ERRORS OF OBSERVATIONS AND THE COMBI- 
NATION OF OBSERVATIONS. Second Edition, revised. 
Crown 8vo. 6i. 6d. 

Alexander (T.). — ^elementary applied mechanics. 

Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Elemen- 
tary Mathematics. By T. Alexander, C.E., Professor of Civil 
Engineering in the Imperial College of Engineering, Tokei, 
Japan. Crown 8vo. Part I. 4/. 6d, 

Alexander and Thomson. — elementary applied 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal Collie, Cirencester. Part 11. Trans- 
verse Stress. Crown 8vo, lar. 6d, 

Bay ma — the elements of molecular mechanics. 

By Joseph Bayma, S.J.^ Professor of Philosophy, Stonyhurst 
CoUege. Demy 8vo. lor. 6d. 

Beasley. — an elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley, 
M.A. Eighth Edition, revised and enlarged. Crown 8vo. 3i.6^. 

Blackburn (Hugh). — ^elements of plane trigo- 
nometry, for the use of the Junior Class in Mathematics in 
the University of Glasgow. By Hugh Blackburn, M.A.^ late 
Professor of Matheidatics in the University of Glasgow. Globe 
8vo. IS, 6d, 

Boole. — Works by G. Boole, D.C.L., F.R.S., late Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. Sup. 

Slementary Volume. Edited by I. Todhunter, Crown 8ifo. 
s. 6d, 
THE CALCULUS OF FINITE DIFFERENCES. Third 
Edition, revised by J. F. Moulton. Crown 8vo. 10*. 6d, 
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Cambridge Senate-House Problems and Riders, 
with Solutions: — 

1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. Ss, 6d. 
1878— SOLUTIONS OF SENATE-HOUSE PROBLEMS. By 

the Mathematical Moderators and Examiners. Edited by J. W. L. 

Glaisher, M.A,, Fellow of Trinity College, Cambridge. 12s. 

Cheyne. — an elementary treatise on the plan- 
etary THEORY. By C. H. H. Cheyne, M.A., F.R.A.S. 
With a Collection of Problems. Third Edition. Edited by Rev. 
A. Freeman, M.A., F.R.A.S. Crown 8vo. p. 6d. 

Christie. — a collection of elementary test- 

QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Synthetic Division, and on the 
Solution of Numerical Equations by Horner's Method. By James 
R. Chrisiie, F.R.S., Royal Military Academy, Woolwich. 
Crown 8vo. is. 6d, 

ClausiuS.— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. 10s. 6d, 

Clifford. — THE ELEMENTS OF DYNAMIC. An Introduction 
to the Study of Motion and Rest in Solid and Fluid Bodies. By W. 
K. Clifford, F.R.S., late Professor of Applied Mathematics and 
Mechanics at University College, London. Part I.—KINEMATIC. 
Crown 8vo. ^s. 6d. 

Cotterill. — applied mechanics : an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the CouncU 
of the Institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval College, Greenwich. Medium 8vo. i&. 

Day (R. E.) —electric light arithmetic. By R. E. 

Day, M.A., Evening Lecturer in Experiviental Physics at King's 
College, London. Pott 8vo. 2J. 

Drew.— GEOMETRICAL TREATISE ON CONIC SECTIONS. 
By W. H. Drew, M.A., St. John's College, Cambridge. New 
Edition, enlarged. Crown 8vo. 5^. 

Dyer. — EXERCISES IN analytical GEOMETRY. Com- 
piled and arranged by J. M. Dyer, M.A., Senior Mathematical 
Master in the Classical Department of Cheltenham College. With 
Illustrations. Crown 8vo. 4;. 6d, 
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Eagles (T. H.).— A CONSTRUCTIVE TREATISE ON PLANE 
CURVES. By T. H. Eagles, of the Royal Indian Engineering 
College, Cooper's Hill. With Illustrations. Crown 8vo. 

[fn the press, 

Edgar (J. H.) and Pritchard (G. S.). — NOTE-BOOK ON 

PRACTICAL SOLID OR DESCRIPTIVE GEOMETRY. 
Containing Problems with help for Solutions. By J. H. Edgar, 
M.A., Lecturer on Mechanical Drawing at the Royal School of 
Mines, and G. S. Pritchard. Fourth Edition, revised by 
Arthur Meeze. Globe 8vo. 4;. 6^. 

Ferrers. — Works by the Rev. N. M. Ferrers, M. A., Fellow and 
Mastei of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR CO- 
ORDINATES, the Method of Reciprocal Polars, and the Theory 
of Projectors. New Edition, revised. Crown 8vo. 6j. 6^/. 

AN ELEMENTARY TREATISE ON SPHERICAL HAR- 
MONICS, AND SUBJECTS CONNECTED WITH THEM. 
Crown 8vo. ^s, 6d, 

Forsyth,— A TREATISE ON DIFFERENTIAL EQUA- 
TIONS. By A. R. Forsyth, M.A., Fellow of Trinity College, 
Cambridge. 8vo. [In the press. 

Frost. — Works by Percival Frost, M.A., D.Sc, formerly Fellow 

of St. John's College, Cambridge ; Mathematical Lecturer at 

King's College. 
AN ELEMENTARY TREATISE ON CURVE TRACING. By 

Percival Frost, M.A. 8vo. I2j. 
SOLID GEOMETRY. A New Edition, revised and enlarged, ot 

the Treatise by Frost and Wolstenholme. In 2 Vols. * Vol. I. 

8vo. 1 6 J. 

Greaves. — a treatise on elementary statics. By 

John Greaves, M.A., Fellow of Christ's College, Cambridge. 
Crown 8v.\ [In the press, 

Greenhill.— PRACTICAL treatise on the differ- 
ential AND INTEGRAL CALCULUS. By A. G. 
Greenhill, M.A., Lecturer at the Koyal Artillery Inst tute, 
Woolwich ; formerly Fellow of Emmanuel College, Cambridge. 
Crown 8vo. [In the press. 

Hemming.— AN elementary treatise on the 

DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. 9^. 
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Ibbetson.— THE mathematical theory of per- 
fectly ELASTIC SOLIDS, with a short account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbet$on, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 
8vo. [fn the press. 

JcUct (John H,).— A TREATISE ON THE THEORY OF 
FRICTION. By John H. Jellet, B.D., Provost of Trinity 
College, Dublin; President of the Royal Irish Academy. 8vo. 

Johnson.— INTEGRAL CALCULUS, an Elementary Treatise 
on the; Founded on the Method of Rates or Fluxions. By 
William Woolsey Johnson, Professor of Mathematics at the 
United States Naval Academy, Annopolis, Maryland. Demy 
8vo. 8j. 

Kelland and Tait. — introduction to quater- 

NIONS, with numerous examples. By P. Kelland, M.A., 
F.R.S., and P. G. Tait, M.A., Professors in the Department of 
Mathematics in the University of Edinburgh. Second Edition. 
Crown 8vo. yj. 6^. 

Kcmpe.— HOW to draw a straight LINE: a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 8vo. 
IJ. dd, {Nature Series,) 

BUlOX— DIFFERENTIAL CALCULUS FOR BEGINNERS. 
By Alexander Knox. Fcap. 8vo. 3^. 6d, 

Lock.— ELEMENTARY TRIGONOMETRY. By Rev. J. B. 
Lock, M.A., Senior FeUow, Assistant Tutor and Lecturer in 
Mathematics, of Gonville and Caius Co]Iege, Cambridge ; late 
Assistant-Faster at Eton. Globe 8vo. 4r. 6d, 

HIGHER TRIGONOMETRY. By the same Author. Globe 8yo. 
.4r. 6d. 
Both Parts complete in One Volume. Globe &vo. 'js, 6d, 

Lupton. — ^ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
in Harrow School. Globe 8vo. 5j. 

Macfarlane,— PHYSICAL ARITHMETIC. By Alexander 
Macfarlanb, M.A., D.Sc, F.R.S.E., Examiner in Mathematics 
to the University of Edinburgh. Crown 8vo. ^s. 6d, 

Merriman.— ELEMENTS OF the method of least 

SQUARE. By Mansfield Merriman, Ph.D., Professor of 
Civil and Mechanical Engineering, Lehig^ University, Bethl^em, 
Penn. Crown 8vo. yj. 6</. 
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lyKiliar. — ^elements of descriptive geometry, b^ 

J.B. Millar, C.E., Assistant Lecturer in Engineering in Owens 
College, Manchester. Crown Svo. 6s* 

Milne. — WEEKLY problem papers. With Notes iatendfcdi 
for the use of students preparing for Mathematical Scholarships, 
and for the Junior Members of the Universities who are reading 
for Mathematical Honours. By the Rev. John J. Milne, M.A., 
Second Master of Heversham Grammar School, Member of the^ 
London Mathematical Society, Member of the Association for the 
Improvement of Geometrical Teaching. Pott 8vo. 4^. 6ci. 

Mergan.— A COLLECTION OF problems and ex- 
amples IN MATHEMATICS. With Answers. By H. A 
Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 
College, Cambridge Crown 8vo. 6s. 6d, 

Muir. — A TREATISE ON THE THEORY OF DETERMl*' 

NANTS. With graduated sets of Examples. For use in 
Colleges and Schools. By Thos. Muir, M.A., F.R.S.E., 
' Mathematical Master in the High School of Glasgow. Crown 
SVo. 7^. 6d, 

Parkinson.— AN elementary treatise on me- 
chanics. For the Use of the Junior Classes at the University 
and the Higher Classes in Schools. By S. Parkinson, D.D.„' 
F.R.S., Tutor and Prselector of St. John's College, Cambridge^ 
With a Collection of Examples. Sixth Edition, revised. Crown, 
8vo. gs. 6d, 

Phear.— ELEMENTARY HYDROSTATICS. With Numerous 
Examples. By J. B. Phbar, M.A., Fellow and late AsslsUnt 
Tutor of Clare College, Cambridge. New Edition. Crown 8vo. 
5J 6d. 

Pirie.— LESSONS on rigid dynamics. By the Rev. G. 
PiRIE, M.A., late Fellow and Tutor of Queen's College, Cam- 
bridge ; Professor of Mathematics in the University of Aberdeen. 
Crown 8vo. 6j. 

Puckie.— AN ELEMENTARY TREATISE ON CONIC SEC- 

TIONS AND ALGEBRAIC GEOMETRY. With Numerous 

' ' Examples and Hints for thdr Solfttion ; especially designed for the 

Use of Beginners. By G. H. PuCKLfi;. M.A. Fifth Edition, 

revised and enlarged. Crown 8vo. yj. 6d. 

Rawlinson.— ELEMENTARY STATICS. By tfie Rev. Gteorge 
Rawlinson, M. a. Edited by the Rev. Edward Stturges^ M. A. 
Crown 8vo. 4s, 6d, •• 
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Reynolds. — modern methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3^. 6d, 

Reuleaux.— THE kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C.E. 
With 450 Illustrations. Medium 8vo. 21s, 

Rice and Johnson — differential calculus, an 

Elementary Treatise on the ; Founded on the Method of Rates or 
Fluxions. By John Minot Rice, Professor of Mathematics in 
the United States Navy, and William Woolsey Johnson, Pro- 
fessor of Mathematics at the United States Naval Academy. 
Third Edition, Revised and Corrected. Demy 8vo. i6s. 
Abridged Edf tion, Ss. 

Robinson.— TREATISE ON MARINE SURVEYING. Pre- 
pared for the use of younger Naval Officers. With Questions for 
Examinations and Exercises principally trom the Papers of the 
Royal Naval College. With the results. By Rev. John L. 
Robinson, Chaplain and Instructor in the Royal Naval College, 
Greenwich. With Illustrations. Crown 8vo. 7^. 6d. 
Contents. — Symbols used in Charts and Surveying— The Construction and Use 
of Scales>-Laying off Angles— Fixing Positions by Angles — Charts and Chart- 
Drawing— Insmiments and Observing —- Base Lines— Triangulation — Levelling— 
Tides and Tidal Observations — Soundings — Chronometers — Meridian Distances 
—Method of Plotting a Survey— Miscellaneous Exercises — ^Index. 

Routh. — Works by Edward John Routh, D.Sc., LL.D., 
F.R.S., Fellow of the University of London, Hon. Fellow of St. 
Peter's College, Cambridge. 

A TREATISE ON THE DYNAMICS OF THE SYSTEM OF 
RIGID BODIES. With numerous Examples. Fourth and 
enlarged Edition. Two Vols. 8vo. Vol. I. — Elementary Parts. 
14s, Vol. II. — The Advanced Parts. 14s. 

STABILITY OF A GIVEN STATE OF MOTION, PAR- 
TICULARLY STEADY MOTION. Adams' Prize Essay for 
1877. 8vo. Ss. 6d, 

Smith (C). — Works by Charles Smith, M.A., Fellow and 

Tutor of Sidney Sussex College, Cambridge. 
CONIC SECTIONS. Second Edition. Crown 8vo. *js, 6d, 
AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 

Crown 8vo. 91. 6d, 

Snowball.— THE ELEMENTS OF PLANE AND SPHERI- 
CAL TRIGONOMETRY ; with the Construction and Use of 
Tables of Logarithms. By J. C. Snowball, M.A. New Edition. 
Crown Svo., ^s. 6d, 
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Tait and Steele.— a treatise on dynamics OF A 

PARTICLE. With numerous Examples. By Professor Tait 
and Mr. Steele. Fourth Edition, revised. Crown 8vo. izr< 

Thomson. — a treatise on the motion of vortex 

rings. An Easay to which the Adams Prize was adjudged in 
1882 in the University of Cambridge. By J. J. Thomson, Fellow 
of Trinity College, Cambridge, and Professor of Experimental 
Phjrsics in the University. With Diagrams. 8vo. 6s, 

Todhunter— Works by I. Todhunter, M.A., F.R.S., D.Sc, 
late of St. John's College, Cambridge. 

*' Mr. Todhunter is chiefly known to students of Mathematics as the author of a 
Mries of admirable mathematical text-books, which possess the rare qualities o£ being 
clear in style and absolutely free from mistakes, typographical and other." — 
Saturday Rbvibw. 

TRIGONOMETRY FOR BEGINNERS. With numerow 

Examples. New Edition. l8mo. 2s. 6d. 
KEY TO TRIGONOMETRY FOR BEGINNERS. Crown 8va 

Zs. 6d. 

MECHANICS FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. 4J. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 8vo. 
6f . 6d, 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS. New Edition, revised. Crown 8vo. ^s. 6d. 

PLANE TRIGON OMETRY. For Schools and Colleges. New 
Edition. Crown 8vo. 5j. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. loj. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. New 
Edition, enlarged. Crown 8vo. 4^. 6d, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. 7j. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. New Edition. Crown 8vo. lor. 6d, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. New Edition, 
revised and enlarged. Crown 8vo. los. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. New Edition, revised. Crown 8vo. 4*. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
\Os, 6ti, 
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!jrodhunter. — ^Works by L ToDHUNTER,.M.A., &c. (ecHtintmi)'^ 

A -HISTORY OF THE MATHEMATICAL THEORY. OF 
PROBABILITY, from. the time of Pascal to that of Lftplw^ 
8vo. i8j. 

RESEARCHES IN THE CALCULUS OF VARIATIONS, 

principally on the Theory of Discontinuous Solutions : an Essay to 
which the Adams' Prize was awarded in the University of Cam- 
bridge in 1 87 1. 8vo. dr. 

Jl HISTORY OF THE MATHEMATICAL THEORIES OF 
ATTRACTION, AND THE FIGURE OF THE EARTH, 
from the time of Newton to that of Laplace. 2 vols. 8vo. 24r. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, 
AND BESSEUS FUNCTIONS. Crown 8vo. lOf. ed. 

Wilson (J. M.).— SOLID GEOMETRY AND CONIC SEC- 
TIONS. With Appendices on Transversals and Harmonic Division. 
For the Use of Schools. By Rev. J. M. Wilson, M.A. Head 
Master of Clifton College. New Edition. Extra fcap. 8vo. 3J. 6d, 

Wilson.— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by Jl WiLSiON, M.A., 
and S. R. Wilson, B.A. Crown 8vo. 41. 6d. 

"The ezerdses seem beautifully graduated and adapted to lead a student on most 
gently and pleasantly."— £. J. Routh, F.R.S., St. Pelei'g CoHege, Cambridge. 

(See also Elementary Geometry.) 

Wilson (W. P.).— A TREATISE ON DYNAMICS. By W. 
P. Wilson, M.A., Fellow of St. John's College, Cambridge, and 
Professor of Mathematics in Queen's College, Belfast. 8vo. 
9J. 6d. 

Woolwich Mathematical Papers, for Admission into 

the Royal Military Academy, Woolwich, 1880—1884 inclusive. 
Crown 8vo. 3J. 6d. 

Wolstenholme.— MATHEMATICAL PROBLEMS, on Sub- 
jects included in the First and Second Divisions of the Schedule of 
subjects for the Cambridge Mathematical Tripos Examination. 
Devised and arranged by Joseph Wolstenholme, D.Sc.,late 
Fellow of Christ's College, sometime Fellow of St. John's College, 
and Professor of Mathematics in the Royal Indian Engineering 
Collie. New Edition, greatly enlarged. 8vo. i8j. 
EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By the same Author. \In preparation. 
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SCIENCE. 

(i) Natural Philosophy, (a) Astronomy, (3) 
Chemistry, (4) Biology, (5) Medicine, (6) Anthro- 
pology, (7) Physical Geography and Geolo^, (8) 
Agriculture, (g) Political Economy, (loj Mental 
and Moral Philosophy. 

NATURAL PHILOSOPHY. 

Airy. — Works by Sir G. B. Airy, K.C.B., formerly Astronomer- 
Royal : — 

UNDULATORY THEORY OF OPTICS. Designed for the Uae 
of Students in the University. New Edition. Crown 8vo. 6s. 6d, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With 
the Mathematical Elements of Music. Designed for the Use of 
Students in the University. Second Edition, revised and enlarged. 
Crown 8vo. gs, 

A TREATISE ON MAGNETISM. Designed for the Use oi 
Students in the University. Crown Bvo. 9r. 6d, 

GRAVITATION: an Elementary Explanation of the Principal 
Perturbations in the Solar System. Second Edition. Crown 8va 
*js, 6d, 

Airy (Osmond). — a TREATISE ON GEOMETRICAL 

OPTICS. Adapted for the Use of the Higher Classes in Schools. 
By Osmund Airy, B.A., one of the Mathematical Masters in 
Wellington College. Eictra fcap. 8vo. 3^. 6d. 

Alexander (T.). — ELEMENTARY APPLIED MECHANICS. 
Being the simpler and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of Ele- 
mentary Mathematics. By T. Alexander, C.E., Professor of 
Civil Engineering in the Imperial College of Engineeringy Tokei, 
Japan. Crown 8vo. Part I. 4t, 6d, 

Alexander — Thomson. — ELEMENTARY APPLIED 

MECHANICS. By Thomas Alexander, C.E., Professor of 
Engineering in the Imperial College of Engineering, Tokei, Japan ; 
and Arthur Watson Thomson, C.E., B.Sc, Professor of 
Engineering at the Royal College, Cirencester. Part II. Trans- 
verse Stress ; upwards of 150 Diagrams, and 200 Examples 
carefully worked out ; new and complete method for finding, at 
every point of a beam, the amount of the greatest bending 
moment and shearing force during the transit of any set of loads 
fixed relatively to one another — e.g:, the wheels of a locomotive ; 
continuous beams, &c., &c. Crown 8vo. los, 6d, 



l6 MACMILLAN'S EDUCATIONAL CATALOGUE. 

Ball (R. S.).— EXPERIMENTAL MECHANICS. A Course of 
Lectures delivered at the Royal College of Science for Ireland. 
By R. S. Ball, M.A., Professor of Applied Mathematics and 
Mechanics in the Royal College of Science for Ireland. Cheaper 
Issue. Royal 8to. lor. 6d. 

Chisholm. — THE SCIENCE OF WEIGHING AND 
MEASURING. AND THE STANDARDS OF MEASURE 
AND WEIGHT. By H.W. Chisholm, Warden of the Standards; 
With numerous Illustrations. Crown 8vo. ^r. 6d, {Nature Series,) 

Clausius.— MECHANICAL THEORY OF HEAT. By H. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. los. 6d» 

Cotterill. — APPLIED MECHANICS x an Elementary General 
Introduction to the Theory of Structures and Machines. By 
James H. Cotterill, F.R.S., Associate Member of the Council 
of the institution of Naval Architects, Associate Member of the 
Institution of Civil Engineers, Professor of Applied Mechanics in 
the Royal Naval Collie, Greenwich. Medium 8vo. i8f. 

Cumming.— AN INTRODUCTION TO THE THEORY OF 
ELECTRICITY. By LiNNiEus Cumming, M.A., one of the 
Masters of Rugby School. With Illustrations. Crown 8vo. 
%s,6d. 

Daniel!.— A TEXT-BOOK OF THE PRINCIPLES OF 
PHYSICS. By Alfred Daniell, M.A., D.Sc, Lecturer on 
Physics in the School of Medicine, Edinburgh. With Illustrations. 
Medium 8vo. 2iJ. 

Day. — ELECTRIC LIGHT ARITHMETIC. By R. E. Day, 
M.A., Evening Lecturer in Experimental Physics at King's 
College, London. Pott 8vo. 2J. 

Everett.— UNITS and PHYSICAL CONSTANTS. By J. D. 
Everett, F.R.S., Professor of Natural Philosophy, Queen's 
College, Belfast. Extra fcsq?. 8vo. 4r. 6d, 

Gray.— ABSOLUTE measurements in electricity 

AND magnetism. By Andrew Gray, M.A, F.R.S.E., 
Professor of Physics in the University College of North Wales. 
Pott 8va zs,6d. 
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Grove. —A dictionary of music and musicians. 

By Eminent Writers, English and Foreign. Edited by Sir Georgb 
Grove, D.C.L., Director of the Royal College of Music, &c. 
Demy 8vo. 

Vols. I., II., and III. Price 21 j. each. 

Vol. I. A to IMPROMPTU. Vol. II. IMPROPERIA to 
plain SONG. Vol. III. PLANCHE TO SUMER IS 
ICUMEN in. Demy 8vo. cloth, with Illustrations in Music 
Type and Woodcut. Also published in Parts. Parts I. to XIV., 
Parts XIX. and XX., price 3^. 6^. each. Parts XV., XVI., price 7^. 
Parts XVII., XVIII., price p, 
" Dr. Grove's Dictionary will be a boon to every intelligent lover <^ mmricrf— 
Satmrday Review. 

Huxley.— INTRODUCTORY PRIMER OF SCIENCE. By T. 
H. Huxley, P.R.S., Professor of Natural History in the Royal 
School of Mines, &c. i8mo. u. 

Ibbetson.— -THE mathematical theory of per- 
fectly ELASTIC SOLIDS, with a Short Account of Viscous 
Fluids. An Elementary Treatise. By William John Ibbetson, 
B.A., F.R.A.S., Senior Scholar of Clare College, Cambridge. 8vo. 

Kempe.— HOW to draw a straight line ; a Lecture 
on Linkages. By A. B. Kempe. With Illustrations. Crown 
8vo. I J. (>d. {^Mature Series. ) 

Kennedy. — mechanics of machinery. By a. b. w. 

Kennedy, M.ln-^t.C.E., Professor of Engineering and Mechani- 
cal Technology in University College, London. With Illus- 
trations. Crown 8vo. \In the press, 

Lang. — EXPERIMENTAL PHYSICS. By P. R. ScoTT Lang. 
M. A., Professor of Mathematics in the University of St. Andrews. 
Crown 8 vo. \In preparation, 

Lupton.— NUMERICAL TABLES AND CONSTANTS IN 
ELEMENTARY SCIENCE. By Sydney Lupton, M.A., 
F.C.S., F.I.C., Assistant Master at Harrow School. Extra fcap. 
8vo. 2j. dd. 

Macfarlane, — physical arithmetic. By Alexander 
Macfarlane, D.Sc, Examiner in Mathematics in the University 
of Edinburgh, is. 6d. 

Martineau (Miss C. A.). — easy LESSONS ON HEAT. 

By Miss C. A. Martineau. Illustrated. Extra fcap. 8vo. zs. 6d, 
Mayer. — sound : a Series of Simple, Entertaining, and Inex- 
pensive Experiments in the Phenomena of Sound, for the Use of 
Students of every age. By A. M. Mayer, Professor of Physics 
in the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 2s, 6d, {Nature Series.) 
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Mayer and Barnard.— light : a Series of Simple,. Blltot- 
taining, and Inexpensive Experiments in the Phenomena of Light, 
for the Use of Students of ever>' age. By A. M. Mayer and C. 
Barnard. With numerous Illustrations. Crown 8vo. 2Jt, 6d, 
{Nature S&ies J) 

Newton.— PRINCIPIA. Edited by ProfeFsor Sir W. Thomson 
and Professor Blackburne. 4to, cloth. 31J. 6flf. 
TilE FIRST THREE SECTIONS OF NEWTON'S PRIN- 
CIPIA. With Notes and Illustrations. Also a Collection of 
Problems, principally intended as Example? of Newton's Methods. 
By Percival Frost, M.A. Third Edition. 8vo. I2j. 

Parkinson. — a treatise on optics. By S. Parkinson, 
DJP., F.R.S., Tutor and Pradector of St. John's College, Cam- 
bridge. Fourth Edition, revised and enlarged. Crown 8vo. lOf. dd* 

Perry. — steam, an elementary treatise. By 

John Perry, C-E., Whitworth Scholar, Fellow of the Chemioal 
Society, Pr »fessor of Mechanical Engineering and Applied Mech- 
anics at the Technical College, Finsbury. With numerous Wood- 
cuts and Numerical Examples and Exercises. i8mo. 4;. dd, 

Ramsay.— experimental proofs of chemicai, 

THEORY FOR BEGINNERS. By William Ramsay, Ph.D., 
Professor of Chemistry in Univdrsity College, Bristol. Pott 8vo. 
Zf. (id, 

Rayleigh.— THE THEORY OF SOUND. By Lord Rayleigh, 
M.A., F.R.S., formerly Fellow of Trinity College, Cambridge, 
8vo. Vol. I. I2J. 6flf. Vol. II. I2J. (id. [Vol. III. in tkeprcs, 

Reuleaux. — the kinematics of machinery. Out- 
lines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, C^. 
With 450 Illustrations. Medium 8vo. 21^. 

Shann. — ^an elementary treatise on heat, in 
relation to steam and the steam-engine. 

By G. Shann, M.A. With Illustrations. Crown 8va4J. 6d, 

iSpOttiswOOde.— polarisation of light. By the late 
W. Spottiswoode, P.R.S. With many Illustrations, New 
Edition. Crown 8vo. 3J. 6d. {Nature Series,) 

Stewart (Balfour). — Works by Balfour Stewart, F.R.S., 
Professor of Natural Philosophy in the Victoxia Unitcrsity the 
Owens College, Manchester. 
PRIMER OF. PHYSICS. With numerous Illustrations. New 
Edition, with Questions. i8mo. is. {Seience Primers,) 
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.Stewart (Balfoui:).^Works by (n?«/wi«^^— 

^.ESSQNS IN ELEMENTARY PHYSICS. With nu^ierons 

Illustrations and Chromolitho of the Spectra of the Swn, ^Stars, 

and Nebulae. New Edition. Fcap. .8vo. 4s. 6d* 'J 

QUESTIONS ON BALFOUR STEWARTS ELEMENTARY 

LESSONS IN PHYSICS. By Prof. Thomas H. Cq^e, Owens 

College, Manchester. Fcap. 8vo. zs. 

Stewart— Gee. — elementary practical physics, 

LESSONS IN. By Professor Balfour Stewart, F.R.S., and 

W. Haldane Gee. CvovaiSro/ • 
Part I.— GENERAL PHYSICAL PROCESSES. 6s, ; a 

Part II.^OPTICS, HEAT, AND SOUND. [/« preparaiSn. 

Part IIL— ELECTRICITY AND MAGNETISM, {/n preparation, 
A SCHOOL COURSE OF PRACTICAL PHYSICS, ^y the 

fame authors. [In ptiiparAt^ 

Stokes. — ON LIGHT. Burnett Leclnres. First Course. On the 

Nature op Light. Delivered in Aberdeen in November 1883. 

By George Gabriel Stokes, M.A.» F.R.S., &c., feflow ^f 

Pembroke College, and Lucasian Professor of Mathematics in the 

University of Cambridge. Crown 8vo. 2j. 6d. 

Stone.— AN ELEMENTARY TREATISE ON SOUND. By 
W. H. Stone, M.B. With Illustrations. i8mo. y. 6<i - 

Tait.— HEAT. By P. G. Tait, M.A.% Sec. R.S.E., formerly 
Fellow of St. Peter's College, Cambridge, Professor of Natural 
Philosophy in the University of Edinburgh. Crown Bro, 6jr. i 

Thojppeojn.— ELEMENTARY LESSONS IN ELECTRICITY 
AND MAGNETISM. By Silvanus P. Thompson, Principal 
and Professor of Physics in the Technical College, Finsbury. With 
Illustrations. New Edition. Fcap. 8vo. 4s, 6d, 

Thomson. — ELECTROSTATICS AND MAGNETISM, RE- 
PRINTS OF PAPERS ON. By Sir William Thomson, 
D.C.L., LL.D., F.R.S., F.R.S.E., Fellow of St. Peter's College, 
Cambridge, and Professor of Natural Philosophy in the University 
of Glasgow. Second Edition. Medium 8vo. i8j. 

Thomson.— THE MOTION OF VORTEX RINGS, A 
TREATISE ON. An Essay to which the Adams Prize was 
adjudged in 1882 ia the University of Cambridge. By J. J, 
Thomson, Fellow of Trinity College, Cambridge, and Profesisor 
of Experimental Physics in the University. With Diagrams. 8vo. 

Todhunter.— NATURAL PHILOSOPHY FOR BEGINNEfi^. 
By I. ToOHtJNTER, M.A., F.R.S., D.Sc. 
Part I. The Properties of Solid and Fluid Bodies. iSmo. jj. 6rf. 
Patt II. Sound, Light, and Heat. i8mo» 3^. 6d. 
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Turner.— HEAT and electricity, a collection of 

EXAMPLES ON. By H. H. Turner, B.A., Fellow of Trinity 
College, Cambridge. Crown 8vo. 2s, 6d. 

Wright (Lewis). — light ; a course of experi- 
mental OPTICS, chiefly with the lantern. 

By Lewis Wright. With nearly 200 Engravings and Coloured 
Plates. Crown 8vo. p, 6d. 

ASTRONOMY. 

Airy. — ^popular astronomy, with illustrations by Sir 
G. B. Airy, K.C.B., formerly Astronomer-Royal. New Edition. 
l8mo. 4s, 6d» 

Forbes.— TRANSIT of VENUS. By G. Forbes, M.A., 
Professor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. y. 6d, {Nature Series,) 

Godfray. — Works by Hugh Godfray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 
A TREATISE ON ASTRONOMY, for the Use of Colleges and 

Schools. New Edition. 8vo. 12s. 6d, 
AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 

with a Brief Sketch^ of the Problem up to the time of Newton. 

Second Edition, revised. Crown 8vo. 5/. 6d. 

Lockyer. — Works by J. Norman Lockyer, F.R.S. 

PRIMER OF ASTRONOMY. With numerous Illustrations. 
New Edition. i8mo. is. {Science Primers.) 

ELEMENTARY LESSONS IN ASTRONOMY. With Coloured 
Diagram of the Spectra of the Sun, Stars, and Nebulae, and 
numerous Illustrations. New Edition. Fcap. 8vo. 5^. 6d, 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS IN 
ASTRONOMY. For the Use of Schools. By John Forbes- 
Robertson. i8mo, cloth limp, is, 6d, 

Hewcomb. — popular astronomy. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With 112 Illustrations 
and 5 Maps of the Stars. Second Edition, revised. 8vo. 18^. 
'*It is unlike anything else of its kind, and will be of more use in circulating a 

knowledge of Astronomy than nine-tenths of the books which have appeared on Uie 

subject of late years."— Saturday Review. 

CHEMISTRY. 

Fleischer.— A SYSTEM OF VOLUMETRIC ANALYSIS. 
Translated, with Notes and Additions, from the Second German 
Edition, by M. M. Pattison Muir, F.R.S.E. Widi Illustrations, 
Crown 8vo. 7/. 6d, 
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Jones. — Works by Francis Jones, F.R.S.E., F.C.S., Chemical 
Master in the Grammar School, Manchester. 

THE OWENS COLLEGE JUNIOR COURSE OF PRAC- 
TICAL CHEMISTRY. With Preface by Su- Henry Roscoe, 
F.R.S., and Illustrations. New Edition. i8mo. 2s, 6d, 

QUESTIONS ON CHEMISTRY. A Series of Problems and 
Exercises in Inorganic and Organic Chemistry. Fcap. 8vo. 3^. 

Landauer. — blowpipe analysis. By j. Landauer. 

Authorised English Edition by J. Taylor and W. E. Kay« of 
Owens College, Manchester. Extra fcap. 8vo. 4r. 6d, 
Lupton.— ELEMENTARY CHEMICAL ARITHMETIC. With 
1,100 Problems. By Sydney Lupton, M.A., Assistant-Master 
at Harrow. Extra fcap. Svo. 5j. 

Muir.— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. Svo. u. 6d. 

Muir and Wilson.— the elements of thermal 

CHEMISTRY. By M. M. Pattison Muir, M.A., F.R.S.E., 
Fellow and Prselectdr of Chemistry in Gonville and Cains College, 
Cambridge ; Assisted by David Muir Wilson. Svo. [In the press, 
Roscoe. — Works by Sir Henry E. Roscos, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, Manchester. 

PRIMER OF CHEMISTRY. With numerous Illustrations. New 
Edition. With Questions. l8mo. is. (Science Primers). 

LESSONS IN ELEMENTARY CHEMISTRY, INORGANIC 
AND ORGANIC. With numerous Illustrations and Chromolitho 
of the Solar Spectrum, and of the Alkalies and Alkaline Earths. 
New Edition. Fcap. Svo. 4J. 6d, 

A SERIES OF CHEMICAL PROBLEMS, prepared with Special 
Reference to the foregoing, by T. E. Thorpe, Ph.D., Professor 
of Chemistry in the Yorkshire Collie of Science, Leeds, Adapted 
for the Preparation of Students for the Government, Science, and 
Society of Arts Examinations. With a Preface by Sir Henry E. 
Roscoe, F.R.S. New Edition, with Key. i8mo. 2J. 

Roscoe and Schorlemmer. — inorganic and or- 
ganic CHEMISTRY. A Complete Treatise on Inorganic and 
Organic Chemistry. By Sir Henry E. Roscoe, F.R.S., and 
Professor C. Schorlemmer, F.R.S. With numerous Illustrations. 
M^ium Svo. 

Vols. I. and II.— INORGANIC CHEMISTRY. 

Vol. I.— The Non-Metallic Elemente. 21s. Vol. II. Part I.— • 
Metals. i8j. Vol. II. Part II.— Metals. i8j. 

Vol. HI.— ORGANIC CHEMISTRY. Two Parts. 
THE CHEMISTRY OF THE HYDROCARBONS and their 
Derivatives, or ORGANIC CHEMISTRY. With numer«us 
Illustrations. Medium Svo. 21s, each. 
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Schorlciniaer.™A MANUAL of the chemistry OF " 

THE CARBON COMPOUNDS, Ok ORGANIC CHE- 
MISTRY: By C. Schorlemmer, F.R.S,, Professor of Che- 
mistry in the Vifitoria Uraversity the Owens College, Mancliesler. 
With Ilkistratiotts. 8vo. 14s, 

Thorpe.— A series of chemical problems, jw^pared 
1^ith Special Reference to Sir H. Roscoc'S Lessaas in Matiak^^ 
ioiy Chemistry, by T. E. Thorpe, Pb.D., Professor of ChAmifttry 
ill the Yorkshire College of Science, Leeds, adapted for the PJre- 
paration of Students for the Governmeat, Sei^nee) and Soct^ of 
Arts Examinations. With a Preface by Sir Henry E. Roscoe. 
New Edition, with Key. i8mo. 2s. 

Thorpe and Riicker. — a TREATISE ON CHEMICAL 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 
RiJCKER, of the Yorkshire College of Science. Illustrated. 
8^c [In prtp&raH(ml^ 

Wright.— METALS AND THEIR CHIEF INDUSTJIIAL 
APPLICATIONS. By C. Alder Wright, I^-Sc, &c., 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
fiiEtntfcap. 8vo. 3^4 6d. 

BIOLOGY. 

Allttl.— ON THE COLOUR OF FLOWERS, as lUustrated in 
the British Flora. By Grant Allen. With Illustrations. 
Crown 8 vo. ^,6d. {Nature Series.) 

Balfour. — A treatise on comparative embry- 
ology. By F. M. Balfour, M.A., F.R.S., FcUow and 
Leicturer of Trinity Collie, Cambridge. With Illustrations. 
Second Edition. In 2 vols. 8vo. Vol. I. i8j. Vol. Ii: 2W. 

Bettany.— FIRST lessons in practical botany. 

. By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at Guy's 
Hospital Medical School. i8mo. is. 

Bow«r— Vines. — A COURSE OF practical instruc- 
tion IN BOTANY. By F. O. BoWER, M.A., F.L.S., 
Professor of Botany in the University of Glasgow, and SYDNEY 
H. Vines, M.A., D.Sc, F.L.S., Fellow and Lecturer, Christ's 
Colk^e, Cambridge. With a Preface by W. T. TniaELTON 
Dyer, M.A., C.M.G., F.R.S., F.L.S., Assistant Director of 
the Royal Gardens, Kew. Crown 8vo. 

Part L— PHANEROGAMili— PTERIDOPHYTA. Crown 8vo. 
6^. 
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Darwin (Charles).— memorial notices ofcharles 

DARWIN, F.R.S., &c By Professor Huxley, P.R.S., G. J. 
Romanes, F.R.S., Archibald Geikie, F.R.S., and W. T. 
ThiseLTON Dyer, F:R.S. Reprinted froai Nature, With *. 
Portrait, eng:raved by C. H. Jeens, Crown 8vo. 'is,6d!i'' 
{Nature Series,) 

Flower (W. H.)— an introduction to the oste- 
ology OF THE MAMMALIA. Being the substance of the 
Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By Professor W. H. Flower, F.R.S.|.; 
F.R.C.S. With numerous Illustrations. New Edition, enlarged? ' 
Crown Svo. los, 6d. 

Foster. — Wc«:ks by Michael Foster, M.D., Sec R.S., Tvo6bsso 
of Physiology in the University of Cambridge. 

PRIMER OF PHYSIOLOGY. With numerous Illustrations. 
New Edition. i8mo. is, 

A TEXT-BOQK OF PHYSIOLOGY. With lUustrations. FouA 
Edition, revised. 8yo. 21s, 

Poster and Balfour.— THE ELEMENTS OF EMBRY- 
OLOGY. By Michael Foster, M.A., M.D., LL.D., Sec. R.S., 
Professor of Physiology in the University of Cambridge, Fellow 
of Trinity College, Cambridge, and the late Francis M. Balfour, 
M.A., LL.D., F.R.S., Fellow of Trinity College, Cambridge, 
and Professor of Animal Morphology in the University. Second 
Edition, revisjed. Edited by Adam Sedgwick, M.A., FeUow-. 
and Assistant Lecturer of Trinity College, Cambridge, and WALTER 
Heape, Demonstrator in the Morphological Laboratory of the 
University of Cambridge. With Illustrations. Crown 8vo. los, 6d, 

Foster and Langley, — a COURSE OF elementarv 
PRACTICAL PHYSIOLOGY. By Prof. Michael Foster, 
M.D., Sec. R.S., &c., and J. N. Langley, M.A., F.R.S., Fellow 
of Trinity College, Cambridge. Fifth Edition. Crown Svq, p, 6d, 

Gamgcs.— A text-book of the physiological 

C-HEMISTRY OF THE ANIMAL BODY. Including an 
Account of the Chemical Chartgeo occurring in I.)i icase. By A. 
Gamgee, M.D., F.R.S., Professor of Physiology in the Victoria 
University the Owens College, Manchester. 2 Vols. Svo. 
With lUustrations. Vol. I. i^s. [Vol, II. in the press, 

Gegenbaur.— ELEMENTS OF comparative anatomy. 

By Professor Carl Gegenbaur. A Translation by F. Jeff»K¥ 
Bell, B.A- Revised with Preface by Professor E. Ray L\n- 
KESTER, F.R.S, With numerous Illustrations. 8vo. 2I#. 
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Gray.— STRUCTURAL botany, or organography 

ON THE BASIS OF MORPHOLOGY. To which, are added 
the principles of Taxonomy and Phytographj, and a Glossary of 
Botanical Terms. By Professor AsA Gray, lLd. 8vo. los, 6ii, 

Hooker. — Works by Sir J. D. Hooker, K.C.S.I., C.B., M.D., 

frsd.cl. 

. PRIMER OF BOTANY. With numerous Illustrations. New 
Edition. i8mo. is, {Science Printers^ 
THE STUDENTS FLORA OF THE BRITISH ISLANDS. 
Third Edition, revised. Globe 8vo. los. 6d, 

Howes.— AN ATLAS OF PRACTICAL ELEMENTARY 
BIOLOGY. By G. B. Howes, Demonstrator of Biology, 
Normal School of Science and Royal School of Mines, Lecturer 
in Comparative Anatomy, St. George's Hospital Medical S chool, 
London. With a Preface by Professor Huxley, P.R.S. Royal 
4to. I4f. 

Huxley. — Works by Professor HuxLEY, P.R.S. 
INTRODUCTORY PRIMER OF SCIENCE. l8mo. u. 

{Science Primers,) 
LESSONS IN ELEMENTARY PHYSIOLOGY. With numerous 

Illustrations. New Edition Revised. Fcap. 8vo. 41. 6d, 
QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 

By T. Alcock, M.D. i8mo. is, 6d. 
PRIMER OF ZOOLOGY. i8mo. {Science Primers, ) 

[In preparation. 

Huxley and Martin.— a COURSE OF practical in 

STRUCTION IN ELEMENTARY BIOLOGY. By Professor 
Huxley, P.R.S., assisted by H. N. Martin, M.B., D.Sc. New 
Edition, revised. Crown 8vo. 6s, 

LankeSter. — Works by Professor E. Ray Lankester, F.R.S. 
A TEXT BOOK OF ZOOLOGY. Crown 8vo. \In preparation, 
DEGENERATION : A CHAPTER IN DARWINISM. Illus- 
trated. Crown 8vo. 2s, 6d, {Nature Series,) 

Lubbock. — Works by Sir John Lubbock, M.P., F.R.S.,D.C.L. 

THE ORIGIN AND METAMORPHOSES OF INSECTS- 
With numerous Illustrations. New Edition. Crown 8vo. y. 6d» 
{Nature Series.) 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. With numerous Illustrations. New 
Edition. Crown 8vo. 4s, 6d, {Nature Series), 

M'Kendrick.— OUTLINES OF PHYSIOLOGY IN ITS RE- 
LATIONS TO MAN. By J. G. M'Kendrick, M.D., F.R.S.E, 
With Illustrations. Crown 8vo. 12s, 6d, 
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Martin and Moale.— on the dissection OF verte- 
brate ANIMALS. By Professor H. N. Martin and W. A. 
Moale. Crown 8vo. [In preparation. 

(See also page 41.) 

Mivart. — Works by St. George Mivart, F.R.S. Lecturer in 

Comparative Anatomy at St. Mary's Hospital. 
LESSONS IN ELEMENTARY ANATOMY. With upwards 01 

400 Illustrations. Fcap. 8vo. 6s. 6d» 
THE COMMON FROG. With numerous Illustrations. Crown 

8vo. y. 6d. {Nature Series,) 

MuUer.— THE FERTILISATION OF FLOWERS. By Pro- 
fessor Hermann Muller. Translated and Edited by D'Arcy 
W. Thomkon, B.A., Scholar of Trinity College, Cambridge. 
With a Preface by Charles Darwin, F.R.S. With numerous 
^ Illustrations. Medium 8vo. 21s, 
Oliver. — Works by Daniel Oliver, F.R.S., &c., Professor of 
Botany in University College, London, &c. 
FIRST BOOK OF INDIAN BOTANY. With numerous Illus- 
trations. Extra fcap. 8vo. 6s, 6d, 
LESSONS IN ELEMENTARY BOTANY. With nearly 200 
Illustrations. New Edition. Fcap. 8vo. 4s, 6d. 

Parker.— A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. London, 
Professor of Biology in the University of Otago, New Zealand. 
With Illustrations. Crown 8vo. &y. 6d, 

Parker and Bettany.— the MORPHOLOGY OF THE 

SKULL. By Professor Parker and G. T. Bettany. Illus- 
trated. Crown 8vo. 10s, 6d, 

Romanes. — ^the scientific evidences of organic 

EVOLUTION.. By G. J. Romanes, M.A., LL.D., F.R.S., 
Zoological Secretary to the Linnean Society. Crown 8vo. 2S, 6d. 
{JVature Series.) 

Smith.—Works by John Smith, A.L.S., &c. 
A DICTIONARY OF ECONOMIC PLANTS. Their History, 

Products, and Uses. 8vo. 14s. 
DOMESTIC BOTANY : An Exposition of the Structure and 
Classification of Plants, and their Uses for Food, Clothing, 
Medicine, and Manufacturing Purposes. With Illustrations. New 
Issue. Crown 8vo. I2s, 6d, 

Smith (W. G.)— DISEASES OF FIELD AND GARDEN 
CROPS, CHIEFLY SUCH AS ARE CAUSED BY FUNGI. 
By WoRTHiNoyoN G. Smith, F.L.S., M.A.I., Member of the 
Scientific Committee R.H.S. With 143 New Illustrations drawn 
and engraved from Nature by the Author. Fcap. 8vo. 4s, 6d. 
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Wiedersheim (Prof.).— manual OF COMPARATIVE 

ANATOMY. Translated and Edited by Prof. W. N. Parker. 
With Illastrations. Crown 8vo. [In preparation, 

MEDICINE. 

Brunton. — Works by T. Lauder Brunton, M.D., D.Sc, 
F.R.C.P., F.R.S., Assistant Physician and Lecturer on Materia 
Medica at St. Bartholomew's Hospital ; Examiner in Materia 
Medica in the Univensity of London, in the Victoria Universityi 
and in the Royal Collie of Pfaysiciins, London ; late Eimmin^r 
in the University of Edinburgh. 

A TEXT-BOOK OF PHARMACOLOGY, THERAPEUTICS, AND 
MATERIA MEDICA. Adapted to the United States Pharma- 
copoeia, by Francis H. Williams, M.D., Boston, Mass. 
Medium 8vo. 21/. 

TABLES OF MATERIA MEDICA: A Companion to the 
Materia Medica Museum. With Illustrations. New Edition 
Enlarged. 8vo. loj. td, 

Hamilton.— A TEXT-BOOK OF PATHOLOGY. By D. J. 
Hamilton, Professor of Pathological Anatomy (Sir Erasmus 
Wilson Chair), University of Aberdeen. 8vo. \In preparation, 

Klein.— MICRO-ORGANISMS AND DISEASE. An Intro- 
duction into the Study of Specific Micro- Organisms. By E. 
. Klein, M.D., F.R.S., Joint Lecturer on General Anatomy and 
Physiology in the Medical School of St. Bartholomew's Hospital, 
London. With 108 Engravings. Second Edition. Fcap.Svo. 4s. 6d, 

Ziegler-Macalister.— TEXT-BOOK OF PATHOLOGICAL, 

ANATOMY AND PATHOGENESIS. By Professor Ernst 
ZiEGLER of Tiibingen. Translated and Edited for English 
Students by Donald Macalister, M. A., M.D., B.Sc, M.R.C.P., 
Fellow and Medical Lecturer of St. John's College, Cambridge 
Physician to Addenbrooke's Hospital, and Teacher of Medicine in 
the University. With numerous Illustrations. Medium 8vo. 

Part I.— GENERAL PATHOLOGICAL ANATO:,IY. 12s. 6d. 

Part IL— SPECIAL PATHOLOGICAL ANATOMY. Sections 
L— VIII. 12;. 6d. Sections IX.— XVII. in the press, 

ANTHROPOLOGY. 

,Flower.— FASHION IN DEFORMITY, as Illustrated in the 
Customs of Barbarous and Civilised Races. By Professor 
Flower, F.R.S., F.R.CiS. With lUustrations. Crown 8vo, 
is. 6(i. {Nature Series,) 
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Tylor. — ANTHROPOLOGY. An Introduction to the Study of 
Men and Civihsation. ByE. B. TYLOR, D.C.L., F.R^S. WiQi 
numerous IUu«tratk>ns. Crown Svo. 7/. 6d» 



PHYSICAL GEOGRAPHY & GEOLOGY. 

Blanford.— THE RUDIMENTS OF PHYSICAL GEOGRAr^ 
PHY FOR THE USE OF INDIAN SCHOOLS ; with a 
Glossary of Technical Terms employed. By H. F. Blanford, 
•F.R.S. New Edition, with Illustrations. Globe Svo. 2s, 6d, 

Geikic— ••Works by Archibald Geikie, LL.D., F.R.S., Director- 
General of the Geological Survey of Great Britain and Ireland, and^ 
Director of the Museum of Practical Geology, London, formerly^ 
Murchison Professor of Geology and Mineralogy in the University 
<rf Edinburgh, &c. 

PRIMER OF PHYSICAL GEOGRAPHY. With numerous 
Illustrations. New Edition. With Questions. i8mo. u. 
{Science Primirs,) 

ELEMENTARY LESSONS IN PHYSICAL GEOGRAPHY. 
With numerous Illustrations. New Edition. Fcap. Svo, 4f. 6d, 
QUESTIONS ON THE SAME. ix. Sd. 

PRIMER OF GEOLOGY. With numerous Illustrations. New 
Edition. iSmo. u, (Science Primers,) 

CLASS-BOOK OF GEOLOGY. For the use of Colleges and 
Schools. With Illustrations. Fcap. Svo. \Ih preparation, 

TEXT-BOOK OF' GEOLOGY. With uuaiccotts Illustrations. 
Second Edition, Revised and Enlarged. Svo. aSj, 

^ OUTLINES OF FIELD GEOLOGY. With lUustrations. New 
Edition. Extra fcap. Svo. 3^. 6d. 

Huxley,— PHYSIOGRAPHY. An Introduction to the Study 
of Nature. By Professor Huxley, P.R.S. With numerous 
Illustrations, and Coloured Plates. New and Cheaper Edition. 
Crown Svo. 6s, 

Phillips.— A TREATISE ON ORE DEPOSITS. By J. Arthur 
Phillips, F.R.S., V.P.G.S., F.C.S., M.Inst.C.E., Ancien El^e 
de r^cole des Mines, Paris ; Author of *' A Manual of Metallurgy, 
"The Mining and Metallurgy of Gold and Silver," &c. With. 
Butxierous Illustrations. Svo. 251. 
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AGRICULTURE. 
Prankland. — agricultural chemical analysis, 

A Handbook of. By Percy Faraday Frankland, Ph.D., 
B.Sc., F.C.S., Associate of the Royal School of Mines, and 
Demonstrator of Practical and Agricultural Chemistry in the 
Normal School of Science and Royal School of Mines, South 
Kensington Museum. Founded upon LeUfadmfur die Agriculture 
Ckemiche Analyse^ von Dr. F, Krocker. Crown 8vo. yj. 6^1 
Smith (Worthington G.). — DISEASES OF FIELD AND 
GARDEN CROPS, CHIEFLY SUCH AS ARE CAUSED BY 
FUNGL By Worthington G. Smith, F.L.S., M.A.I., 
Member of the Scientific Committee of the R.H.S. With 143 
Illustrations, drawn and engraved from Nature by the Author. 
Fcap. 8vo. 4J. dd. 

Tanner. — Works by Henry Tanner, F.C.S., M.R.A.C., 
Examiner in the Principles of Agriculture under the Government 
Department of Science ; Director of Education in the Institute of 
Agriculture, South Kensington, London; sometime Professor of 
Agricultural Science, University College, Aberystwith. 
ELEMENTARY LESSONS IN THE SCIENCE OF AGRI- 
CULTURAL PRACTICE. Fcap. 8vo. 3^. 6^. 
FIRST PRINCIPLES OF AGRICULTURE. i8mo. \s, 
THE PRINCIPLES OF AGRICULTURE. A Series of Reading 
Books for use in Elementary Schools. Prepared by Henry 
Tanner, F.C.S., M.R.A.C. Extra fcap. 8vo. 
I. The Alphabet of the Principles of Agriculture. fiflT. 
II. Further Steps in the Principles of Agriculture, ix. 
III. Elementary School Readings on the Principles of Agricoltare 
for the third stage, ix. 

POLITICAL ECONOMY. 

CoSSa.— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGi CossA, Professor in the University 
of Pavia. Translated from the Second Italian Edition. With a 
Preface by W. Stanley Jevons, F.R.S. Crown Svo. 4J. 6^. 
Fawcett (Mrs.). — Works by Millicent Garrett Fawcett: — 
POLITICAL ECONOMY FOR BEGINNERS, WITH QUES- 
TIONS. Fourth Edition. l8mo. 2x. td, 
TALES IN POLITICAL ECONOMY. Crown 8vo. 35. 

Fawcett.— A manual of political economy. By 

Right Hon. Henry Fawcett, F.R.S. Sixth Edition, revised, 
with a chapter on "State Socialism and the Nationalisation 
of tiie Land," and an Index. Crown 8vo. I2J. 
Jevons.— PRIMER OF POLITICAL ECONOMY. By W. 
Stanley Jevons, LL.D., M.A., F.R.S. New Editioa iSmo. 
II. {Science Primers,) 
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Marshall.— THE economics of industry. By A. 

Marshall, M.A., Professor of Political Economy in the Uni- 
versity of Cambridge, and Mary P. Marshall, kte Lecturer at 
Newnham Hall, Cambridge. Extra fcap. 8vo. 2s, 6d, 

Sidgwick. — THE PRINCIPLES of POLITICAL ECONOMY. 
By Professor Henry Sidgwick, M.A., LL.D., Knightbridge 
Professor of Moral Philosophy in the University of Cambridge, 
&c.. Author of "The Methods of Ethics." 8vo. i6j. 

Walker. — political economy. By Francis A. Walker, 
M.A., Ph,D., Author of "The Wages Question," "Money," 
" Money in its Relation to Trade," &c. 8vo. icxr. 6d. 

MENTAL & MORAL PHILOSOPHY. 

Calderwood,— HANDBOOK OF moral philosophy. 

By the Rev. Henry Calderwood, LL.D., Professor of Moral 
Philosophy, University of Edinburgh. New Edition. Crown 8vo. 

Clifford. — SEEING AND THINKING. By the late Professor 
W. K. Clifford, F.R.S. With Diagrams. Crown 8vo. y, 6d, 
{Nature Series.) 

Jardine.— THE elements of the psychology OF 

COGNITION. By the Rev. Robert Jardine, B.D., D.Sc. 
(Edin.), Ex-Principd of the General Assembly's College, Calcutta. 
Second Edition, revised and improved. Crown 8vo. 6s. Sd. 

Jevons. — Works by the late W, Stanley Jevons, LL.D., M.A., 
F R S 

PRIMER OF LOGIC. New Edition. i8mo. is. (Science 
Primers.) 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. New Edition. Fcap. 8vo. $s. 6d. 

THE PRINCIPLES OF SCIENCE. A Treatise on Logic and 
Scientific Method. New and Revised Edition. Crown 8vo. 

I2J. 6d. 

STUDIES IN DEDUCTIVE LOGIC. Second Edition. Crown 
8vo. dr. 

Keynes. — formal logic. Studies and Exercises in. Including 
a Generalisation of Logical Processes in their application to 
Complex Inferences. By John Neville Keynes, M.A., late 
Fellow of Pembroke College, Cambridge. Crown 8vo. lor. 6d. 

Sidgwick.— THE METHODS OF ETHICS. By Professor 
Henry Sidgwick, M. A., LL.D. Cambridge, &c. Third Edition. 
Syo. 14J. A Supplement to the Second Edition, containing all 
the important Adoitions and Alterations in the Third Edition. 
Demy 8yo. 6s. 
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Arnold (T,).— THE SECOND PUNIC WAR, By TwoMAs 
Arnold, D.D. Edited with Introduction and Notes. By W. T. 
Arnold, B.A. Crown 8vo, [Infhe-frtss, 

Arnold (W;T.).— the roman system of provincial 

ADMINISTRATION TO THE ACCESSION of CONSTAN- 

tine the GREAT. By W. T. Arnold, B. A. Crow;i 8vo. 6s. 

"Ought to prove a valuable handbook to the , student Qf Roman historv;'*— 

GOkltDlAN. ^ ^ 

©eesly.— STORIES FROM THE HISTORY OF .B^OME. 
By Mrs. BitESLY. Fcap. 8vo. 2s. 6d. 

Brook.— FRENCH HISTORY FOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. 6s. 

Bryce. — the holy roman empire. By James Bryce, 
p. C.L. , Fellow of Oriel College, and R egius Professor of Civil Law 
in the University of Oxford. Seventh Edition. Crown 8v6. *js. 6d. 

Buckley.— A HISTORY OF ENGLAND FOR BEGINNERS. 
By Arabella Buckley. Globe 8vq. \In preparation. 

Clarke.— CLASS-BOOK OF GEOGRAPHY. By C. B. Clarke, 
M.A., F.L.S., F.G.S., F.R.S. New Edition, with Eighteen 
Coloured Maps. Fcap. 8vo. 3^. 

Freeman.— OLD English history. By Edward a. 

Freeman, D.C.L., LL.D., Regius Professor of Modern. History 
in the University of Oxford, &c. With Five Coloured Mik^- 
N^w Edition. Extra fcap. 8vo. 6s. ^ 

A SCHOOL HISTORY OF ROME. ,By the same author. Crown 
8vo. [In preparcOion, 

Fyffe.— A SCHOOL HISTORY OF GREECE. By C^ A. 
Fyffe, M.A., Fellow of University College, Oxford. Crown 
8vo. [In preparation. 

Green. — Works by John Richard Green, M.A., LL.D., 

late Honorary Fellow of Jesus College, Oxford. 

SHORT HISTORY OF THE ENGLISH PEOPLE. With 

Coloured Maps, Genealogical Tables, and Chronological Ar^iah. 

Crown 8vo. 8f. 6d. io8th Thousand. 

"Stands alone as the one eeneral history^ of the country, for the sake of wfakh 
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A f A TM UlfV 

ANALYSIS OF ENGLISH HISTORY, leased on Green's ** Short 
History of the English People." By C. W. A. Tait, M.A., 
Assistant-Master, CUfton Cojjege. Crown 8vo. 3J. 6d. 

READINGS FROM ENGLISH HISTORY. Selected and 
Edited by John Richard GrejvIs*, Three Parts. Glo.tk^ 8vo. 
IS. 6d. each. I. Hengist to Cressy, H. .Cressy to Cromwell. 
III. Cromwell to Balaklava.' 
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Green. — a short geography of the British 

ISLANDS. By John Richard Grben aitd Alice Stopford 
Green. With Maps. Tcap. 8vo. 3j. 6d, 

Grove.— A primer of geography. By Sir OEOitdE 
Grove, D.C.L., F.R.G.S. With Illustrations. i8mo. is, 
(Science Primers,) 

Guest.— LECTURES ON THE HISTORY OF ENGLAND. 
By M. J. Guest. With Maps. Crown ^\o. 6s, 

Historical Course for Schools — Edited by Edward a. 

Freeman, D.C.L., late Fellow of Trinity College, Oxford, Regius 

Professor of Modem History in the University of Oxford. 
I.— GENERAL SKETCH OF EUROPEAN HISTORY. By 

Edward A. Freeman, D.C.L. New Edition, revised and 

enlarged, \vith Chronological Table, Maps, aind Index. i8mo. ^,£d: 
IL— HISTORY OF ENGLAND. By Edith Thompson. New 

Ed., revised and enlarged, with Coloured Maps. iSmo. 2s, 6d, 
ni.— HISTORY OF SCOTLAND. By Margaret Macarthvu. 

New Edition. iSmo. 2s. 
IV.-HISTORY OF ITALY. By the Rev. W. Hunt, U<A^ 

New Edition, with Coloured Maps. i8mo. 3J. 6d, 
v.— HISTORY OF GERMANY. By J. SlME, M.A. New 

Edition Revised. i8mo. ^s. 
VI.— HISTORY OF AMERICA. By John A. Doyle. With 

Maps. i8mo. 4f. 6d. 
VII.— EUROPEAN COLONIES. By E. J. PAYNE, M.A. With 

Maps. i8mo. 4r. 6d, 
VIII.— FRANCE. By Charlotte M. Yonge. With Maps. 

i8mo. 3J'. 6d. 
GREECE. By Edward A. Freeman, D.C.L. [In preparation, 
ROME. By Edward A. Freeman, D.C.L. \ln prtparalion. 

History Primers— Edited by John Richard Green, M.A., 
LL.D., Author of "A Short History of the Ei^Jish People." 

ROME. By the Rev. M. Creighton, M.A. With Eleven Maps. 
l8mo. \s, 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor of 
University College, Oxford. With Five Maps. iSmo. is, 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L., LL.D. 
With Maps. i8mo. is. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, M.A. 
Illustrated. i8mo. is. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. i8mo. is. 

GEOGRAPHY. By Sir G. Grove, D.C.L. Maps. i8mo. is, 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. IS. 

FRANCE. By Charlotte M. Yongb. i8mo. is. 



